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NOTE. 

Beginners may omit the following parts: — 
Chapter I., Arta 20—25. 
Chapter III., Arts. 65, 72—90. 

The word 'Elementary' is used in the title of this 
book because it does not enter into the details of elec- 
tricity and magnetism. 
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ELEMENTAKY THEKMODYNAMICS. 

CHAPTER I. 

THE CONSERVATION OF ENERGY. 

1. Units of Mea4Eiurement. — As it is now becoming 
universal to express all dynamical quantities in terms of a 
very convenient set of units based on the Metric, or 
French, system of weights and measures, we shall give an 
account of the method, and also make a comparison with 
the less simple, but more familiar, English system. 

In the metric system, which was established in France 
by law in 1795, and is now widely adopted for commercial 
purposes, the standards of length and mass are the Metre 
and the Kilogramme, respectively. The Metre is the 
distance between the ends of a rod of platinum made by 
Borda, when the temperature is that of melting ice : the 
Kilogramme is the mass of a piece of platinum, also made 
by Borda. 

The subsidiary measures of the metric system are 
formed as follows: — 

1 kilometre =1000 metres. 1 kilogramme = 1000 grammes. 

1 hectometre = 100 metres. 1 hectogramme = 100 grammes. 

1 decametre = 10 metres. 1 decagramme = 10 grammes. 

1 decimetre = ^ metre. 1 decigramme = ^ gramme. 

1 centimetre = ^J^ metre. 1 centigramme = ^^ gramme. 

1 millimetre =Y^tF5 ^^^tre. 1 milligramme =j^jj gramme. 
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The Litre (used for liquids) is the same as the cubic 
decimetre. 

The standards of the metric system were originally 
chosen so that the metre should be the ten-millionth part 
of the distance from the pole to the equator; jeynd thci 
kilogramme the mass of a litre of distilled water, at 4® C, 
the temperature of maximum density, as nearly as could 
be then determined. 

In the centimetre-gramme-second, or C.G.S., system of 
absolute units, now so generally used in dynamics, the 
fundamental units of length, mass, and time, are chosen 
to be the - centimetre, gramme, and mean solar second, 
respectively. The c.G.s. absolute unit of force, called a 
D}Tie, is then defined to be that force which, acting for 
one second on the mass of a gramme, will generate a 
velocity of one centimetre per second. The c.G.s. absolute 
unit of pressure is a pressure of one dyne per square 
centimetre. 

In conjunction with these absolute units, we frequently 
employ arbitrary units, as the gramme-weight for force, 
and the millimetre of mercury and the atmo for pressures. 

As the weight of a given mass is not quite the same 
in all parts of the world, whenever we speak of a gramme- 
weight as a measure of force, we shall mean a force equal 
to the weight of a gramme at Paris. The acceleration of 
any body falling freely at Paris under its own weight 
being 980*868 centimetres per second, we see that the 
weight of a gramme at Paris is 980*868 dynes. To 
determine the weight of a gramme at any other place, we 
may use Clairaut's formula 

g = G(l- -0025659 cos 2\) (l - 1*32 - V 
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where \ is the latitude of the place, z its height above the 
mean level of the sea, r the radius of the earth, g the 
number of djmes in a gramme-weight at the place, and 
O the value of g at the mean level of the sea in latitude 

The Atmo is defined to be the pressure produced (at 
Paris) by a column of mercury 760 millimetres high, when 
the temperature is O^C, and the top of the mercury 
subjected to no force but the pressure of its own vapour. 
It is found that an atmo is equal to the weight (at Paris) 
of 1033'279 grammes per square centimetre, or to a 
pressure of 1013510 djmes per square centimetre. 

The Atmo, the name of which is due to Prof. J. 
Thomson, is about equal to the average pressure of the 
atmosphere in ordinary places and is chiefly used for 
measuring high pressures: the gramme-weight is very 
convenient in estimating small forces. 

In the English, or practical, system of dynamical units, 
the fundamental units of length, mass, and time, are the 
foot, the pound avoirdupois, and the mean solar second, 
respectively. The absolute unit of force, which Prof J. 
Thomson calls a Poundal, is that force which, if it acted 
for a second on the mass of a pound, would generate in it 
a velocity of one foot per second. The accelerating effect 
of gravity being 32*1889 feet per second at London, it 
follows that the weight of a pound at London is 32-1889 
poundals. Hence, for rough purposes, we may consider a 
poundal equal to the weight of half an ounce in any part 
of the world. 

We shall always work in the c.G.s. system of units, 
but it will be easy to express our results in the English 
practical method by means of the following data : 
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1 metre =39-370432 inches. 1 inch = 2*54 centimetres,* 
1 centimetre = -393704 inch. 1 foot =30*48 centimetres,* 

1 sq. metre = 1550*03 sq. in. 1 sq. in.= 6*45 sq. centimetres,* 

* Nearly. 

1 litre =61 -025 cubic inches =1*7617 pint. 

1 pint =-5676 litre. 

1 kilogramme =2*2046 lbs. avoir. =15432 grains. 

Hence we have, roughly : — 

Weight of 1 lb. avoir. =444900 dynes. 

1 lb. per sq. inch =70*3 grammes per sq. centimetre =69000 

dynes per sq. centimetre. 
1 gramme per sq. centimetre =-0142 lb. per sq. inch. 
1 atmo=14*7 lbs. per sq. inch. 

2. The Conservation of Energy. — We are no^ 

prepared to explain the principle of the Conservation oJ 
Energy. This is a deduction, by means of experiment anc 
experience, from a more obvious result known as the 
principle of Work, which will now be obtained as a direci 
theoretical consequence of Newton's three Laws of Motion 

In order to apply these laws correctly, it is necessary 
to conceive the bodies which we are considering to b( 
made up of a large number of very small pieces, o 
particles, each of which is so small in all its dimension 
that for all djmamical purposes it may be treated as 
mathematical point ; the relative motions of its parts wit 
respect to one another being negligible in comparison wit 
its motion of translation as a whole. 

Before we are able to consider real bodies of finite sia 
we must take the case of a single particle. 

3. When a particle, which is moving about in an 
manner under the action of a force of p dynes, receives 
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small displacement of ds centimetres, in a direction which 
is not at right angles to the force, the force is said to do 
Work on the particle, or the particle is said to do work 
against the force, and the amount of work done on the 
particle is defined to be the product of the displacement 
into the resolved part of the force along the displacement. 
If € be the angle between the positive directions of p and 
ds, the work done by the force will therefore be p cos e . da, 
and may obviously be either positive or negative. It is 
also clear that the work done by the force is equal to the 
product of the force and the projection of the displacement 
along the force. 

The absolute unit of work in the c.G.S. system of units 
is called an Erg, and is the work done by a force of one 
djme when it moves its point of application one centi- 
metre in its positive direction. The absolute unit of work 
in the English system is the Foot-poundal, which is the 
work done by a force of one poundal when its point of 
application moves one foot in the positive direction of the 
force. 

Work is also reckoned in arbitrary units, as the 

gramme-centimetre and the foot-pound. These diflferent 

methods may easily be compared by means of the following 

relations : 

1 gramme-centimetre (at Paris) =980*868 ergs. 

1 foot-pound =1356 x 10* ergs, roughly. 

If several forces act simultaneously on the particle, the 
work which they do is defined to be the work done by 
their resultant. And since the resolved part of the result- 
ant along the displacement is equal to the sum of the 
resolved parts of the component forces in the same 
direction, it is evident the work done by the resultant is 
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equal to the sum of the quantities of work done by the 
forces separately. Thus if R be the sum of the resolved 
parts of the forces along the displacement ds, and dW the 
work done on the particle, we have dW= Rds, 

To put this into analytical language, let (X, T, Z)he 
the sums of the components of the forces which act on 
the particle, parallel to three fixed rectangular axes (Ox, 
Oy, Oz), with which the displacement ds makes angles 
(a, ^, 7), respectively. Then, by the principles of statics, 

i2 = Xcosa-f Fcos^-f^cos7. 

But if {dx, dy, dz) be the projections of the displace- 
ment ds on the axes, we have, since the axes are rect- 
angular, 

dx = ds cos a, dy = ds cos ^, dz = ds cos 7. 

Hence dW = Rds = Xdx + Ydy -{■ Zdz (1). 

If the particle move from an initial position A, whose 
coordinates are (^0* yo» ^o)i to a final position B, whose 
coordinates are (oci, y^, Zi), the work done on it by the 
forces may be written 

[ dW OT [ (Xdx + Ydy + Zdz), 
Jo Jo 

where the integral sign simply denotes a summation, 
without impljdng that (x, y, z) can be taken as indepen- 
dent variables. 

4. Again, however complicated may be the connec- 
tions of the given particle with other particles, we may 
always, for dj^amical purposes, treat it as a perfectly free 
particle whose motions depend only on the forces which 
act upon it. We may therefore take the time as the 



I 
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independent variable. Hence, if m be the mass of the 
particle in grammes, and (u, v, w) its velocities parallel to 
the axes in centimetres per second, we have, by the second 
law of motion 

du ^ dv ^ dw ^ 

"^^=^' "^wr^' "^w^-^- 

Thus, since 

dx = udt, dy = vdt, dz = wdt^ 
we obtain 

du dv . dw^ 



m 



{''Tt-^''Jt+'"wl'^=^'^^^^y^^^'' 



and therefore when the particle moves from (xq, yo» ^o) to 
fe* yi> ^i)* we shall have 

= f (Xdx i- 7dy + Zdz). 
Jo 

But, since the axes are rectangular, 

Xdx+Ydy + Zdz = dW, 

and if Fbe the total or resultant velocity of the particle 
at any instant, we have V^'=u^ + 'if-h v^^ so that 



\mY^'-\'mY^^[d'W. (2). 

Jo 



Now the Kinetic Energy of a particle is defined to be 

* half the product of its mass and the square of its velocity. 

The last result therefore shows that as the particle moves 

about, the algebraic increase of its kinetic energy is equal 

1 to the work done upon it. 

It is clear that kinetic energy is measured in the same 
way as work, that is, in ergs (or foot-poundals). 
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5. The forces which act on the particle are due, 
partly at least, to the influence of other particles, and as 
these may themselves be moving about, it is clear that 
the components {X, F, Z) will not necessarily depend on 
the position of the given particle alone. Hence, when the 
particle moves from A to B, the work done upon it and 
therefore also the change in its kinetic energy, will not 
generally depend solely on the positions of A and By and 
on the path along which the motion takes place. But if 
(X, F, Z) depend only on the position of the given 
particle, they will be functions of its coordinates {x, y, z\ 
and the work done by the forces will depend only on the 
two positions A, B, and on the path by which the particle 
travels from one to the other. In this case, the integral 

TdF, or [\xdx + Ydy + Zdz), 

Jo Jo 

falls under one or other of two heads between which there 
is a very important distinction, illustrating a point ol 
frequent occurrence in thermodynamics. 

First, if (X, F, Z) satisfy the three relations 

dX^dY dY^dZ dZ^dX . 

dy "^ dx ' dz ~ dy* dx dz ^ '' 

then it can be shown that the expression 

Xdx + Ydy + Zdz, or dTT, 

is the complete differential of some function of {x, y, z), sc 

that we may write 

W^F{x,y,z)-^C, 

where G is an arbitrary constant. 

Hence if the particle move from the position A to the 

position B, the work done by the forces takes the form 

F (a?i, yi, z^ - F (a?o, yo, ^o), 



THE CONSERVATION OF ENERGY. 



9 



and therefore when the last position is the same as the 
first, the work done on the particle will be 

Now if the function F contain such terms as tan'^ — , 

xy 

which may have different values for the same values of 

{x,y,z\ the last expression will not necessarily be zero. 

But if we suppose F (x, y, z) to be such that it has a 

single value for each point in space, in other words, that 

it is a single-valued function, then the results just obtained 

show that when the particle moves from one position to 

another, the work done by the forces depends only on the 

initial and final positions, and is therefore the same by 

whatever path the particle may have travelled from one 

to the other: also that when the last position coincides 

with the first, the work done is zero. 

Secondly, when the three conditions in equation (3) 

are not all satisfied, the expression for dTT will not be a 

complete differential and the integration will be impossible 

until something further is specified about the path. This 

will be made clear by an example. 
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Let us suppose that X ^fiy, where /* is a constant, 
and that both F and Z are constantly zero. Then we 
have 

If then the curve PQ be the projection on the plane ol 
(xy) of the path of the particle, and FM, QiV perpendiculars 
from P and Q on Ox, the work done on the particle by the 
forces will be //» times the area of the figure PQNM, whicli 
will depend on the form of the curve PQ as well as on the 
positions of the points P, Q. 

In general, if a particle pass fi:opa any position A tc 
any other position 5, under the influence of forces whicl 
depend only on the position of the particle but do not 
make the expression Xdx+ Ydy + Zdz, or dW, a com- 
plete diflferential, the work done by the forces will depenc 
not only on the two positions -4, B, but also on the patl 
by which the particle travels from A to B, Hence if th( 
particle return from .B to J. under the influence of th( 
same forces but by a different path, the work done ii 
the return path will not necessarily be equal and op 
posite to that done in the first case. The total worl 
done will therefore generally be different from zero 
Hence if the particle pass through the same poin 
several times, its velocity will generally be differen 
every time. 

Again, even when no function W exists of which dT\ 
is the exact differential, it is still found convenient in 
employ the ordinary notation of partial differential co 
efficients. Thus the equation 

dW = Xdx + Ydy -h Zdz 
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gives, when dy and dz are both zero,. 

dW=^Xdx, 

--7— 1 = X. Similarly 

we may write (— i— ) = ^ and (--j— ) =^; hut we must 

d fdW\ . , d fdW\ o 

remember that -7- ( -7— I is not equal to -^ ( ■;7~" ), ®^'> 

&e. In fact, we have just seen that these are the very 
conditions that make dTT an exact diflferential. 

6. A system of real bodies is to be considered as an 
assemblage of a vast number of particles, and its kinetic 
energy and the work upon it in any given time are defined 
lio be the sums of the corresponding quantities for the 
individual particles. Hence if T be the kinetic energy of 
the system at any instant, T + dT the kinetic energy at a 
consecutive instant, and dW the work done on the system 
in the interval, we shall have 

dT=dW. 

This equation has been simplified by the decisive 
discovery of the existence of the Ether. This is a fiiction- 
less substance or medium pervading all space which is so 
subtle that it cannot be removed from a vessel in the 
process of forming a ' vacuum.' Not being directly appa- 
rent to our senses, it is not considered to form part of our 
material system. Of the various functions which it is 
known to perform in nature, one of the most obvious is 
the transmission of light and heat across the vacant space 
which separates the sun from the earth. This was dis- 
covered by Roemer in 1675 to be a gradual and not an 
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instantaneous process, the velocity of light in a vacuum 
being about 299860' kilometres, or 186326 miles, per 
second. The fact that the presence of the ether does 
not sensibly impede the motions of the planets is illus- 
trated by a well-known proposition in hydrodjmamics, 
that a body of invariable form experiences no resistance 
in moving through a frictionless fluid with uniform velocity 
in a straight line. 

According to modem ideas, the forces which act on any 
particle consist of pushes and pulls due to its direct 
contact with other particles or with the ether. Forces 
may therefore be distinguished as contact-forces and 
ether-forces, respectively, and if dWc be the work done od 
the whole system by the contact-forces and dWe the work 
done by the ether-forces, we shall have 

dT = dW = dWc + dWe. 

But when any two particles are in contact, their mutua 
contact-forces are equal and opposite, and as soon as th( 
particles separate, the forces both vanish. Thus so long aj 
the forces exist, their points of application are coincident 
and therefore the quantities of work which they do in anj 
the same time are equal and opposite, or the sum of th< 
quantities of work is zero. Hence, for the whole system 
the work done by the internal contact-forces in any givei 
time is zero, and therefore if dWc be the work done by th< 
external contact-forces, we have 

dWc=^dWc, 

so that the principle of work takes the final form 

dT=dwc + dWe (4). 

^ This is Newcomb's determination, given in Everett's * Units an 
Physical Constants.* 
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7. The value of the principle of energy arises from 
he fact that all the ether-forces in nature are such as to 
jive to dWeSL very simple form. The methods by which 
}his important result has been established are of two kinds. 
First, there are a number of experiments which make it 
Bippear extremely probable, and secondly, whenever the 
principle of energy has been made use of in the study of 
physical phenomena, it has been found to lead to conse- 
quences which are in all cases in exact agreement with 
observation; indeed, the theoretical calculations have 
frequently been performed first and the experimental 
verifications obtained afterwards. 

If all the diflferent varieties of ether-forces were 
suflBiciently understood by us, we should probably be 
able to give a general theoretical proof of the principle of 
Energy. Unfortunately, we know very little about forces, 
especially about those which exist in the interior of solid 
and fluid bodies ; still there are a few forces which can be 
dealt with by theory alone. We shall therefore adopt the 
following method of treatment : — ^First of all, the principle 
will be proved for a few ideal systems in which the only 
ether-forces which are supposed to exist, or to do work, are 
identical with certain very simple forces which are of 
constant occurrence in real systems. After this, some 
of the peculiarities of other ether-forces will be noticed ; 
by means of which a clear general conception of the 
principle will be gained. We are then immediately 
led to a very simple theoretical explanation of the 
nature of heat. Lastly, the experimental evidence will 
be considered, and it will be seen to be a mere repe- 
tition of the theoretical arguments as to the nature of 
heat. 
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8. In the first place, let us suppose that there are n< 
ether-forces which do work. Then if dw be the work don< 
by the external contact-forces, we have 

dT = dw, 

and therefore when the external work is zero, the kinetic 
energy is constant, so that the only effect of the interna 
forces is a transference of kinetic energy from one part o 
the system to another. 

9. Next, suppose the only ether-forces are due b 
gravitation, so that, according to Newton's discovery, tw< 
particles whose masses are m and m' grammes and whos' 
distance is r centimetres, attract one another with equa 

and opposite forces of \ —^ dynes, where \ is a constan 

number which is easily determined from astronomical an< 

other considerations to be about -:r^ . 

Gravitation belongs to a class offerees which are know] 
as actions at a distance, because they exist between par 
tides when they are not in contact with one another, an< 
even when they ai*e separated by an ordinary vacuum, a 
we may see in the case of the attractions between th 
heavenly bodies. It was formerly supposed that action 
at a distance were exerted across nothing, but it is noi 
believed that they are due to continuous contact-forces i 
the ether. 

To find the work done by the internal gravitations 
forces, we take them in pairs. Suppose, then, that P, ( 
are the positions of two particles of masses (m, mf) whe: 
their distance is r, and let P', Q' be neighbouring position 
such that P'Qf = r + dr. Drop the perpendiculars PI 
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and QN from P and Q on P'Q'. Then if dwi be the work 
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done by the mutual attraction on the particle at P and 
dwa the work done on the particle at Q, we have 

, ^ mm/ ^, ,7- 

dWi = — X — — . Q N 

and therefore 

(iti;i+ dwa= -\^\p'if + (7i\0 = ->-^'(i''Q'- ^^ 

But if € be the small angle between the directions of 
PQ and FQ^, 

small quantities of the second order being rejected. 

Thus dwi + dw2 = — X — r- dr. 

and the work done on the system by all the internal 
gravitational forces may be written 

_ ^ mm' J 

which is obviously a perfect diflferential. Hence when 
the system passes from a state to another state P, the 
work done on it by the internal forces will be the same 
for all paths and may be written TT^p, since it depends 
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only on the two states 0, P. Equation (4) therefore gives 

T^-To=fdWc+fdWg+Wop, 

Jo Jo 

where I dwe and I dnVg are the quantities of work done 

by the external contact and gravitational forces, and the 
suffixes refer to the respective states. For shortness, this 
result may be written 

Jo 

and I dw may be called the external work done on the 

J 

system. If the state be fixed, the term —Wop will only 
vary with the state P, and may therefore be written Vpi 

hence Tp+Vp-To=[ dw (5). 

J 

It thus appears that if no external work be done on the 
system, T+V remains constant, so that T can only in- 
crease at the expense of F, and vic6 versft. For this 
reason V is regarded as a second kind of energy, and hai 
received the appropriate name of Potential Energy jfrom 
Rankine, to indicate that it is convertible into kinetic 
energy. Its value in any state P is equal to the wori 
which the internal forces do on the system as it return! 
in any manner from the state P to any other state ir 
which the relative positions of the particles are the sam< 
as in the standard fixed state 0, so that in the standarc 
state the potential energy is zero. 

It was formerly thought that kinetic energy wai 
actually created when it increased at the expense of thi 
potential energy in the case of a system under the actiol 
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of no external forces, but it is now supposed to be merely 
transferred jfrom the ether. 

The sum of the kinetic and potential energies is called 
the * Internal Energy/ or, more shortly, the ' Energy ' of 
the system, and is usually written TP, so that equation 
(5) becomes 

^P- ^0== I dw (6). 

Jo 

If we take a diflferent state 0' for the standard fixed 
state and denote the new value of Up by ITp, we have 



Up — J.p '' OP 

whence ir^-Ui.= F„ - Tf <>> 



■}• 



Now since the work done by the internal forces is the 
same for all paths, we may suppose the path O'P to pass 
through 0. Consequently 

'' OP '' » '' 0P> 

and therefore ir„—U„ = — W^i. 



0> 



which is independent of the state P. 
Hence, since it is clear that the energy cannot have 
two diflferent values corresponding to the same state of 
the system, it follows that IT" is a single-valued function 
of the independent variables which define the state of 
the system, together with an arbitrary additive constant 
depending only on the choice of the standard state. 

^ Sometimes, in English books, the letter E is used to denote 
internal energy. The notation adopted in the text appears to be 
preferable, because E is required in Electricity to denote 'electro- 
nu)tiye force.* 

p. ^ 
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Thus if (a?, y, z, ) be the independent variables, we 

have 

V^f{^.y>z, ) + (7, 

where (7 is an arbitrary constant. 

If we take the difference between the values of U in 
two different states of the system, the arbitrary constant 
will not appear in the result, which is therefore perfectly 
definite. 

When the system consists of a number of separate 
bodies, its energy depends not only on the state of each 
of its parts but also on their relative positions with respect 
to one another. The energy which depends on the relative 
positions of the bodies is called their ' mutual ' potential 
energy, or, shortly, their ' mutual energy/ and is evidently 
the excess of the energy of the whole system over the 
sum of the internal energies of the bodies of which it is 
composed. 

10. Again, let us suppose our system to be influenced 
by radiation as well as by contact-forces and gravitation. 
According to modem theories, radiation consists of spherical 
waves of motion in the ether which are excited by the 
irregular vibrations of the smallest parts, or * atoms*,' of 
matter, somewhat after the manner of the circular waves 
which may be produced by dropping a stone into still 
water. The reasoning on which this conclusion is based 
involves optical principles which cannot be discussed in 
this book, but it will become evident later on that all 
bodies are in a state of vibration. Thus a wave of radia- 

^ An 'atom' is a chemical reality, a particle a pure mathematical 
conception for the purpose of calculation. An atom generally contains 
an infinite number of particles. 
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tion possesses energy, but its energy dififers from the 
potential energy of gravitation in not being bound to 
material bodies and carried about with them. 

When a wave of radiation falls on a material system, 
it will affect both the potential and kinetic energy of the 
sjnstem; but the effect on the potential energy is generally 
exceedingly minute. Hence, to bring the subject of radia- 
tion within the scope of this book, we may asswme that 
the effect of radiation on a system is produced entirely by 
the imperceptible impacts of the waves on the material 
particles of the system^. If dwr be the work done on 
the system by these forces, which may, for shortness, be 
called radiation-forces', equation (4) becomes 

Putting dw for dwc + dwg-^dwr and supposing the state 
to be fixed, this result may be written in any of the 
forms 



T +^^^-10-^1 dw 

Jo 




J 

dU^dw 



p 



.m. 



] 

The energy which is taken from the system by gravita- 
tion or radiation passes into the ether, but the energy 

^ That is, when a body is absorbing radiation, the energy so gained 
It equal to the work done on the material particles of the body by the 
inddent waves; when a body is emitting radiation, the energy so lost 
u equal to the work done on the ether by the vibrating particles in 
•tirting the waves. 

^ As will be seen later, the particles of a body vibrate in such different 
tUreetions, that the resultant of the radiation-forces which act on them 
win generally be quite imperceptible. 
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which is lost owing to contact-forces passes directly into 
some other system. Hence, when the external forces 
which act on a system are all contact-forces, the external 
work is frequently referred to as the work done on the 
system by external bodies. 

Radiation-forces are, of course, far too small to be 
detected by instrumental means; nevertheless the work 



/, 



can be found. For if the change from the state to 



the state P be eflfected by means of a measured quantity 
of work, W, done by contact-forces and gravitation alone, 
we have 





J c 



The simple fact we have just obtained for our ideal 
systems, that the energy U increases by the amount of 
external work done on the system, or that dw is a perfect 
differential, is the great principle of the Conservation of 
Energy. It appears to be true for all systems found in 
nature, and in consequence all natural forces are said to 
be Conservative. 

11. The principal ether-forces in nature which d( 
work, in addition to gravitation and radiation-forces, arc 
those which give rise to chemical, physical, electric, anc 
magnetic actions. 

When a chemical or physical process takes place in .• 
system, there is a large amount of work done by the ether 
forces in the interior of the system ; but it is found tha 
no consequent effect is produced where the process doe 
not actually take place, except by contact-forces an 
radiation. Hence, if there are no electric or magnet' 
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actions, our system is necessarily so chosen that the only 
external forces are contact-forces, gravitation, and radia- 
tion-forces. It is then found, by experiment and experience, 
that the system satisfies a relation of the form 

J 

or dU=dw, 

where CT is a single-valued function of the independent 
variables which define the state of the system together 
with an arbitrary additive constant depending only on 
the choice of the standard fixed state 0. The potential 
energy, it must be remembered, is not the same as if 
gravitation were the only internal force. 

Electric and magnetic forces are the only ether-forces 
besides gravitation about which much is known, for the 
simple reason that they are the only other ether-forces 
which have been measured. One of the chief peculiarities 
in which they differ from gravitation is that the properties 
of exerting actions at a distance may be transferred from 
one particle to another. In consequence of this, it is found 
that a system may acquire such an electric condition by 
contact with external bodies that it is impossible to bring 
it into the standard state until the new electric properties 
are given back. We are then to regard the system as a 
new system and to choose a state into which the system 
can be brought as a new standard state from which its 
potential energy may be reckoned. The diflSculty may 
be obviated by extending our system so as to include the 
bodies from which these electric properties have been 
obtained. If our system be so chosen, and if there be no 
external electric or magnetic forces, then it is found, 
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however complicated may be the chemical or electric 
actions in its interior, that it satisfies the relation 



Jo 



or dU—dw, 

In appljdng the principle of energy to an electrified or 
magnetized system, there is a special consideration to be 
attended to. Thus let P, Q be two diflferent states of the 
same system which can be compared with the same stan- 
dard state or origin. Suppose also that the kinetic energies 
of the particles are the same in both cases, but that the 
potential energy is greater in the state Q than in the state 
P. Then it is found that when there are other electrified 
or magnetized bodies in the neighbourhood, the system 
may be brought from the state P to the state Q without 
doing external work. But though the external forces do 
no work on the material part of the system, they do work 
on that part of the ether which, according to one of Fres- 
nel's great discoveries, is inseparably connected with the 
system. In fact, it appears from works on Electricity, 
that, under these circumstances, the bound-ether may be 
regarded as a spring which can be bent independently of 
the material part of the system. If then dlT'be the in- 
crease of the energy in any change of state and dw the 
external work done on the material particles of the system, 

we must write 

dU^dw-^de, 

where de may be called the * electric work' done on the 
system. 

Again, the system may be acquiring electric properties 
in one part of its mass and simultaneously losing in another 
in such a way that the potential energy may always be 
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reckoned from the same standard state or origin. When, 
as in the case of electric currents, the properties which the 
system gains bring with them more potential energy than 
those which it loses take away, the increase of energy will 
be different from the external work done on the material 
part of the system, and we must again write 

From this it is evident that electric and magnetic 
actions occupy a place between gravitation, on the one 
hand, and radiant, or free etherial, energy, on the other. 

As we do not intend to enter into the details of electric 
and magnetic forces in this work, we shall always suppose 
our system so chosen that the only external forces are 
contact-forces, gravitation, and radiation-forces, except 
when it is expressly stated otherwise. The principle 
of energy may then be stated in the simple form 

J 

or dU==dw, 

so that dw is a complete differential. 

It is obvious that the only effect of the internal ether- 
forces is a transformation of kinetic into an equal amount 
of potential, energy, and vice versft. 

Since the principle of energy does not require us to 
consider the internal forces, we shall frequently drop the 
adjective in referring to the external forces or work. The 
energy of a system may then be described as its capacity 
for doing work, and positive work may be regarded as the 
passage of energy into the system. 

We now proceed to distinguish kinetic energy and 
work into their visible and invisible parts, so as to 
explain the phenomena of Heat. 
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12. A very little observation enables us to perceive 
a general tendency in nature for all solid bodies, or for 
liquids and gases contained in vessels, to assume a sen- 
sibly invariable form and internal condition, except when 
they are prevented by external causes (including as such 
the radiation of energy into external space). Thus if we 
strike a bell or other body, vibrations are produced 
which are frequently visible to the eye, but always 
disappear from sight more or less rapidly. Indeed, 
after a suflficient time has elapsed, the most powerful 
microscope fails to detect any vibrations in the body. 
Again, if two moving bodies collide, they may be even- 
tually brought nearly to a state of apparent rest by 
the collision, so that there will seem to be a considerable 
loss of kinetic energy without a corresponding increase of 
potential energy. And since many cases occur in which 
we naturally suppose very little energy to be lost from 
the two colliding bodies before the vibrations subside, we 
are led to conjecture that kinetic energy may exist in an 
invisible as well as in a visible and palpable form. It will 
be seen hereafter that there are experiments which raise 
this suspicion to a certainty. We therefore define the 
Mechanical Kinetic Energy of a system of bodies to be 
the kinetic energy that the system would have if its 
motions were the same as they appear to be, or, more 
exactly : — 

If we divide a material system into a large number of 
parts, and then multiply the mass of each by the square 
of the velocity of its centre of mass and take the sum, the 
result obtained will approach a limit as the number of 
parts is continually increased; but after this limit is 
practically reached, it may begin to diverge from it 
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and finally arrive at another limit, which is the true 
kinetic energy of the system. When there are two or 
more limits, the first of the improper limits is defined 
to be the Mechanical Kinetic Energy of the system, 
and the excess of the true limit over this, the Non- 
mechanical Kinetic Energy. Since it will appear that 
kinetic energy is always present in the invisible form, 
it is clear that if there is only one limit in the above 
process, the mechanical kinetic energy is zero and the 
system in a state of mechanical rest. 

It can easily be shown that the mechanical kinetic 
energy is always less than the total kinetic energy, 
and, consequently, the non-mechanical kinetic energy 
always positive. Thus let M be the mass of one of the 
parts into which the system has just been divided, {u, v, w) 
the velocities of its centre of mass parallel to three rect- 
angular axes, (m^rn^m^. . ,) the masses of its ultimate 
particles and {u^v^w^y (v^v^w^y... their velocities parallel 
to the same axes. Then we have, by the conservation 
of linear momentum, 

ml^^l + mgi^ + mgt^s + = Mu, 

whence 

7?li*Wi^ + ^W + ^W+ 4- 2mi7Wa1^l^ + =^M''u\ 

Hence M^u^ cannot be greater than 

m^u^ + rn^V;^ + 70^11^ + -^ m-ja^{u^ -\' u^) ■^. ,,, 

or than 

(mi + 7/ia + m8+ ) {rrhVr? -^r m^u^ -\' rn^u^ '\' ). 

Thus \Mu^ cannot be greater than ^SmjiAi^ ; and similarly 
for the velocities parallel to the other axes ; which proves 
the proposition. 

The non-mechanical kinetic energy of a system is 
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supposed to be that paxt of its energy on which its 
thermal properties depend. 

It should be noticed that in the case of elastic bodies, 
like iron or compressed gases, the capacity of acquiring, 
mechanical kinetic energy without the assistance of ex- 
ternal forces— a property which will hereafter be defined 
as mechanical potential energy — is not necessarily due, 
like true potential energy, to the existence of internal 
ether-forces. 

13. In consequence of non-mechanical kinetic energy, 
work may be done by contact-forces in an invisible as well 
as in a visible manner. Suppose, for example, that any 
two bodies A, B are in contact and that the surface of 
contact is apparently at rest. Then no visible work is 
done by the contact-forces; but if the surface particles 
of A and B remain in contact through a much greater 
distance when the direction of their vibratory motion 
is fi:om A towards B than when it is in the contrary 
direction, the total work of the contact-forces done bj 
A upon B may be considerable. We therefore defim 
the Mechanical Work done upon any system of bodies bj 
the external contact-forces to be the work that they woulc 
actually do if the motions of the surfaces of contact wer« 
the same as they appear to be, or, more exactly : — 

If, in order to find the work done on any system ii 
any small change of state by the contact-forces due t< 
external bodies, we divide the surfaces of contact into i 
large number of parts, and then multiply the displace 
ment of the centre of each of these small areas by th 
resolved part in the direction of the displacement of th 
force which acts upon it and take the sum, the resul 
obtained will approach a limit as the number of parts i 
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« 

continually increased; but after this limit is practically 
reached, it may begin to diverge from it and finally arrive 
at another limit, which is the true work done by the 
contact-forces on the system. When there are two or 
more limits, the first of the improper limits is defined to 
be the Mechanical Work, and the excess of the true limit 
over this, the Non-mechanical Work. If there is only 
one limit, either the mechanical or the non-mechanical, 
work is zero. 

Since every force which acts upon the system produces 
a change in some, at least, of the independent variables 
{x, y, z,...) which define the state of the system, it is 
evident that both the mechanical and the non-mechanical 
work done on the system in any small change of state 
are ftinctions of the independent variables and of their 
differentials. 

It appears from experiment that the non-mechanical 
work done by contact-forces is what we understand when 
we speak of the conduction of heat. 

In the case of gravitation, the force between any two 
particles depends only on their distance and therefore 
cannot change abruptly, like a contact-force. From this 
it can be shown that the whole of the work done on any 
system by the external gravitational forces is mechanical 
work, and that, in calculating it, we need take no account 
of the non-mechanical motions. This result, joined to the 
feet that an enormous amount of 'heat' is transmitted 
from the sun to the earth, affords a strong argument for 
the existence of the ether. 

Thus, if dJJ be the increase of the energy of any 
sjrstem in any small change of state, and dw the total 
work done upon it, consisting of a quantity dW of 
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mechanical work and a quantity dQ of non-mechanical 

work, due either to the conduction of heat or to radiation, 

we have 

dU=dw = dW'^-dQ (8), 

from which we draw the important conclusion that dW 
and dQ will either both simultaneously be, or both not be, 
complete diflferentials of functions of the independent 
variables. 

14. If the surface of the smoothest body be examined 
by a powerful microscope, it is found to be so irregular 
that it may be said to be covered with a great number oi 
small projecting teeth. Besides the irregularities revealed 
by the microscope, there are probably a vast number toe 
small to be detected. Hence, if any two bodies. A, B\h 
pressed together, their surfaces of contact will sink intc 
one another, and if we attempt to move one body ovei 
the other, we shall experience a resistance in addition U 
the external forces. This resistance is at once recognisec 
as Friction, and by supposing the common surface of Ay 1 
to be plane, and taking account of the vast number o 
teeth found even on the smallest area, we may easil; 
obtain some of its chief ' Laws,' thus : — 

I. Friction acts on each body in a direction opposit 
to that in which its relative motion takes place, or merel 
tends to take place. 

II. No more friction can ever be called into pla 
than is just suflBcient to prevent relative motion; bi 
since the amount of friction cannot be infinite, it is clei 
that the frictional resistance will be unable to prevei 
relative motion when the force which tends to produce 
is large enough. Hence, as the force which tends i 
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cause relative motion continually increases from zero, 
friction will continually increase with it, at least until the 
common surfaces begin to slip. This is usually expressed 
by saying that if friction can prevent relative motion, it 
will. The amount of friction called into play between 
any two given bodies by a given normal pressure when 
slipping is about to take place, is called the 'limiting' 
friction for that normal pressure. 

ILL Let C, D be two other bodies in contact whose 
natures and conditions are the same as those oi A, By 
respectively, and suppose the total normal pressure 
between (7, D to be n times as great as between A, B, 
Then if the common area of 0, D be n times the common 
area of -4, 5, and if the normal pressures be evenly 
distributed in both cases, it is clear that, for these normal 
pressures, the limiting friction between (7, D will be 
n times as great as the limiting friction between A, B, 
From experiment it further appears, at least very approxi- 
mately, that when the total normal pressures are as n to 1, 
the limiting amounts of friction will be in this ratio 
whatever be the proportion of the common areas. Hence, 
if U be the total normal pressure between any two given 
bodies whose common surface is plane, the limiting 
friction between them will be /ii2, where yit is a constant 
number (called the coefficient of friction) depending on 
the natures and states of the two bodies, but independent 
both of the total normal pressure and of the area of the 
surfeu^e of contact. 

16. On account of friction, an expenditure of me- 
chanical work is always necessary in order to cause two 
bodies to slide over one another. If, as often happens, 
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the two bodies possess no appreciable potential energy, or, 
at least, only a constant amount, and if the mechanical 
kinetic energy be zero both before and after slipping, the 
only efifect on the two bodies of the mechanical work done 
on them will be an increase in their non-mechanical 
kinetic energy. Now it is evident that exactly the same 
effect might have been produced by doing an equal 
amount of non-mechanical work. Thus the same change 
of state may be brought about in the two given bodies by 
means of mechanical work alone, or by means of non- 
mechanical work alone, or partly by means of mechanical 
and partly by means of non-mechanical, work, in any 
given ratio. Hence, on account of friction, when any 
system experiences a change of state, the quantities of 
mechanical and of non-mechanical work done upon it will 
generally depend on the way in which the change of state 
takes place as well as on the initial and final states 
themselves. In other words, dW and dQ, though they 
depend only on the independent variables which define 
the state of the system, and on their differentials, will not 
generally be perfect differentials of functions of the 
independent variables. This is one of the most important 
results in the whole science of energy. 

When the only forces which do work between two 
bodies A, B are contact-forces, let the total work done by 
A oxxB consist of a quantity of mechanical work W^ and 
a quantity of non-mechanical work Qi ; also let TFa, Qa l^o 
the corresponding quantities of work done by 5 on A. 
Then we have 

so that Qi and Qa cannot be equal and opposite unless TTj 
and TFa be so too. This requires that the surfaces of the 
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two bodies should not slip over one another. For ex- 
ample, if the surface of A be at rest while that of B slides, 
we shall have Wi negative, equal to — TT, say, and TTa zero. 
Hence Qi + Qa- W=0, 

so that Qi + Q2 is not zero. 

16. In one special case, of frequent occurrence, the 
value of dTT takes a very simple form. If, for example, 
a body is exposed to the air, it will be acted on by only 
three external forces which do mechanical work — the 
pressure of the air, the attraction of the earth, and the 
reactions of the fluid or solid bodies with which it is in 
contact. If the centre of mass of the body move neither 
up nor down, and if the reactions of the contiguous 
objects do no work, the two latter forces need not be 
considered. The only force with which we are concerned 
is therefore a uniform normal pressure, which will gene- 
rally also be constant, on certain parts of the surface. 

The uniform normal pressure on the surface beiag 
denoted by jp, and the volume by v, the pressure on a 

dn 



small area da of the surface will be pda, and hence when 
this small area is forced out a small normal distance dn 
by the expansion of the body, the mechanical work done 
upon it by the pressure will be 

— pdadn. 

Since the pressure is uniform, the total mechanical work, 
dW, done on the body in any given short time will be 

-pjjdadn, 
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the integration extending over all parts of the surfeu^ 

exposed to the air. 

But when the only parts of the surface at liberty t< 

expand are those which are exposed to the normal pressure 

ffdadn will be the increase in volume, which we denot 

by dv : hence 

dW^^-pdv (9), 

and therefore dU=d W-\- dQ^^dQ— pdv. 

The expression pdv will be a complete differential if | 

be a function of v only, or a constant, or if v be constant 

When p is constant, 

dW^^-d^pv), 

and dQ=^d{U ^-pv). 

The mechanical work done by the body during i 
change of volume may be represented graphically b; 
means of a diagram, first employed by Watt for the steal 
engine and often known as Watt's Diagram of Energy, c 
an Indicator diagram. Two rectangular axes being takei 

P 




MN 



M' 



V 



the volume of the body and the uniform normal pressu 
to which it is subjected at any instant are represented 1 
the abscissa and ordinate of a point P in the plane of M 
axes. If, then, P, Q are two consecutive positions of t 
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point P, and PM, QN perpendiculars on the axis of 
volumes, the mechanical work done by the body in the 
corresponding small change of state, which, as we have 
already seen, is equal to pdv, will be proportional to the 
elementary area PM¥Q, Hence if PP' denote a finite 
change of state, the corresponding mechanical work done 
by the body will be proportional to the area of the figure 
PMMP'y and will evidently depend on the form of the 
curve joining PP' as well as on the positions of P and P' 
themselves. If, however, the normal pressure be constant, 
PP' will be a straight line and the area PMM'P will 
depend only on the positions of P and P'. If the volume 
be constant, the area PMM'P' will always be zero. 

17. We are now able to explain a practical method 
of measuring non-mechanical work, depending on the fact 
that when water at 0° C. is subjected to a constant normal 
pressure of one atmo, it is able to take up a state of 
mechanical rest either in the solid or in the liquid form. 

In the first place, it appears from observation and may 
also be proved by calculation, that the force of gravitation 
l)etween small bodies is exceedingly minute, and therefore 
the work which it does will be insignificant — since it de- 
pends only on the mechanical, or visible, motions. Hence 
if we have a number of small bodies near the surface of 
the earth, whose centres of mass move neither up nor 
down, we need neither consider the attraction of the 
earth nor their attraction on one another. Also by 
wrapping the bodies well up in the best non-conducting 
materials, we may approximate very closely to an ideal 
case in which there is neither conduction nor radiation of 
heat from the bodies; that is, no non-mechanical work. 

P. 3 
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Consequently, if these bodies undergo an operation, 
the only forces with which we have to deal will be con- 
tact-forces which do no non-mechanical work.' Suppose, 
then, that we take such a system consisting of a quantity 
of ice and two bodies A, B, exposed only to the following 
contact-forces : — 

(1) Controllable contact-forces acting on A and B. 

(2) A constant normal pressure of one atmo over 
all parts of the surface of the ice which are at liberty 
to expand. 

The system being originally in a state of mechanical 
rest at 0" C, let a measured quantity of mechanical work, 
W ergs, be expended in rubbing the two bodies A, B 
together, and after allowing a sufficient time for the 
system to come to a state of mechanical rest at the same 
temperature as before, suppose the only effect produced 
to be the conversion of n grammes of ice into water. 

W, 

Then it is clear that — is the quantity of non-mechanical 

work, in ergs, that must be done on one gramme of ice at 
0"C. to convert it into water at the same temperature 

W 

under a constant pressure of one atmo. The value of — 

is found to be 3,292,025,964 ; and since, at a pressure of 
one atmo, the volume of one gramme of ice at 0° C. is 
1*087 cubic centimetres and the volume of one gramme of 
water only 1 00011 cubic centimetres, the work done by 
the pressure of the air on the ice will be negative and nu- 
merically equal to '08689 x 1013610, that is, 88060, ergs, 
per gramme of ice melted. 

Secondly, the non-mechanical work done on any system 
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in any change of state, being the excess of the total in- 
crease of energy over the mechanical work done on the 
system, caii be found as soon as the increase of energy is 
known, and this may be determined for conveniently small 
bodies in the following manner : — 

(1) In the initial state, let the body be protected 
from all external influences until the whole of the me- 
chanical kinetic energy is expended in internal friction 
or collisions. Then place the body in a vessel surrounded 
by ice at 0°C., protected by the best non-conducting 
materials and subject to a constant normal pressure of 
qme atmo, and suppose that when an invariable state has 
been attained at 0" C, the only effect on the vessel and 
the ice which surrounds it is that mi grammes of ice have 
heen converted into water at the same temperature. 
Then, since the radiant energy in the interior of the 
vessel is far too small to be taken into account, and since 
it is evident that there is no radiation from the exterior 
sur&ce of the ice and that the normal pressure does no 
non-mechanical work, the energy lost from the given body 
during the cooling process will be 

m, (3,292,025,964 - 88060) ergs. 

(2) In the final state, let the body undergo the 
same processes as before, and suppose its ultimate state is 
the same as its ultimate state in (1). Then if m, grammes 
of ice be converted into water during the processes, it is 
clear that the energy in the final state exceeds the energy 
in the initial state by 

(Wa-mi) (3,292,025,964-88060) ergs. 

18. The increase of the non-mechanical kinetic energy 

3—2 



36 ELEMENTARY THERMODYNAMICS. 

depends only on the initial and final states^ while the non- 
mechanical work generally depends on the way in which 
the change of state takes place, as well. The non-me- 
chanical work done on a system is therefore not generally 
equal to the corresponding increase of the non-mechanical 
kinetic energy. This also follows from the fact that the 
non-mechanical kinetic energy of a system may be altered 
by friction or collision between the diflferent parts of the 
system, even when there are no external forces. We are 
consequently unable to apply the word * heat ' indifferently 
to non-mechanical kinetic energy and to non-mecbanical 
work. Now we have a practical method of determining 
non-mechanical work; but we are unable to measure 
non-mechanical kinetic energy, because we have never yet 
been able to deprive a body of all its non-mechanical 
motions. We shall therefore always use the word *heat' 
as an equivalent for non-mechanical work, whenever we 
wish to speak with scientific accuracy. 

19. It is considered to be proved, by observation and 
experiment, that grittiness, the cause of Motion, is a 
universal property of matter, and it may be concluded, 
from the preceding and similar arguments, that it is the 
sole cause of the existence both of non-mechanical work 
and of non-mechanical kinetic energy, and that it con- 
siderably modifies radiation; while the rigid accuracy witl 
which all known actions at a distance fulfil their fixed 
laws is supposed to prove that friction is entirely abseni 
in the ether. The general tendency we have already 
noticed, for bodies to assume an apparently invariabl< 
form and internal condition, is evidently a consequent 
of friction. It will be seen hereafber to be a case o 
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Camof 8 principle, which is merely a great Law of Fric- 
tion. 

20. When the form and internal condition of a body 
have been rendered constant by Motion, the mechanical 
motions of the body admit of a very simple representation. 

Let be a point fixed in the body, and imagine an 
ideal sphere of unit radius with for centre to be carried 
about with in such a manner that, at every instant, 
every point of its surface is moving with a velocity equal 
and parallel to that of 0. Then as moves about, the 
line joining to any point fixed in the ideal sphere 
always remains parallel to itself. Let the lines joining 
to two points P, Q, fixed in the body, meet the sphere, at 
any instant T, in two non-coincident points A, B; and at 
the time T + t,in A', R. If the great circle which bisects 
AA' meet the great circle which bisects BB' in /, we shall 
have lA = I A' and IB = IR. Hence, since AB= A'R, 



B' 



the two triangles lAB, lA'R have their sides respectively 
equal to one another, and therefore one is merely the same 
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triangle as the other twisted round 01. Since the whole 
body may be supposed to be rigidly connected to the 
three points (0, P, Q), it is evident that the mechanical 
displacement which has actually taken place might have 
been effected in either of the following simple ways : — 

(1) First, let every part of the body receive a dis- 
placement equal and parallel to that of the point 0, which 
will leave the directions of OP and OQ unaltered, and 
then rotate the whole body about an axis 0/, passing 
through 0, until the directions of OP and OQ change 
fi'om 0-4, OB to 0A\ OB, respectively. 

(2) Let the body be rotated about an axis passing 
through in a direction parallel to 07, through the same 
angle in the same direction as before, and then give to 
every part of the body a displacement equal and parallel 
to that of 0. 

In order to find the relation between the rotations 
corresponding to any two different base points 0, (7, let 
us suppose the point to carry about with it three 
rectangular axes whose directions always remain parallel 
to themselves, Oz being the axis of rotation through 
and the plane zOy passing through the position of the 
point 0' at the time T. If the figure represent the posi- 
tions of these axes at the time T-\-t, and if Qi, Qa be the 
positions of 0' relatively to the axes at the times T, T-^t, 
the points Qi, Qa will lie on a circle whose centre is M, the 
point where the plane through Q, and Qa parallel to xOy 
meets Oz. If Q be the original position of 0', then when 
is chosen for base point, every part of the body receives 
a displacement equal and parallel to QQi, in consequence 
of which Oz is brought into the position shown in the 
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figure, and afterwards the whole body is rotated about Oz 
through an angle = QiMQ^ When 0' is chosen for base 
point, every part of the body first receives a displacement 




equal and parallel to QQ2, which is equivalent to a dis- 
placement QQi followed by another displacement Q1Q2. 
Hence, when 0' is the base point, the axis Oz will be 
brought by the motion of translation into a parallel posi- 
tion passing through N, where QiQ^MN 18 a parallelogram. 
To bring Oz into its final position, we must then rotate 
the body in the same direction and through the same 
angle as before about an axis parallel to Oz, passing 
through Qa> the final position of 0'. Thus the axes of 
rotation corresponding to all base points are parallel and 
the angles of rotation equal and in the same direction. 
Hence, at any instant, the velocity of any part, P, of 
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the body is the resultant of the velocity of any base point 
0, fixed in the body, and the velocity that P would have 
if were at rest and the body rotating about an axis 01, 
passing through 0. If a diflferent base point, 0', be chosen, 
the axis of rotation through 0' will be parallel to 01 and 
the angular velocity about it equal to that about 01 and 
in the same direction. 

For the further discussion of rotations, the principle of 
Angular Momentum is required. 

21. Let Ox, Oy, Oz be any three rectangular axes, and 
let P be the position of a particle whose mass is m. 
Suppose the plane through P parallel to xOy to meet 
Oz in N, and let PFbe the direction of the velocity of 




the particle in this plane. Then we define the Angular 
Momentum, or the Moment of the Momentum, of the 
particle at P about Oz to be the product of the resolved 
linear momentum along PV and the perpendicular NK 
from the point N on PV, the product being reckoned 
positive when the particle's velocity tends to carry it 
round Oz in the positive direction and vic^ versS,. The 
positive directions round the axes are always taken to be — 
round Ox, from y \>o z\ round Oy, from z to x; and round 
Oz, from X to y. 
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The angular momentum round Oz of a finite body, or 
of a system of bodies, is defined to be the sum of the 
angular momenta of its ultimate particles about Oz. 
When a system contains several bodies, its angular 
momentum about any line will therefore be equal to 
the sum of the angular momenta of the separate bodies. 

The moment of a force about any line Oz is defined in 
the same way as the angular momentum of a particle, 
linear momentum being simply replaced by force. 

If € be the angle between NK and NP, r the length 
of NPy V the velocity of the particle along PV, and m its 
mass, its angular momentum about Oz will be mv (r cos e). 




Hence, since m (v cos e) is the resolved linear momentum 
perpendicular both to Oz and NP, we see that the angular 
momentum of the particle about Oz is equal to the product 
of the perpendicular distance, PJV, of the particle from 
Oz, into the resolved linear momentum at right angles 
both to Oz and NP, reckoned positive when in the positive 
direction round Oz, 

Again, if PF represent the magnitude of the resolved 
linear momentum as well as its direction, it is clear that 
the angular momentum of the particle about Oz will be 
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proportional to the area of the triangle NPV. Now if 
Pa^ Pb, Pc, be the components of the total linear mo- 
mentum of P in any three directions, according to the 




parallelogramic law, the sum of the perpendiculars from 
(a, 6, c) on a plane through NP and Oz will be equal to 
the perpendicular from V on NP. Hence if (a\ b', c') be 
the projections of (a, ft, c) on the plane NPY, the sum of 
the perpendiculars from (a\ b\ c') on NP will be equal to 
that from V. Consequently, the triangle NPV is equal 
to the sum of the three triangles NPa', NPV, NPcf ; or 
the angular momentum of a particle about any line Oz is 
equal to the sum of the moments of its component linear 
momenta. Similarly it may be shown that the moment 
of a force is equal to the sum of the moments of its 
components. 

Next, let P, P' be the positions of the particle at two 
different times t,t-\-T, where r is indefinitely small. Let 
PF represent the total linear momentum at the time t, 
and suppose the particle to be acted on at that instant by 
a resultant force F in the direction PA. Also let the 
three components of the total linear momentum at the 
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time * + T, according to the parallelogramic law, be repre- 
sented by : — 

(1) PT', equal and parallel to PF. 

(2) F^A\ representing jPt, in a direction parallel to 
P-4. 

(3) F'By the magnitude and direction of which 
depend on the way in which the force which acts on the 
particle varies as the particle moves from P to P'. 




Then if g, g' be the angular momenta of the particle 
about any line Oz at the times ^, ^ + r, we have 

}' = moment of FY' 4- moment of PA' + moment oiPB, 

q = moment of PV. 

But P'jB' and the distance between PV and PV are 
quantities of the second order : hence if we retain only 
quantities of the first order, we get 

g' — g = moment of P'A\ 

Now the moment of PA' may be taken to be the same 
as the moment of Ft acting at P in the direction PA, 
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because their difference is a small quantity of the second 
order : hence - — ~ = moment about Oz of the force F 

T 

acting at P. Proceeding to the limit, we see that, at any 
instant, the rate at which the angular momentum of the 
particle about any line is increasing with the time is equal 
to the moment of the resultant force which acts upon it at 
that instant. It follows therefore that the rate at which 
the angular momentum about any straight line of a finite 
body, or of a system of bodies, increases with the time, is 
equal to the sum of the moments about this straight line 
of all the forces, both external and internal, which act upon 
it. But, according to the third law of motion, the internal 
forces consist of a set of equal and opposite reactions, and 
consequently the sum of their moments is zero. Hence 
the rate at which the angular momentum increases with 
the time is simply equal to the moment of the external 
forces. If, then, the moment of the external forces about 
any straight line is constantly zero, the angular mo- 
mentum of the system about this straight line will remain 
constant. 

22. Suppose the annexed figure to represent the 
projections of the various lines on a plane through Q, the 
centre of mass, parallel to xOy, Let QR be the projection^ 
of the direction of the velocity of a particle P whose mass 
is m. Draw OQ and OR perpendicular to QR, and let a 
line through parallel to RQ meet OQ in 8. Then if v 
be the velocity of the particle along QR, its angular mo- 
mentum about Oz will be mv . OQ, or mv . OR + mv . 08. 
The term mv . OR is the angular momentum of the 
particle about an axis through parallel to Oz : the other 
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term, mv . OS, is the angular momentum about Oz of a 
particle of mass m situated at Q and moving with a 
velocity equal and parallel to that of P. The angular 

o 




momentum of the whole system about Oz is therefore 
equal to the angular momentum about a parallel axis 
through Oy together with what the angular momentum 
about Oz would be if all the particles were transferred to 
without altering their velocities either in magnitude or 
direction. But, since is the centre of mass, these ideal 
particles at are known to be equivalent, as to linear 
momentum, to a single particle of mass M situated at G 
and moving about with it, M being the mass of the whole 
system. Hence, since the angular momentum of a particle 
is equal to the sum of the moments of its component 
linear momenta, it follows that the angular momentum of 
the system about Oz is equal to the angular momentum 
about a parallel axis through 0, together with the angular 
momentum about Oz of a mass M placed at O and moving 
about with it. We shall refer to these two parts as the 
angular momenta due to rotation and translation, respec- 
tively. 

In like manner it may be shown that the moment of a 
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force about Oz is equal to its moment about a parallel axis 
through Q (or any other point G'\ together with the 
moment about Oz of an equal and parallel force acting at 
(or Oy Thus the moment of all the external forces 
about Oz is equal to their moment about a parallel axis 
through (or 0"), together with the moment about Oz of 
the resultant of a system of equal and parallel forces acting 
at G (or Oy 

As the body moves about, let G, G\ be the positions in 
space of the centre of mass at any two consecutive instants 
t,t-\-T\ and let GN, G'N^ be the corresponding positions 
of the straight line drawn through G parallel to the fixed 
line Oz, Also let q be the angular momentum of the body 
about GN at the time t, and g' the angular momentum 
about G'N' at the time t + r. Then since the angular 
momentum of the body about GN at the time * + t is 
equal to the sum of q and of the moment of a mass M 
situated at G and moving about with it, it is evident that 
the angular momentum about GN at the time ^ + t differs 
from q only by a small quantity of the second order, and 
that the rate at which the angular momentum about a 
fixed straight line, coinciding with GNy is increasing with 

the time at the time t^ is equal to the limit of - — ^ . We 

therefore see that at any instant, the moment of the 
external forces about the moving axis through G parallel 
to Oz is equal to the rate at which the angular momentum 
about that axis is then increasing with the time, that is, is 
equal to the rate of increase of the angular i^iomentum 
of rotation. From this it follows that the moment about 
Oz of a system of forces applied at G, equal and parallel to 
the external forces, must be equal to the rate of increase 
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of the angular momentum of translation. Hence, when 
there are no external forces, the angular momenta, both 
of translation and rotation, remain constant. 

Again, the velocity of any particle P may be supposed 
to consist of a velocity equal and parallel to that of 0, the 
centre of mass, combined with the velocity of P relative 
to G. It p be the distance of P from a plane through the 




direction of G's velocity perpendicular to xOy, the angular 
momentum due to the former component about an axis 
through parallel to Oz will be mpV^ where V is the 
velocity of parallel to the plane xOy. For the whole 
system, this is VXmp, distances on one side of the plane 
through being considered positive, on the other negative. 
But by a well known property of the centre of mass, 
Xmp = 0. Hence, finally, the angular momentum of ro- 
tation depends only on the velocities of the particles 
relative to the centre of mass. 

In consequence of these important properties, we shall 
always suppose the mechanical motions of a body of which 
the form and internal condition are sensibly invariable, to 
consist of the motion of translation of the centre of mass 
combined with a rotation about an axis passing through 
the centre of mass. 
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23. The preceding principles immediately lead to 
some very valuable results relating to bodies of a perma- 
nent internal condition. Thus let a body free from 
mechanical vibrations be rotating with angular velocity 
CD about an axis passing through Q, the centre of mass. 
Take three rectangular axes Qx, Oy, Oz, one of which, 
Qz, coincides with the axis of rotation. Then any small 
portion of the body will describe a circle about (? in a 
plane parallel to xGy. Hence if r be the distance of any 




particle P from Oz, its mechanical motion relative to Q 
will simply consist of a velocity cor at right angles both 
to Oz and to the perpendicular from P on Oz, Besides 
this, there may be velocities (a, j8, 7) relative to parallel 
to the axes, due to the non-mechanical motions. The 
angular momentum about Oz of the motion of P relative 
to 0, being the sum of the moments of the component 
linear momenta relative to 0, will therefore be 

mr^co + m {^x — ay), 

where m is the mass of the particle. 
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The angular momentum of the whole body about Oz is 
consequently equal to 

cdStw?^ + 2m {fix — ay). 

But the angular momentum is clearly zero when the 
body does not rotate, that is, when cd = 0, and the non- 
mechanical motions are the same as before. Hence 

2m(j8a? — ay) = 0, 

and if O be the ' Moment of Inertia ' of the body about 
Qzy or C^Xmr^j the angular momentum about the axis 
of rotation takes the very simple form C(o, 

It is usual to put C = Mk^, where M is the mass of 
the whole body. The length k is known as the * radius of 
gyration' about Oz, and it is evident that the angular 
momentum of the body about Qz is the same as that of 
an ideal particle of mass M situated at a distance k 
from Oz and revolving round Oz with angular velocity cd. 

The angular momenta of the body about Ox and Oy 
are not necessarily zero, although the body is rotating 
about an axis at right angles to both of them. In fact, 
since the velocity cor is equivalent to — toy parallel to Ox 
aad + a)x parallel to Oy, the angular momentum about 
Ox is equal to 

— ooXmxz -1- 2m (7^ — fiz). 

The second term may be shown to be zero as before, and 
thus the final result is — (oXmxz. Similarly the angular 
momentum about (?y is — wlmyz. 

If the centre of mass be in motion, as in the case of a 
planet revolving round the sun, and if fl be its angular 
velocity about an axis Oz parallel to Oz, the angular 
momentum of translation about 0/ will be MR^il, where 

P. 4 
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R is the distance of from Oz\ The total angular 
momentum about Oz' is therefore 

MM^a + Co) (10). 

To find the kinetic energy, let {u\ v', w) be the veloci- 
ties of P, (u, V, w) those of G, so that 

w' = tA— coy + a' 

w' = w + 7 
Then 

iSm (i^'2 + i/» + w'«) = i {u^-\''iP-\'Vf) 2m 

+ ift)«2m (ic« + y2) + J2m (a« + )8^ + 7»). 

— t«2ma + v%mP + wSmy + © [— u2my 

+ vtmx + 2m (jSa? — ay)]. 
But we have 

2m ()8a? - ay) = 0, 

2ma? = 2my = 0, since Q is the origin ; 

also 2mM' = 'Zmu, or 2ma = 0, 

2mt;' = 2mt;, or 2m)8 = 0, 

2mw' = 2mw, or 2m7 = 0, 

and 2m = il/. 

Hence we obtain 

i2m (w"-* + 1;'2 + «/2) ^ J JIf (^a ^. ^ + ^) + ^Cf^a 

+ i2m (o« + )8» + 7*) (11). 

The term ^M (w^ + v^ + 'm;^) is called the mechanical 
kinetic energy of translation, being the same as th( 
kinetic energy of a single particle of mass M moving 
about with O, the centre of mass. The term JCW 
or i-SfAj^ft)', is called the mechanical kinetic energy o 
rotation, and is the same as the kinetic energy of a singl* 
particle of mass M moving with velocity koD, 
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24. Again, if at any instant ty a body be rotating 
about a straight line Qz, those parts of the body which 
then lie on Qz will all be moving with velocities equal and 
parallel to that of 0. Hence in any short interval t, the 
displacements of these parts will be equal and parallel to 
that of Oj and thus, at the instant t + r, they will still lie 
on a line through Q parallel to the original direction of Oz. 
If, therefore, at the time ^ + t, the body be rotating about 
an axis G/, drawn through ff in a different direction from 
Qz, it is clear that Gz and Gz' cannot have the same 
position with respect to the body. This feet is usually 
expressed by sapng that when the axis of rotation moves 
about in space, it also moves about in the body. In like 
manner it may be shown that when the axis of rotation 
ia fixed, as to direction, in space, it is also fixed in the 
body. 

Now it is evident that the internal mechanical stresses 
of a body depend only on its form and internal condition, 
and therefore when these are invariable, the stresses will 
be constant in magnitude and in directions which are 
fixed with regard to the body. A little consideration 
tells us that, when there are no external forces, this 
condition is inconsistent with a change of the axis of 
rotation. Thus a body which is under the action of no 
forces and possesses angular momentum about any straight 
line through G, must either be rotating about an axis 
through G fixed in the body and in a constant direction 
in space or be in a state of mechanical vibration. Now 
if we assume the tendency of bodies under the action of 
no force to take an invariable internal condition to be 
universal, it follows that the mechanical vibrations will 
all ultimately disappear. But since there are no external 

4—2 
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forces, the angular momentum of the body about any 
straight line drawn in a fixed direction through O^ the 
centre of mass, is constant. The mechanical motions of 
the body relative to O cannot therefore all disappear and 
we conclude that the body will ultimately settle down 
into a state of steady rotation about an axis fixed in the 
body which passes through G in a constant direction. 

When a body subject to no external influences has 
taken up its final state of rotation about an axis Ozy let 
the point be imagined to carry about with it three 
rectangular axes Qx^ Oy^ Gz, whose directions always 
remain parallel to themselves. Then since (7a> is the 
angular momentum about Gz, a> will be constant, and 
since —aoSiinxz is the angular momentum about Qx^ a 
line drawn in a fixed direction, Xmxz will also be constant. 
Now if Gx', Gy[ be any two axes at right angles to one 
another and to Gz which are carried round with the body, 




^mxz and Xmy'z will evidently be constant. Also if 
be the angle between Gx and Gx\ we shall have 

aj = a?' cos O + y' sin 0, 
and therefore 

%mxz = cos 0%ma!z + sin 0%my'z. 



« 

\ 
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Since 6 will pass through every value as the axes Ox\ Qy 
revolve round Qz^ this result shows that Gz makes 

Xmzx = Xrazy' = 0, 

and Xmzx = ^mzy = 0, 

or the angular momentum of the body about any line at 
right angles to the axis of rotation is zero. 

26. We can now explain some further results which 
are of the highest interest and importance in thermo- 
dynamics. 

First, suppose all the external forces which act on a 
body to be actions at a distance such that the force on 
any particle is equal to mg, where at any instant, g is the 
same in magnitude and direction for every particle of the 
body. Then, since it is clear that such forces have no 
effect in producing internal stresses, and since they give 
no moment about any axis through Q, the centre of mass, 
the body will behave, as to rotations, exactly as if it 
were under the action of no forces. It will therefore 
settle down at last into a state of uniform rotation about 
an axis passing through G^ in a constant direction. The 
mechanical kinetic energy of the body will then be 

where M is the mass of the body, o) the uniform angular 
velocity, and {uy v, w) the velocities of parallel to three 
rectangular axes Ox, Oy, Oz, fixed in space. 
But if g be equivalent to (gr^, g^y g^) parallel to these 
axes, we have 

rrhgx'^'rrhgx-^rn^g^'¥ ...^M-^, 

du 
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Again, the work done on the body by the forces parallel 
to Ox, in the short time dty will be 

d^x - 9% (rriidai + mada?, + tWjctr, +...). 
Now if (x, y, z) be the coordinates of G, we have 

rriiXi + m^2 + ^^M^s + . . . = Mx, 
and therefore 

dWg = Mgoi dx = Mu -^ dt 

Thus the total work done on the body by the external 
forces, in any finite time, is 

Hence, since C and o) are both constant, and all the work 
done by the external forces in this case is mechanical 
work, we see that the mechanical work done on the 
body is equal to the increase of its mechanical kinetic 
energy. 

The problem we have just considered is very nearly 
that of small bodies falling in a vacuum at the surface of 
the earth ; where the magnitude of ^ is the same both for 
all particles and for all time, but its direction, though at 
any instant the same for all particles, is not independent 
of the time, being carried about with the earth. The 
problem is also that of the whole earth, roughly speak- 
ing, and consequently the mechanical irregularities of its 
motion, as shown in the tides, &c., are insignificant for 
so large a body. In the case of the sun, there are dis- 
turbing eflfects of enormous importance due to radiation- 
forces, by which the whole mass is kept in a state of 
tumult. 



i 
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Again, suppose all the external forces which act on a 
body to be contact-forces of constant magnitude whose 
positions with respect to any three rectangular axes in 
fixed directions at Q are invariable, the forces being such 
that they give no moments about these axes and do no 
non-mechanical work. Then, since there are no radiation- 
forces, if the body had no angular momentimi before the 
application of the forces, it is evident that, after they are 
applied, it will ultimately assume an apparently invariable 
form and internal condition without rotation. When this 
is the case, the displacement of every part of the sur£Etce 
will be equal and jyarallel to that of (?. Hence if 
(X, F, Z) be the total external forces parallel to three 
fixed rectangular axes Ox, Oy, Oz, the mechanical work 
which they do on the body in any short time will be 

Xdx + Ydy H- Zdz, 

where {x, y, z\ (x + dx, y + dy,z + dz) are the initial and 
final positions of 0. 

Since X = M -.- , &c., &c., this is equal to 

du . dv dw^ 



T^/r f du ^ dv ^ dw\ ,. 



Hence in any finite time the mechanical work done on 
the body will be 

Thus there is again no change in the internal condition of 
the body and the mechanical work done upon it is exactly 
equal to the increase of its mechanical kinetic energy, 
while the non-mechanical work is zero. 
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In both cases, it will be seen that the body is subjected 
to a non-frictional process in which no non-mechanical 
work is done upon it and that the only effect produced 
is a change in the motion of the centre of mass. 

In general, when a body is acted on by external forces, 
the internal condition of the body will not be constant 
nor the increase of its mechanical kinetic energy equal to 
the mechanical work done upon it. Suppose, for example, 
that a body continues to rotate about an axis Oz, drawn 
through G in a constant direction, under the action of 
contact-forces whose moment about Gz is N and about 
the other axes at right angles to Oz zero. Also suppose 
that the sums of the components of the external forces 
parallel to the axes are constantly zero and that the point 
G^ is at rest. Then if F be the force on any small element 
of the surfistce at P in the direction of rotation at right 
angles both to Qz and PN, the perpendicular from P on 




Gz, the mechanical work done by this force in the short 
time dt will be Froadt, where r is the distance PN and m 
the angular velocity of the body. Hence the mechanical 
work done on the body by all the external forces will 
be (odtXFr^ or Ntodt. Now N is the rate of increase of 

the angular momentum about Gz, that is, iV = -^ ((7©). 
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Thus the mechanical work done on the body in a finite 
time is 

-jz (Co)) (odt, 



or 






The increase of the mechanical kinetic energy of the body 
is 






or 

J K" etc (tt/ 

These will not necessarily be equal except when eo^ -z- 

is constantly zero, which will not generally be true. 

If the body be made of very rigid materials, like a 
fly-wheel, the variations of C will be extremely small, and 
therefore, if the Motion of the axle be neglected, the 
mechanical work done upon the wheel will be practically 
equal to the increase of its mechanical kinetic energy. 

The rest of the chapter will be devoted to the experi- 
mental evidence of the principle of energy. And, for the 
future, as we shall seldom have any further occasion to 
make use of the conceptions of * kinetic energy' and 
'work/ in the strict sense of the terms, we shall fre- 
quently follow the popular usage by employing these 
expressions instead of the more correct, but somewhat 
longer forms, * mechanical kinetic energy ' and ' mechanical 
work.' Also when we speak about forces, we shall always 
refer to their mechanical eflfect : if we wish to refer to 
the non-mechanical eflfect, we shall always use the word 
' heat.' 
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26. We have seen that the energy of a material 
system in any state P is equal to the sum of the kinetic 
energies of its ultimate particles and of the work which 
the internal ether-forces do on the system as it returns in 
any way from the state P to a fixed standard state 0. 
Now since we possess no instruments by means of which 
the motions of the individual particles can be examined 
and since gravitation, electric, and magnetic forces are 
the only ether-forces about which much is known, it is 
obvious that we have no practical method of obtaining all 
the details which have been discussed theoretically in the 
previous part of the chapter. In fact, for experimental 
purposes, the state of a material system is considered to 
depend on the following observable particulars only : — 

(1) The chemical and physical states and relative 
positions of the different parts of the system. 

(2) Their mechanical motions. 

(3) Their temperaturea 

(4) Their electric and magnetic states. 

On account of the importance of temperature, it is 
necessary that we should have correct ideas on the subject 
and that we should understand the method of constructing 
the mercurial thermometer. 

When any system of two bodies -4, B is protected 
from all external influences until the ultimate invariable 
state is attained, the two bodies A, B are then said to be 
at the same temperature. In order to test equality of 
temperatures, we may take a third body, (7, as an ordinary 
mercury thermometer, whose changes of state are easily 
visible to the eye, and put it in contact, first with A and 
then with B. If the bodies be protected from all ex- 
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ternal influences, as before, and G assumes the same final 
state in both cases, the temperatures of A and B are 
equal. 

If the two bodies A, B, when first placed in contact, 
do not at once take up an invariable state, their tempe- 
ratures are not necessarily different. Thus salt and snow 
may be at the same tempei-ature, as shown by the ther- 
mometer, yet when they are mixed together, a violent 
chemical action takes place by which both are partially 
melted. 

The mercurial thermometer is the instrument most 
commonly used' for detecting differences of temperature. 
It consists of a closed glass vessel containing only mercury 
and the vapour of mercury. The glass vessel is in the 
form of a fine tube, or stem, terminating in a much wider 
part, called the bulb, and the whole of the bulb and part 
of the stem is filled with mercury in the liquid state. On 
heating the thermometer, the glass expands, but the 
mercury expands more, so that it is forced to rise in the 
tube, thereby giving a visible effect of change of tempe- 
rature. 

The construction of an accurate thermometer requires 
five processes, which may be explained as follows. 

(1) In the first place we procure a tube of as uniform 
bore as possible, and then calibrate it, that is, divide it 
into short lengths of equal capacity. To do this, we force 
a short column of mercury into the tube and mark the 
tube at both ends of the column, then move it on its own 
length until one end comes exactly to where the other 
was and mark the other end, and so on. After this 
operation, the bulb A is blown at one end of the tube to 
a little more than the required size and closed, and, to 



60 ELEMENTARY TBCERMODYNAMICS. 

enable us to introduce the mercury, a temporary bulb B 
is blown at the other end and drawn out to a point at 
which there is a small hole. In forming the bulbs, the 
air must not be blown by the mouth, for fear of the effects 
of moisture. 

(2) Both bulbs are now gently heated, in order to 
expel some of the air with which they are filled. The 
point of £ is then immersed in a vessel containing 
mercury. As the air within the bulbs cools, its expansive 




force diminishes, so that a quantity of mercury is forced 
into the bulb B by the pressure of the atmosphera The 
instrument is then set upright, and by alternately heating 
and cooling the permanent bulb A, a suflBcient quantity 
of mercury is caused to descend into it through the narrow 
tube from the bulb B, 

(3) The instrument is next laid in a sloping position, 
with the bulb A lowest, on a special furnace and heated 
till the mercury boils. The vapour of the boiling mercury 
drives out the air, so then when the boiling ceases, the 
mercury runs back from the bulb B and completely filU 
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the tube as well as the bulb A, Then, while the thermo- 
meter is still hotter than any temperature at which it is 
afterwards to be used and the whole of the tube filled 
with mercury, the top of the tube is melted and closed by 
a blowpipe flame. As the thermometer cools, the mercury 
contracts and leaves a space at the top of the tube 
containing only the vapour of mercury. 

(4) The bulb A cannot be blown of exactly the 
proper capacity for giving the thermometer its required 
range. For this reason, it is at first made too large and 
afterwards reduced in the following manner. 
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The bulb A is heated to a temperature shown 
by a thermometer O, which is already finished, 
and the point m to which the mercury rises 
in the stem of A is observed. Next, the 
bulb A is heated to a different temperature, 
shown by the thermometer (7, and the point n 
to which the mercury rises in the stem is 
again observed. Then, knowing the differ- 
ence of the temperatures shown by 0, and 
the length mn, we can easily calculate how 
much the bulb A is too large. Lastly, the 
bulb A is broken oflf to the required size and 
closed up again without admitting air. 

When the thermometer has been made in 
the manner just described, it is found that, if left to it- 
self, the bulb undergoes a gradual contraction which, for 
practical purposes, may be considered complete in six 
months. We ought, therefore, to keep the thermometer 
at least six months before proceeding to the last opera- 
tion. 

(5) In graduating the thermometer, we choose two 
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standard temperatures which are easily reproduced and 
can be proved by elaborate experimental methods to 
remain exactly constant. These are the ultimate tempe- 
rature assumed by a mixture of ice and water when the 
only external influence is a constant pressure of one atmo, 
and the temperature of the steam which issues from 
boiling water at the pressure of an atmo. 

In the first place, when the pressure of the air is one 
atmo, the thermometer is immersed in a mixture of ice and 
water until the height of the mercury in the tube has 
become stationary; and the point to which it rises is 
marked by a scratch on the glass, known as the freezing 
point. Then the thermometer is surrounded by the steam 
of boiling water until the mercury is again stationary, 
and the height to which it rises in the tube is marked by 
another scratch, called the boiling point. In the Centi- 
grade thermometer, which is the only mercury thermometer 
now used for scientific purposes, these two temperatures 
are marked and 100. The portion of the tube between 
them is then divided into 100 parts of equal capacity, 
each of which is called a degree, and the divisions are 
continued beyond the two standard points as far as may 
be required. 

It is necessary that all thermometers should give the 
same indications of temperature, not merely at the freezing 
and boiling points, but at all other temperatures. Thi^ 
condition is satisfied, at least approximately, by making 
all thermometers of the same kind of glass, as will appear 
from the following argument. 

If we take a given mass of mercury, or of glass which 
is not very irregular in form, and subject it to no stresses 
greater than the pressure of the air, and if the volume 



THE CONSERVATION OF ENERGY. 63 

be Vo when a standaixi mercury thermometer is at and 
V when the standard thermometer indicates 0, it is found 
by experiment that 

where a is a constant number, which, for mercury, is 
about -00018, and for the glass of thermometers, '000025. 
Hence, if F' be the volume of the mercury and s the 
capacity of each degree of the stem when the standard 
thermometer is at zero, and if the mercury rises n degrees 
in the stem while it rises 6 in the standard thermometer, 
the volume of the mercury at the temperature may be 
written in either of the forms 

F (1 + mOl 

or (F+ns)(l+5r^), 

where m = 00018, and ^r = 000025. 
We have, therefore, very approximately. 

But both thermometers are marked 100 at the boiling 
point : hence 

and therefore ^ = w, 

so that the two thermometers agree. 

On account of the diflBculty of obtaining glass perfectly 
homogeneous and of exactly a certain kind, and also on 
account of the irregular form of the thermometer and the 
internal strains which are produced in making it, it is 
found that even when two thermometers have been made 
in the elaborate manner described above, their readings 
do not generally quite agree at temperatures distant from 
the boiling and freezing points. If a thermometer is 
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wanted for very delicate observations, it should therefore 
be compared with a standard thermometer. 

Two other systems of marking the thermometer are 
often used for non-scientific purposea In Fahrenheit's 
thermometer, introduced about 1714, the freezing point 
is marked 32 and the boiling point 212. In Reaumur's, 
the freezing point is marked and the boiling point 80. 
In stating temperatures, it is usual to indicate the scale 
referred to by the letters C, F., R. 

27. It was formerly supposed that both light and 
heat were material substances. Light was believed to 
consist of very minute bodies, or ' corpuscles,' which were 
shot out from luminous bodies with immense rapidity in 
straight lines. The 'corpuscular theory,* which is prin- 
cipally due to Newton, was sufficient to explain the 
commoner properties of light. But a different theory, 
which had been in existence before Newton's time, was 
again put forward, by Dr Young in England about the 
beginning of the present century, and in France by 
Fresnel a little later. Within a few years the new 
doctrine, according to which light consists of waves of 
vibrating motion, was so completely proved that it became 
universally accepted by 1830. 

The matter which was supposed to form heat was 
called 'caloric,' and was regarded as being constant in 
quantity, like matter in general. According to this view, 
the conduction of heat was merely the transference of 
caloric out of one body into another. When a body 
expanded through rise of temperature, the increase of 
volume was supposed to be due to the greater amount 
of caloric present. To explain the increase of tempera- 
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ture that occurs when a body is suddenly compressed, it 
was natural to suppose that caloric was squeezed out and 
so rendered sensible to the thermometer or the touch. 
Again, it was supposed that difiFerent bodies required 
diflferent proportions of caloric to be added to them to 
produce the same change of temperature : this was ex- 
pressed briefly by saying that diflferent bodies have dif- 
ferent capacities for caloric ; thus a pound of water was 
considered to require 30 times as much caloric to eater 
it to raise its temperature by 1° as a pound of mercury. 

The most important part of the caloric theory, how- 
ever, was the doctrine of Latent Heat, propounded by 
Dr Black in 1760. When it was found that by appljdng 
heat to a vessel containing ice, no change of temperature 
was caused so long as the contents of the vessel were 
kept sufficiently mixed, until the whole of the ice was 
melted, it was inferred that water merely diflfered from ice 
at the same temperature by containing a much larger 
quantity of caloric. The caloric which it thus appeared 
necessary to mix with ice in order to change its molecular 
state without altering its temperature, was called ' latent,' 
because it could not be detected by the thermometer. 
In like manner, the steam which issued from boiling 
water was shown by the thermometer to have the same 
temperature as the water itself, and was therefore sup- 
posed to diflFer from it only by containing an enormously 
greater quantity of caloric. 

The caloric theory, it must be allowed, aflForded a 
simple explanation of the phenomena just mentioned; 
but it was not so successful in accounting for the heat 
developed by friction. It appeared to follow from the 
theory that, when two bodies were rubbed together, the 

P. 5 
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friction caused a diminution in the capacity of one or both 
bodies for caloric, in consequence of which the caloric 
contained within them, without undergoing any increase, 
was able to raise them to a higher temperature; but it 
was only necessary to carry on the rubbing process long 
enough to show that the quantity of heat that could be 
produced was unlimited, or to test the capacity for caloric 
of each body after being rubbed, to see that this view 
was false. 

The first person who attained a correct idea of the 
nature of heat appears to have been Count Bumford. 
Whilst superintending the boring of cannon in the arsenal 
at Munich, he was struck with the enormous quantity of 
heat produced by the working of the steel borer, and in a 
paper which he published on the subject in the Philo- 
sophical Transactions for 1798, he made the remarkable 
statement that the source of the heat thus developed 
appeared to be inexhaustible. He then observed that 
since heat could be fiimished by a limited system in 
unlimited amount, it could not be a material substance. 
Following up this idea, he argued that heat was motion 
and made the first attempt to calculate the quantity of 
mechanical work that must be expended to produce a 
given quantity of heat. 

In the year following, an important experiment was 
described by Davy. Two pieces of ice were rubbed to- 
gether until both were nearly melted by the friction, the 
water thereby produced being a little above the freezing 
point. Here, then, it was clear that heat was actually 
created, and, therefore, that it could not be materisd. 
Also as the capacity of water for heat was known to be 
much greater than that of ice, it was evident that friction 
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did not diminish the capacities of bodies for heat in all 
cases, as the caloric theory required us to believe. Davy 
was thus led to conclude that ' heat may be defined to be 
a peculiar motion, probably a vibration, of the corpuscles 
of bodies/ 

Yet notwithstanding these decisive experiments and 
the progress of the new theory of light, the doctrine of 
caloric continued to be generally adopted until about 
1840. The mechanical theory of heat was then revived 
almost simultaneously by Mohr, Seguin, and Mayer, who 
based their ideas on theoretical considerations, and by 
Colding and Joule, who appealed to experiment. The 
eloquence of Mayer caused the new theory to be generally 
assented to: the numerous and brilliant experiments of 
Joule proved it beyond the possibility of a doubt. 

28. In one of Joule's best experiments, water was 
agitated in a vessel by means of a vertical shaft carrying 
a number of paddles which worked between fixed vanes, 
so that when the paddles revolved, the water was pre- 
vented from revolving bodily with them, and in consequence, 
it offered a sufficient resistance. The shaft was caused to 
rotate by means of a cord wound round its upper part and 
attached to a heavy weight after passing over a pulley 
mounted on friction wheels. The water was protected from 
all external heating and other effects, except the pressure 
of the air, and the weight could be wound up without 
moving the paddles. It was then found, after making all 
corrections, that the work required to be done by the 
paddles to raise the temperature of the water by any 
given amount was always proportional to the quantity of 
water. In addition to the work done by the paddles, 

5—2 
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there will be a very small amount of work done by the 
pressure of the air, which, for given initial and final 
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temperatures, will also be proportional to the quantity of 
water, since, for a short time, the pressure of the air may 
be considered constant. If, for the sake of numerical 
illustration, we suppose the mass of water to be a gramme 
and the pressure of the air exactly an atmo, the work 
done by the paddles, when the temperature of the water 
rises from 0° C. to V C, is found to be over 40 million 
ergs ; and since the volume of the water at 1° C. is less 
than the volume at 0°C. by less than the 10,000*^ of a 
cubic centimetre, the work done on the water by the 
pressure of the air will be less than 101*3 ergs. 

Experiments were also made by Joule on other sub- 
stances with a like result. Again, in a number of other 
experiments, heat was produced indirectly by expending 
mechanical work on a system so as to cause its parts to 
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become electrified, and then allowing them to resume 
their unelectrified state ; and it was found that the final 
efiect was the same as if the same amount of work had 
been expended directly. Also it was shown that when 
heat is developed by chemical action, the ultimate result 
is the same whether the change takes place by means of 
electric agency or otherwise. 

From these and other experiments it is concluded that, 
however simple or complicated may be the electric and 
other properties of any system, or whatever may be the 
mechanical motions, if it be protected from all external 
heating and electric efiFects, the work that must be done 
on it to bring it from any given state P to any other 
given state Q depends only on those states and not on the 
particular manner in which the change of state is pro- 
duced. To put this statement into a simple form, let us 
choose a standard state and denote the work required 
to bring the system from the state to the state P by U, 
Then so long as we keep to the same standard state, U 
will depend on the state P only and may be written Up. 
Also by supposing the system to be brought fi'om the state 
to the state Q by first bringing it from to P and then 
from P to Q, we see that 

where w^^ is the work required to bring the system from 

PtoQ. 

Again, if a difiFerent standard state 0' be chosen and the 

new value of U be denoted by IT, we shall have 

so that the value of J7 is only altered by a constant. 
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Hence, the quantity tT is a single-valued function of 
the independent variables which define the state of the 
system, together with an arbitrary additive constant de- 
pending only on the choice of a standard state, and d/uf^ 
the work done on the system in any small change of state, 
is an exact diflFerential given by dU—dw. 
The quantity U is called the energy of the system, but 
it should be noticed that the present definition is not 
quite the same as that given previously. In fact, the 
values of U, according to the two definitions, difiFer by a 
constant ; for the standard state in the former part of the 
chapter did not make the whole energy zero, but only that 
part of it which we called potential energy. 
If the system consists of a number of bodies which 
exert forces on one another without being actually in 
contact, as in the case of gravitation, it is obvious that 
the energy of the system will depend, not only on the 
state of each of its parts, but also on their relative posi- 
tions with respect to one another. That part of the 
energy which depends on the relative positions of the 
bodies is called their ' mutual energy,' while the energy 
of any particular body may be distinguished as its * in- 
ternal energy.' 

29. Again, if a system be protected from external 
electric influences only, it is found that no change of state 
can be produced by the joint agency of heat and work 
which cannot be produced by work alone, and therefore 
we may always define the energy of the system in any 
state P, into which it can be brought by the combined 
efiFects of heat and work, to be the work that must be 
done on the system to bring it from the standard fixed 
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state to the given state P on the supposition that both 
external heating and external electric, influences are 
absent. Also, since it appears from experiment that in 
any change of state due to the joint action of heat and 
work, the increase of the energy is not generally the same 
as the work actually done on the system, we shall define 
the heat absorbed by the system in any change of state in 
which there are no external electric influences, to be the 
algebraic excess of the increase of the energy over the 
work done on the system. If the change of state be in- 
definitely small, and if dCT be the increase of energy, dW 
the work done on the system, and dQ the heat absorbed, 
we shall therefore have 

dU = dW-ifdQ. 

Again, since a change of state which can be produced by 
heat alone can also be produced by work alone, or partly by 
heat and partly by work, in an infinite number of ways, it 
is evident that in any change of state due to the action of 
heat and work, the work done on the system and the heat 
absorbed by it will generally depend on the way in which 
the change of state takes place as well as on the initial 
and final states themselves. In mathematical language, 
the quantities dTTand dQ, though functions of the inde- 
pendent variables {x,y,z, ) which define the state of 

the system, and of their diflFerentials, are not generally 

complete differentials of functions of (a?, y, z, ). 

The word ' heat,' in the popular sense, refers to some- 
thing which exists in a body, and therefore in any change 
of state, its increase depends only on the initial and final 
states and not on the way in which the change of state 
takes place. The popular meaning of the word * heat * is 
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therefore diflFerent from that which we have assigned to 
it. In fact, according to the popular usage, ' heat ' means 
non-mechanical kinetic energy, while our definition makes 
it identical with non-mechanical work; non-mechanical work 
done on the sjrstem being the same as heat absorbed, and 
non-mechanical work done by the system against the ex- 
ternal forces, the same as heat given out. To prevent 
confusion, we shall never use the word 'heat' in the 
popular sense, but always speak of non-mechanical kinetic 
energy. . 

Heat is absorbed either by conduction or radiation. 
Conduction is a surface phenomenon which takes place 
when bodies are actually in contact and is merely the 
transference of energy out of one body into another: 
radiation is an exchange of energy between a material 
body and the ether, and may occur in the interior of the 
body. A common form of conduction is known as con- 
vection and may be observed when a pan of cold water is 
set on the fire ; a continual circulation being kept up by • 
the descent of the colder water from above to take the 
place of the water which ascends afber being warmed and 
made lighter by contact with the heated bottom of the 
pan. In the case of the sun, an immense flood of light 
and heat is radiated from the glowing interior through 
the enormous atmosphere of cooler gases with which it is 
surrounded. 

The principle of the equivalence of heat and work, as 
expressed by the equation dU=dW + dQ, is known as the 
first Law of Thermodynamics. It is a particular case of 
the principle of the Conservation of Energy. The second 
Law of Thermodynamics is Carnot's axiom, which is 
merely a law of friction. 
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30. If a system be exposed to external electric 
influences, it is found that it may acquire such electric 
properties by contact with other systems that it may be 
impossible to bring it back to the standard fixed state 
until the new electric properties are given back. We are 
then to regard the system as a new system and to choose 
a new state as the standard state from which to reckon 
the energy. Again, when the different states of the 
system are comparable with the same standard state, it is 
found that, if there are electrified or magnetized bodies in 
the neighbourhood, the energy of the system may be 
altered without doing work on it, even when it is evident 
that there are no external heating influences. The system 
is then popularly said to absorb 'electric energy,* the 
meaning of which is fully explained in books on electricity 
and magnetism. In general, if dCT be the increase of 
energy, dW the work done on the system, and dE the 
' electric energy ' absorbed, or the ' electric work * done on 
the system, calculated as in works on electricity, the heat 
absorbed, dQ, is defined to be the value oidU — dW — dE, 
so that the principle of energy may be written in the 
form 

dU^dW + dQ + dE. 

As we do not wish to enter into the details of 
electricity and magnetism, we shall, in future, always 
suppose our system, whether electrified or not, to be so 
chosen that there are no external electric influences, 
except in a few special cases. The principle of energy 
then takes the simple form 

dU = dW + dQ, 

where dW and dQ are not generally perfect differentials. 
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31. The equation 

may be written 

dQ^dU'-dW. 

Hence if we suppose the body or system of bodies to 
undergo a finite change of state, in which U changes from 
Uq to Z7i, we have 

fdQ^U,-U,^fdW. 

If the changes of state be such that the final state is the 

same as the first, the series of operations which the system 

goes through is called a cyclical process. We have then 

f^i = Uo, so that 

JdQ^-fdW. 

Now —JdW is the external work done by the system: 
hence when a system which is protected from external 
electric influences undergoes a cyclical process, the heat 
absorbed is exactly equivalent to the work done by the 
system. 

32. The result that dW and dQ are not generally 
perfect difiFerentials is so important that it will be advan- 
tageous to consider some simple illustrations. 

Suppose, in the first place, that a quantity of water 
and steam at a high temperature, and therefore also at a 
high pressure, is contained in a cylinder fitted with a 
smooth air-tight piston, and let it be required to reduce 
the contents of the cylinder to a much smaller volume 
and a lower temperature, say the ordinary freezing point ; 
suppose also that the final volume is too great to be filled 
by the water within the cylinder, so that steam must also 
be present and the final pressure inside the cylinder be 
consequently very small. 
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The desired change of state may be brought about in 
many diflferent ways, of which two will be here considered. 

(1) Let the piston be forced in so as to reduce the 
volume of the interior of the cylinder to the required 
extent before any heat is abstracted, and then reduce the 
temperature to its final value without altering the volume. 
The work done on the piston in this method will be 
considerable. 

(2) First suppose heat to be abstracted from the 
cylinder, without altering the volume, until the desired 
lower temperature is attained. Then let the piston be 
forced in while the temperature of the interior of the 
cylinder is kept constant by the conduction of heat 
through its sides. The work done in this method will be 
negligible, since the pressure against which the piston has 
to be forced is very small. 

Since the work done on the system while it ex- 
periences a given change of state depends on the way in 
which the change of state takes place, it follows that dW 
and dQ are not complete differentials, like dU, 

Again, consider the following example. A cylinder 
fitted with a smooth air-tight piston contains a quantity 
of air at any given temperature and at volume v, and it is 
required to increase the volume to v' without altering the 
temperature. 

We will show by two illustrations how this may be 
done in diflferent ways. 

(1) Let the piston be drawn out so slowly that the 
air within is able to exert its maximum pressure on it and 
the temperature to be kept constant by the conduction of 
heat through the sides of the cylinder. 

(2) Again, suppose the piston drawn out so rapidly 
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that the air within is hardly able to keep up with it and 
therefore unable to do much work, and then let the 
temperature be brought to its former value. 

The work done on the piston by the contents of the 
cylinder being clearly different in the two cases, we are 
led to the same conclusions with respect to d IT and dQ 
as before. 

33. If a body be subjected to a uniform normal 
pressure j), the work done on it during a small increase of 
volume dv is —pdv. The equation dU^dW-^-dQ then 
becomes dQ = dU + pdv, Hence if either p or i; be con- 
stant, the heat absorbed by the body in any change of 
state will depend only on the initial and final states. We 
are accordingly led to the following definitions, in which 
the state of the body is supposed to depend only on the 
temperature when either p or v is given — a supposition 
which requires that there should be neither electric 
actions nor mechanical motions: — 

(1) At any temperature, the ' thermal capacity of a 
body at constant pressure * is the heat required to raise 
its temperature one degree C. while the pressure remadns 
constant. 

The pressure which most frequently occurs is that of 
the air, which, at any instant, may be supposed to remain 
constant for a short time. 

(2) At any temperature, the * thermal capacity of a 
body at constant volume ' is the heat required to raise its 
temperature one degree C. while the volume remains 
constant. 

If the body is homogeneous, the thermal capacity of a 
mass of one gramme is called its * specific heat.' 
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The specific heat of water at 0° C. under a constant 
pressure of one atmo is called a Calorie, and is used as an 
arbitraiy unit of heat. 

34. In Joule's experiments on the agitation of 
water, the apparatus cannot be arranged so that the water 
rises in temperature exactly from 0° C. to 1° C. In order 
to find the mechanical value of a calorie, we must there- 
fore determine the specific heats of water at diflferent 
temperatures. This may be done by a method known as 
the * method of mixtures.' Thus let a quantity of water 
at 0° C. be added to an equal quantity at some other 
temperature, say 100° C, and let the mixture be protected 
from all external influences except the pressure of the air, 
which may be taken to be an atmo. Then if the uniform 
temperature which the water finally assumes be 0G., and 
if no appreciable amount of work has been done either by 
gravity or in mixing them together, it follows that, since 
the work done by the pressure of the air is negligible, the 
heat required to raise the temperature of any mass of 
water from 0** C. to ^C, under a constant pressure of one 
atmo, is equal to that required to raise the temperature 
of an equal mass of water from ^C. to 100° C. under the 
same pressure. In this way, the specific heats of water 
under a constant pressure of one atmo have been deter- 
mined in calories at different temperatures, thus : — 

at o°c., rooo 

... 10° C, 10005 

... 20° C, rooi2 

... 30° C, r0020. 

By means of these results, it is found from Joule's 
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experiments that a calorie is equivalent to 42350 gramme- 
centimetres, or 41,539,759*8 ergs, or about 3 foot-pounds. 
In English measure, the heat required to raise the 
temperature of 1 lb. of water from 0° C. to 1° C. under a 
pressure of one atmo is equivalent to about 1390 foot- 
pounds. 

Now if a mass of one gramme be moving without 
rotation or vibration at a speed of v centimetres per 
second, its mechanical kinetic energy will be ^t;* ergs. If 
this be equivalent to a calorie, we shall have 

v" = 83,079,519-6, 

or ?; = 9114-8. 

Thus the velocity must be 91 148 metres, or 299 feet, per 
second, that is, 5*469 kilometres, or 3*4 miles, per minute. 
Hence if two equal masses of water at 0** C. be moving 
with this velocity and impinge on one another in such a 
way that they are both brought to rest ; then if no steam 
be formed, the impact will be sufficient to raise the 
temperature by V C. For a rise from 0° C. to 100° C, a 
velocity of about 55 kilometres, or 34 miles, per minute 
is required. In the case of iron, the specific heat is only 
about ^ of a calorie, and therefore the velocities are only 
about J as large as for water. 

Again, let w be the latent heat of liquefaction of ice, 
in calories, under a pressure of one atmo, that is, the 
number of calories required to convert one gramme of ice 
at 0° C. into water at the same temperature. Also 
suppose that i grammes of ice at 0° C. are mixed with w 
grammes of water at OC, and that, in consequence, the 
whole of the ice is melted under a constant pressure of 
one atmo. Then if no heat be allowed to escape, and if 
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^C. be the final temperature, the heat gained by the 
water from the ice will be, very approximately, w {ff — 6) 
calories, and the heat gained by the ice from the water, 
% {x + ff) calories. Hence, very approximately. 



or 



w0 w + % ^ 

X = — ; ; — tf , 

% % 



It is thus found that the latent heat of ice under a 
pressure of one atmo is 79*25 calories, or 3,292,025,964 
ergs. 

Bunsen's calorimeter is a small instrument by which 
the heat coming from a small solid body under the constant 
pressure of the air is easily and accurately determined by 
the melting of ice. It consists of the three parts, a, 6, c. 



S\ 



v!- 



S — I 



a 



■ • 



• • •• 

••V v/» 




made of glass, and sealed together with the blow-pipe. 
The part h contains distilled water freed from air by 
boiling, and the bottom of h and the tube c are filled with 
boiled mercury, the upper part of the tube being bent 
horizontally, calibrated, and graduated. In preparing the 
calorimeter for use, a coating of ice is formed round the 
test tube a by passing a stream of alcohol, previously 
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cooled below 0° C. in a freezing mixture, down to the 
bottom of a and back again. The calorimeter is then 
placed in a vessel filled with clean snow, a substance 
which soon acquires and long maintains a temperature 
0° C, unless the temperature of the room is below 0^ C, 
Lastly, the test tube a is partially filled with water or 
some other fluid which does not dissolve the body to be 
experimented on, and as soon as the whole is at the 
temperature 0° C, the calorimeter is ready for use. 

In making an experiment, the body which is to give 
off the heat is dropped into the test tube a. This will 
cause the water in a to become warmer, and then, by the 
conduction of heat through its sides, some of the ice which 
surrounds it will be melted. This will go on till the 
temperature of the whole is again reduced to 0° C. If 
n grammes of ice be melted in the process, the heat given 
off by the body will be 79*25 calories. The value of n is 
determined by the movement of the mercury in the 
graduated tube, depending on the fact that at a pressure 
of one atmo and at 0° C, one gramme of ice occupies 
1087 cubic centimetres and one gramme of water, only 
1*00011. It should be observed that if any air be allowed 
to remain in the water in 6, it will be expelled in the 
form of a small bubble during the process of fireezing the 
water around the test tube a, and partially re-dissolved 
when the ice is melted. A small error will thus be intro- 
duced into the indications of the calorimeter. 
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36. We are unable to proceed much further with the 
first law of thermodynamics until we have introduced 
Camot's principle, except in the case of the more per- 
manent gases, where some simple experiments supply us 
with the information we require. The most common of 
these gases are Air, Oxygen, Hydrogen, Nitrogen, Car- 
bonic Oxide, Carbonic Acid, Chlorine, Cyanogen, Marsh 
Gas, defiant Gas, Sulphurous Acid, and Ammonia. They 
are often called * perfect ' gases, because they all exhibit 
the same simple properties and obey the same laws more 
or less perfectly; but the first five and Marsh Gas are 
more perfect than the others. 

We shall suppose the gas contained in a closed vessel 
which is in a state of mechanical rest and either main- 
tained at a uniform temperature or prevented from 
receiving or losing heat by being wrapped up in some 
non-conducting material, like felt. For simplicity, we 
shall also suppose that electric and magnetic actions are 
entirely absent. Under these conditions it is found that 
the gas quickly assumes a state of equilibrium in which 

P. ^ 
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the temperature has the same value in every part of the 
vessel. It is also found that the gas exerts a normal 
pressure against the interior of the coutaining vessel ; and 
that the pressure of the gas, also the 'density/ that is, 
the mass per unit volume, and the ' specific volume,' that 
is, the volume per unit mass, have the same values at all 
points in the same horizontal plane. Owing to gravity, the 
density is not quite the same at points not in the same 
horizontal, but the ditference is too small to be taken into 
account in the present chapter. If gravity be neglected, 
the density of the gas will have the same value throughout 
the vessel and the pressure the same value all over the 
surface. These values may then be referred to briefly as 
the density and pressure of the gas. 

36. A very important experiment on perfect gases, 
first made by Gay Lussac, was repeated by Joule in 1844 
in a greatly improved form. In a vessel of water A, there 



A\U ---:-- 





z-L^-_-.-_-_-l^--- 



were two strong closed vessels -B, C, connected by a pipe 
in which there was a very perfect stop-cock. Air was 
compressed to a pressure of about 20 atmospheres in B 
and exhausted from C, and the temperature of the water 
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36. We are unable to proceed much further with the 
first law of thermodynamics until we have introduced 
Camot's principle, except in the case of the more per- 
manent gases, where some simple experiments supply us 
with the information we require. The most common of 
these gases are Air, Oxygen, Hydrogen, Nitrogen, Car- 
bonic Oxide, Carbonic Acid, Chlorine, Cyanogen, Marsh 
Gas, defiant Gas, Sulphurous Acid, and Ammonia. They 
are often called * perfect ' gases, because they all exhibit 
the same simple properties and obey the same laws more 
or less perfectly; but the first five and Marsh Gas are 
more perfect than the others. 

We shall suppose the gas contained in a closed vessel 
which is in a state of mechanical rest and either main- 
tained at a uniform temperature or prevented from 
receiving or losing heat by being wrapped up in some 
non-conducting material, like felt. For simplicity, we 
shall also suppose that electric and magnetic actions are 
entirely absent. Under these conditions it is found that 
the gas quickly assumes a state of equilibrium in which 

P. 6 
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raised by any amount while the volume remains constant, 
the increase of energy will depend only on the initial and 
final temperatures, and no work being done by the gas, 
the same will also be true of the heat absorbed. But the 
heat absorbed by one gramme of any substance when the 
temperature is raised 1° C. and the volume kept constant, 
is the specific heat of the substance at constant volume. 
In the case of a perfect gas, this is therefore a function of 
the temperature only, or a constant. 

37. There is a remarkable relation between the 
pressure, density, and temperature of a perfect gas. 
Suppose, for example, that a gramme of any perfect gas is 
contained in a cylinder fitted with a smooth air-tight 
piston, so that the volume of the gas can be increased or 
decreased at pleasure. Then it is found that, so long as 
the temperature of the gas is kept constant, the pressure 
varies inversely as the volume. The pressure of the gas 
at any instant being denoted by p and the volume by v, 
it follows that the product pv depends only on the 
temperature. If we denote the temperature, as indicated 
by the mercury centigrade thermometer by ff, we may 
therefore write 

F»=f{ff) (12). 

Again, if the pressure be kept constantly equal to any 
value p, it is found that the changes of volume due to 
changes of temperature, may be expressed by the formula 

v=V{\+OLff) (13), 

where Fis the volume when ^' = and a has the same 
value '003665, or ^, not only for all pressures, but for 
all gases. 
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The former of these laws was discovered by Boyle, 
the latter by Charles. By continental writers they are 
generally referred to as the laws of Mariotte and Gay 
Lussac. It has been shown by Regnault that they are 
not strictly accurate, but the deviations appear to be very 
small when the gas is sufficiently removed from its point 
of condensation, that is, when the pressure is not too 
great or the temperature too low. 

From equation (12) we obtain 

V _fJl) 
F-/(0)' 

and therefore, by equation (13), 

/(^ = (l+«^)/(0), 
that is, f{ff) = k{\ + aff) 

= 2^3 (273 + n 

where & is a constant depending only on the nature of 
the gas. 

If we write 6 for 273 + ff and R for ^^ , we get 

pv = Re (14), 

and therefore if (po, Vq, ^o) be any corresponding values 

of (p, V, e\ 

7=^» (15). 

The result pv = R0 may be shown, by Carnot's prin- 
ciple, to involve the experimental fact that the energy 
depends only on the temperature. 

38. The simple relation expressed by the equation 
pv = R0 for any perfect gas has led to the construction of 
thermometers in which air is employed as the thermo- 
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metric substance instead of mercury. In these thermo- 
meters, either the pressure or the volume is kept constant. 
In both kinds, is taken to be 273 at 0° C, and R is 
determined from the equation pv = R6 by observing the 
volume at 0° C, corresponding to the given pressure, or 
the pressure at 0° C. corresponding to the given volume. 
At any other temperature, the temperature of the air 

thermometer is defined to be the value of ^ , where, in 

constant pressure thermometers, the value of v is to be 
found by experiment, and in constant volume thermo- 
meters, the value of p. The indications of constant 
pressure and constant volume thermometers agree with 
one another, but they are not quite the same as those of 
the common mercury thermometer increased by 273. 
Since any of the perfect gases may be used instead of air, 
the scale of the air thermometer is often, but improperly, 
called 'absolute.' A truly 'absolute' scale of tempe- 
rature, independent of the special properties of any 
particular . substance or class of substances, will be ob- 
tained in the next chapter by means of Carnot's principle, 
and it will be found to coincide practically with the scale 
of the air thermometer. 

In a very simple form of the air thermometer, due ta 
Jolly, the volume of the air is not kept quite constant, 
but the only change in it is that due to the small ex- 
pansion by heat of the vessel in which it is contained. 
This thermometer consists of a glass globe of about 50 
cubic centimetres capacity formed in one piece with a fine 
capillary bent tube A and a larger tube B, The glass 
globe is filled with dry air and the tube B is joined to 
an open glass tube G by an india-rubber tube D\ the 
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6 



A 



B 



B 



D 




tubes B, D, and the lower part of G being filled with 
mercury. 

In graduating the instrument, we proceed as follows : — 

(1) The glass globe is surrounded with melting ice 
to bring its temperature to 0° C. The tube G is then 
raised or lowered till the surface of the mercury in B is 
brought to a mark near the capillary tube A, Lastly, 
the pressure p^, in the glass globe, is given by the height 
of the barometer and the height of the mercury in G 
above the mark on B, 

This operation is equivalent to finding the value of jR. 

(2) The glass globe is then brought to any other 
temperature we wish to determine, the mercury adjusted 
and the pressure p obtained, as before. 

If V be the capacity of the glass globe at 0° C, its 
capacity when the temperature of the air thermometer 
is 0y will be 

V {1 +-000025 (6 - 273)}. 

Hence since the quantity of air contained in the capillary 
tube is negligible, we shall have 

pV {1 + -000025 {0 - 273)} = Rd, 
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and 
Thus 







p,V=21ZR. 
= ^ (1 + -000025 {6 - 273)}, 



or 



273 p, 

iz^ =PzPo + -000025 ^(0- 273), 
273 Po Po 



whence 



^-273 = 



P-Po 



T^ f 



•003665^0 - •000025p 

by means of which is found from the observed value 
of p, 

39. The following table ^ exhibits some important 
fundamental experimental results relating to the perfect 
gases, at a pressure of one atmo and at 0^ C. 





Belative 
Densities. 


Belative 


Mass of a 


Volume of 


Volume of 




Specific 
Volumes. 


litre in 
Grammes. 


a Gramme 
in litres. 


a Found in 
GubioFeet. 


Air 


1 


1 


12932 


•7733 


12-39 


'Oxygen (0) 


1-10663 


•90446 


1^4298 


•6994 


11^20 


Hydrogen (fl) 


•06926 


14^4383 


•08967 


11^16445 


178-85 


Nitrogen (N) 


•97135 


1^02945 


1-25615 


•7961 


12-75 


Carbonic Oxide (CO) 


•9545 


1^0476 


1*2344 


•8101 


12-97 


Carbonic Acid (CO2) 


1-52907 


•6540 


1-9774 


•5067 


8-10 


Chlorine (CI) 


2-4222 


•4128 


3-1328 


•3192 


611 


Cyanogen (NCg) 


1-8019 


•5560 


2-3302 


•4291 


6-87 


Marsh Gas (CH4) 


•562 


1^779 


•727 


1375 


22-04 


defiant Gas (C2H4) 


•982 


1-018 


1-270 


•787 


12-61 


Ammonia (NH3) 


•5952 


1-6801 


•7697 


12992 


20-81 


By means of these data, we have deduced the values 




. ic f.ViA ^^^ 


'^InTYiia in i 


■»nVk"io /»Ani 


h-imof.T*Aa / 


\^ rv-nA 



273 ' " 

gramme of gas at 0° C. and a pressure of one atmo, and 
(1)^0 is the number of dynes per square centimetre in a 

^ Everett's * Units and Physical Constants.' 
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pressure of one atmo, (2) 


1 Po is the number of gramme- 


weights (at Paris) per square centimetre 


in a pressure of 


one atmo. 








(1) 


(2) 


Air 


2,871,000 


2927 


Oxygen 


2,596,000 


2647 


Hydrogen 


41,448,000 


42266 


Nitrogen 


2,956,000 


3013 


Carbonic Oxide 


3,007,000 


3066 


Carbonic Acid 


1,877,000 


1914 


Chlorine 


1,185,000 


1208 


Cyanogen 


1,593,000 


1624 


Marsh Gas 


5,106,000 


6205 


defiant Gas 


2,922,000 


2980 


Ammonia 


4,820,000 


4917 



40. As an illustration of the first law of thermo- 
dynamics in its application to perfect gases, let us 
suppose a cylinder fitted with an air-tight piston to 
contain a mass m of any kind of gas at temperature 6, 
as measured by the air thermometer, and let the volume 
be altered so slowly that at every instant the gas is in 
a state of equilibrium and its temperature kept equal 
to © by the conduction of heat through the sides of 
the cylinder. Then the force exerted by the gas on the 
piston will be uniform and its value p, per unit of area, 
when the volume is v, will be given by the formula 

pv = mMS, 

so that the state of the gas will be represented on an 
indicator diagram by a rectangular hyperbola. 
The work, pdv, done by the gas on the piston during a 
small increase of volume may therefore be written 

V 
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Hence when the volume changes from Vi to t;2,the work 
done by the gas will be 

From this it is clear that when the volumes form a 
geometrical progression, the corresponding quantities of 
work will form an arithmetical progression. 

Again, if pi be the initial pressure, the work done by 
the gas becomes 

V2 



PiVi log 



Vi 



Hence if two cylinders of the same volume contain any 
kinds of perfect gas at different temperatures and in such 
quantities that the pressure is the same in both, each gas 
will do the same amount of work in expanding by the 
same amount at constant temperature. 

41. A much more important example is obtained 
by supposing the cylinder to contain one gramme of 
gas, the temperature of which is slowly raised one 
degree centigrade (by the air or mercury thermometer) 
by imparting heat to it under two different conditions : — 

(1) Let the temperature be slowly raised while the 
volume is kept constant. 

The increase of energy in this case is equal to the 
* specific heat of the gas at constant volume,' and, as 
we have already seen, is a function of the temperature 
alone, or a constant. It is usually denoted by C^ (in 
ergs). 

(2) Let the temperature and volume of the gas be 
slowly increased in such a way that the pressure remains 
constant. 



ON PERFECT GASES. 91 

The heat absorbed by the gas during the process is the 
* specific heat of the gas at constant pressure' and is 
generally written Gp : the increase of energy is the same 
as before, since the energy of a perfect gas in a state of 
equilibrium depends only on the temperature. Hence if 
W be the work done by the gas, we have 

But if p be the constant pressure, v and v' the initial 
and final volumes, we have W = p{v' •- v), which is equal 
to the constant iZ, by the relation pv = BO, Thus 

Cf, = Cp — jK, 

or Cp-C^^R (16). 

This simple relation, in the hands of Clausius and 
Rankine, fiimished some of the earliest triumphs of the 
mechanical theory of heat. 

Prior to 1850, it was supposed to have been es- 
tablished by experiment that the specific heat of a 
perfect gas depended on the pressure, but in that year 
Clausius was led by the new theory of heat to assert 
that the specific heat, whether at constant pressure 
or at constant volume, could depend only on the tem- 
perature, and he conjectured that it would be found 
to be constant. The fact that the new theory dis- 
agreed with the results of accepted experiments led to an 
attack upon it by Holtzmann. Three years later, however, 
Regnault published his splendid experiments on the specific 
heats of gases, by which the conclusions drawn fi:om the 
mechanical theory were decisively shown to be true ; 
the specific heat of a permanent gas being found to be 
independent both of the pressure and the temperature. 
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A still moi'e important application of equation (16) 
was made by Rankine a little lat«r in the same year 
1850, as follows : 

The velocity of sound in air depends on the relation 
between its pressure and density during the rapid con- 
densations and rarelactions as the sound travels along. 
These changes of pressure and density occur at least 
hundreds of times in a second, and consequently the heat 
developed by compression has not time to get away by 
condiictiou before the air is again in its natural state 
as to temperature and density. A formula is thence 
obt^ed for the velocity of sound in air which contains 

the ratio of the two specific heats, ^ , usually written k. 

Companng the formula with the velocity of sound in air, 
as observed by Bravais and Martens, it is found that 

^^ = i=1110. 

fetion (16), we have 

1-U^ 

h 0/ 




41 

= 9,873,000, 

= 7,002,000. 

IE Specific heats in calories, we have 

tl.a7l,0QQ 

41,539,7598" ' 

c„ = -iG&e. 

iviously accepted for Cp at atmospheric 
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pressure was '2669. Regnault's experimental result, ob- 
tained a few years later, was Cp = '2375. 

42. There is another method of estimating the 
specific heats of gases, first calculated by Clausius, 
which is often useful ; viz , the ratio of the heat re- 
quired to raise the temperature of a quantity of gas 
at constant pressure or volume to the heat required, 
under the same conditions as to pressure or volume, to 
raise the temperature of an equal volume of air to the 
same extent. These two specific heats will be denoted 
by 7_p and y^,, respectively. 

Since we have 

Cp— Cf,= Ry 

we obtain, for air, 

2927 

42350 



Cp-c,, = :rs^5^ = '0691. 



If v' be the volume of one gramme of another gas at 
the same temperature d and pressure p as air, and if R be 
the corresponding value of -R, we have 

pi/ = Ed\ 
pv^Rd 

Hence U' = iZ - = Rx^ say, 

where x is the relative specific volume of the gas com- 
pared with air, as given in the table. 
We have, therefore, for any gas 

or c/-c/=0691a; (17), 

a formula which enables us easily to calculate Cy from 
Regnault's experimental determination of c/. 

Again, the quantity of heat which unit volume of 
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the gas absorbs when its temperature is slowly raised at 

G ' 
constant pressure by 1° C. is -f . Hence 



7p 






where y is the density of the gas compared with air, as 
in the table. 

Substituting for Cp its value '2375, as found by Reg- 
nault, we get 

y^'=^5 (!«>• 

In like manner, we have, 



7t> =-^y = - y = — — 



-I'Op 



( 



= h^y- 



•0691\ c 



h - = (7/ - -2909) ^ (19). 



By means of these formulae, the accompanying table 
is calculated from Regnault*s experimental determinations 
of the specific heats at constant pressure in calories. 





Specific heat at 
constant presstire. 


Specific heat at 
constant volume. 






In calories. 


Compared 
with an equal 
volTime of air. 


In calories. 


Compared 
with an equal 
volume of air. 


k 


Air 


•2375 


1 


•1684 


1 


1*41 


Oxygen (0) 


•21751 


1-012 


•15501 


1-018 


1-40 


Hydrogen (H) 


3-40900 


•994 


2-4114 


•992 


1-41 


Nitrogen (N) 


•24380 


•997 


•17266 


•996 


141I 


Carbonic Oxide (CO) 


•2450 


•985 


•1728 


•978 


1-411 


Carbonic Acid (COg) 


•2169 


1-396 


•1717 


1559 


1-28! 


Chlorine (CI) 


•12099 


1^234 


•0925 


1-330 


1-301 


Marsh Gas (CH^) 


•5929 


1^403 


•4700 


1^568 


1-201 


defiant Gas (C2H4) 


•4040 


1^670 


•3337 


1946 


1-21] 


Ammonia (NH3) 


•5084 


1^274 


•3923 


1386 


!•» 



J 
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43. If we consider a gramme of perfect gas in 
a state of equilibrium, the three quantities (p, v, 6) 
satisfy the relation pv = R0 and therefore any two 
of them may be chosen as independent variables. A 
confusion then arises as to the meaning of a partial 

differential coeflBcient. Thus -jjr will have different 

meanings according as and t; or ^ and p are the 
independent variablea To remove this difficulty, Clau- 
sius has introduced a very convenient method of no- 
tation which has been generally adopted. He denotes 
the partial differential coefficient of U with respect 

to when and v are independent variables by -^ . 

Similarly, the partial differential coefficient of U with 

respect to when and p are the independent variables 

. dpU 
is written -^ . 

With this notation, we have, by Taylor s theorem, 

or, since -i— = for perfect gases, and -^^ = Gp, 

dU = C40, 

and therefore U=C^0 + C' (20), 

where (7' is an arbitrary constant depending on the 

choice of a standard state. 

If the volume and temperature of the gas alter so 

slowly that at every instant the gas is in a state of 

equilibrium, the force by which the gas is compressed 

will only be just sufficient to overcome the pressure of 

the gas. Hence 

dW^—pdv, 
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and therefore the equation 

dU--dW + dQ 
becomes dU = dQ- pdv, 

whence dQ=^dU-¥ pdv 

=^C^0+pdv 

= 040 + — dv (21). 

If 6 and p be taken for independent variables, 

dQ = Cje + pdv 

= 046 + [d (pv) - vdp] 

= (0^ + R)de-vdp 

^OydO-vdp (22); 

or thus : — 

dQ = 040 4- pdv 

^t>v 7/1 . dev 



-^^'^p&^^f>) 



dp 

R6 
= ((7„ + R)d6 dp, since pv = RO, 

= OpdO dp. 

If we wish to take p and v as the independent 

variables, we may write ^ (pdv + vdp^ for d^ in (21) : 
hence 

= — p — iJav + ^ vdp 
^^pdv+^vdp (23). 
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44. The gas will generally be losing or gaining heat 
by conduction through the sides of the cylinder, but if a 
good non-conducting material be used either in making 
the cylinder or as a covering for it, the rate at which heat 
is lost or gained in this way will become very small. We 
are thus led to imagine an ideal case in which no heat at 
all can enter or leave the gas during the expansion. We 
have then dQ = 0, and therefore, by equation (21), 

Integrating, 

(7„ log 5 -f JB log v = SL constant. 

C 
Writing Cp — (7„ for U, and fc for ^, we get 

log ^ + (fc — 1) log i; = a constant, 
or Ov'^^ = a constant. 

Hence if ^o, Vo are the values of 0, v at any instant, we 
shall have 

i-(T <'*>■ 

Suppose, for example, that a quantity of air, originally 
at the freezing point, is contained in a cylinder imperme- 
able to heat, and let the piston be slowly pushed in till the 
volume is reduced by half: then ^o =273 and A: = 1*410, 
whence 

273 " ^■"* " ^■^^^' 
and ^ = 273 x 1-329 = 363, or ^ = 363 - 273 = 90. 
The compression therefore causes the temperature to rise 
90° C. 

p. 7 
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Again, if t; = ^ , and 0o = 273, as before, we have 

2^3 =4- = 1-765, 

and 5 = 273 X 1-765 = 482, or ^ = 482 - 273 = 209. 

To find the relation between and p, we may either 
substitute for v in equation (24) by means of the relation 
pv = R0: thus 

00 \Po 0/ 

^'"^^^ ©'=©" <^^>' 

or we may work from equation (22) : thus 

Cpd0-'B-dp = O, 

whence Gp log — (Cp — (7„) logp = a constant, 
or k log ^ — (fc — 1) log p = a, constant, 

or -r— = a constant. 

Hence, just as before, 

^ ^ 00^ 

^1 pk-i • 

The relation between p and v is 

C^vdp + (7p|)di; = 0, 

that is, Cv-^+Cj, — = 0. 

P V 

Hence ^ogp + k log v = constant. J 

If Pq, Vo are corresponding values of p and i;, this ^ 
becomes 

pv^=PovJ^, 



^ 

t 
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or 



Po \vJ 



.(26). 



The work done by the gas in altering its volume from 

p» , r, r^« dv 

I pdv^poVo'^j -u 

^Pflil 1 ) 

When any substance is slowly compressed or rarefied 
in a cylinder impermeable to heat, the corresponding 
indicator diagram is called by Rankine an Adiabatic 
curve, and by Prof. Gibbs, an Isentropic curve, because 
the Entropy, a quantity which will be discussed in the 
next chapter, remains constant throughout the operation. 
On the other hand, when the temperature is kept constant 
during the process, the corresponding diagram is known 
as an Isothermal curve. 

The equation of an adiabatic curve for a perfect 
gas being 



P 



Isothermal, 




Adiabatic, 



V 



pv'^ = constant, 
and that of an isothermal 

pv = constant. 



7—2 
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it is clear, since A: is > 1, that if an isothermal and an 
adiabatic curve cross one another at any point, the adia- 
batic curve will be more steeply inclined to the axis of v 
at the point of intersection than the isothermal. 

45. We are now in a position to consider a very 
important example of the conversion of heat into me- 
chanical work, which will prepare the way for the next 
chapter. 

Let us suppose a gramme of any perfect gas contained 
in a cylinder fitted with an air-tight piston, as shown in 
the sketch, the piston and every part of the cylinder 
except the bottom being impermeable to heat, while the 
bottom is supposed to have so small a capacity for heat 




that the heat required to raise its temperature may be 
neglected. Such a cylinder cannot be constructed in 
practice. It is merely a limit towards which we may 
approximate very closely, but which can never be actually 
attained. 

Let us also suppose that there are two bodies A, B of 
any kind, the temperatures of which, as shown on the 
air thermometer, are kept constantly equal to ^a, and ^j, 
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respectively ; B being colder than A, and of the same 
temperature as the gas inside the cylinder. Also let C be 



A (Bah 



B($b), 




a perfect non-conductor on which the cylinder can be set 
for any length of time without losing or gaining heat. 

Then let the gas inside the cylinder be made to 
undergo the following complete cycle of operations, the 
conception of which is due to Carnot. 

(1) Let the cylinder be placed on (7, and then press 




V 



the piston down very slowly until the temperature of the 
gas rises from 6^ to Bay the operation being represented on 
the indicator diagram by the adiabatic curve PQ. 

(2) Transfer the cylinder to A and then let the piston 
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be drawn out so slowly that the temperature of the gas is 
prevented from falling by the passage of heat from A 
through, the bottom of the cylinder. Let the heat ab- 
sorbed by the gas be called qa, and suppose the operation 
represented on the diagram by the isothermal curve QR, 

(3) Place the cylinder again on C and then slowly 
draw the piston further out until the temperature of the 
gas again becomes O^. The corresponding curve in the 
figure is the adiabatic RS, 

(4) Lastly, let the cylinder be placed on B, and then 
by forcing in the piston slowly let the volume be dimin- 
ished at the constant temperature 0^ until the initial state 
of the gas is attained, the heat given to B being denoted 

by 36. 

The heat, qa, which is absorbed by the gas in the second 
operation is the thermal equivalent of the work done by 
the gas in that operation, since the temperature is con- 
stant. Hence if v^, v^ be the volumes of the gas cor- 
responding to the points Q, i2, we have 

3a = I pdv = Reaj ~ 

J Q J q " 

Similarly q^ = R0b log - . 

Vp 

Now since the equation to an adiabatic curve is 

ffyk-i -- g^ constant, 

we get, from the adiabatic curve PQ, 
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and from the adiabatic curve RS 








^0 \t/il. 


Hence 




or 






»« Vp 


and therefore 


qa qt 



,(27). 



The total work done by the gas during the cycle will 
be ja — ?&> hy the first law of thermodynamics, and since 
the process may be repeated indefinitely, we may consider 
that this work has been transformed out of heat. 

The ratio of the work obtained from the cycle to the 
mechanical equivalent of the heat absorbed from the hotter 

body, is ^ — — , or 1 — 3^ , and is therefore the same what- 

ever kind of perfect gas be operated upon. It is called 
the * efficiency ' of the cycle. 



CHAPTER III. 
carnot's principle. 

46. According to the principle of the Conservation of 
Energy, the total energy of any material sjrstem which is 
prevented from exchanging energy with external systems 
and from radiating energy into infinite space, remains 
invariable. But though the total energy continues the same 
in amount, it may assume diflFerent forms, energy being 
convertible, under the proper circumstances, out of any 
one form into an equivalent in any other form. 

The foundations of the important and interesting 
subject of the Transformation of Energy were laid by 
Camot in a profound essay published in 1824. This 
remarkable and curious work was, unfortunately, vitiated 
by the false view then prevalent as to the nature of heat. 
It is satisfactory, however, to find that before he died in 
1832, Camot had not merely emancipated himself from 
the doctrine of caloric \ but had made a good approxima- 
tion to the mechanical value of a calorie^. 

Although Carnot is now admitted to have been one of 

^ See Bertrand's Thermodynamics. 

^ Carnot concluded that a calorie was equivalent to 37000 gramme- 
centimetres. This is a more accurate estimate than Mayers (36500) 
obtained in 1842. 

See Camot's * B^flexions sur la puissance motrice du feu.' ((^authier- 
ViUars, Paris, 1878.) 
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the greatest men produced by France, and his principle to 
be one of the greatest discoveries yet made in science, his 
work failed to attract attention for some time after it was 
published. But ten years later, it was brought prominently 
forward by Clapeyron who exhibited it in a more elegant 
form by means of Watt's indicator diagram. Still very 
little progress appears to have been made with the subject 
until the appearance of the present theory of heat. 

In 1850, soon after the establishment of the mechani- 
cal theory of heat, it was shown by Clausius that Camot's 
reasoning could easily be modified so as to be consistent 
with the new theory and he then proceeded to recast it 
in its present form. In this undertaking he was ably 
seconded about the same time by Rankine, and a little 
later by Sir W. Thomson, to whom we owe a truly 
'absolute' scale of temperature. 

47. Before we can make use of Camot's principle, 
it is necessary to introduce the conception of reversible 
operations. A few illustrations will make this idea clear. 

(1) When two pieces of metal (7, D are in contact at 
the same temperature without being rubbed together, no 
heat will pass from one to the other. But if the tempe- 
rature of G be raised ever so little, heat will at once begin 
to flow across the junction, and if the small difference of 
temperature be maintained by any means for a sufficient 
time, any amount of heat may be transferred from one 
body to the other. In like manner, by slightly raising 
the temperature of D without altering that of (7, a finite 
quantity of heat may be made to pass in the opposite 
direction. The reversible limit towards which we may 
approximate as near as we please without ever being able 
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actually to reach, is that of causing heat to flow in either 
direction without any diflTerence of temperature at all. 

(2) Let us suppose that a cylindrical rod, which is 
placed parallel to the axis of x, is made to move with an 
acceleration to the right. Then if P, Q be any two 



Q 



sections of the rod, it is clear that the forces exerted on 
the portion PQ across the sections P and Q will not 
generally be equal. For example, if these forces be ten- 
sions and no other forces act parallel to the axis of a?, the 
tension across the section Q must be greater than the 
tension across the section P. If, on the contrary, the rod 
moves with an acceleration to the lefb, the tension across 
the section Q will be less than that across P. The in- 
ternal state of the rod is therefore different in these two 
opposite motions; but we may make the difference as 
small as we please without actually causmg the accelera- 
tions to become zero. Then by allowing suflScient time, 
any finite change of velocity may be produced. The limit 
in this case which cannot be exactly attained, is that of 
causing the velocity parallel to the axis of a?, of the 
portion PQ, to alter without any difference in the ten- 
sions across the sections P, Q. If, in this limiting case, 
there be no electrification and heat be imparted to or 
abstracted from the rod in a reversible manner, the 
operation which the rod undergoes will be completely 
reversible. 

(3) If a quantity of gas be contained in a cylinder 
fitted with an air-tight piston, it is evident that the piston 
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cannot be pushed in without exerting a greater force on 
the gas than when it is at rest : similarly if the expansion 
of the gas force the piston out a little, the pressure of the 
gas on the piston will be less than if the piston had not 
moved. But in both cases, by making the velocity of the 
piston slow enough, we may approximate to an ideal 
operation in which the pressure of the gas on the piston 
is the same as if it was at rest. If, in this ideal case, the 
temperature of the gas be kept constant, or caused to 
depend only on the volume, it is clear that the gas may 
be compressed back again by exactly the same force which 
it has overcome in expanding. 

(4) A remarkable example of reversibility may occur 
when a cylinder of moderate size is filled with water and 
steam instead of gas. If, as before, the piston be pushed 
in, equilibrium will be impossible within the cylinder, 
both as regards pressure and temperature, so long as the 
motion lasts. But if, after the motion of the piston 
ceases, the temperature be reduced to the same value as 
before and there be still room for steam to be formed, it is 
found by experiment that the pressure is unaltered by the 
compression. We are therefore led to imagine a limiting 
reversible case in which steam is converted into water or 
water into steam without any change either in the pres- 
sure or the temperature. The indicator diagram repre- 
senting such a process will be a straight line parallel to 
the axis of v, 

(5) Again, let us suppose the cylinder to contain a 
saturated aqueous solution of a salt which deposits the 
anhydrous salt and not a hydrate ; for example. Nitrate of 
Lead. Also let there be a quantity of the salt undissolved. 
Then if the temperature be slowly changed, the solution 
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will alter in strength by difiFusion and it is clear that the 
operation will ultimately be reversible. 

In every case of reversibility, the process which the 
system undergoes is a non-frictional process ; but it does 
not follow, conversely, that every non-frictional process is 
reversible. We have already had examples of irreversible 
non-frictional processes in Article 25, Chap. L Again, if 
a cylinder contain a saturated solution of Sulphate of 
Magnesium together with an excess of the salt, increase 
of temperature will increase the strength of the solution 
by causing some of the salt to be dissolved ; but on again 
reducing the temperature, the solution will deposit, not the 
anhydrous salt, but a hydrate. The process is therefore 
not reversible, even though it is a non-frictional process. 

48. Camot's principle relates to the transformation 
of heat into mechanical work. 

Suppose that any material system whatever, which 
may be electrified in any way we please, is made to 
undergo a change of state during which there are no 
external electric influences, so that the energy cannot be 
affected by external systems except by the conduction or 
radiation of heat and by the doing of mechanical work 
Then, unless the change of energy is zero, we cannot 
assert that the mechanical work obtained from the system 
has been transformed out of the heat absorbed by it, for 
part of the work may owe its origin to the change in the 
energy of the system. It will therefore be necessary for 
us, in the first instance, to restrict ourselves to the con- 
sideration of complete cyclical processes. 

Again, if the system be gaining or losing heat at any 
finite speed in any part A, either by conduction or radia- 
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tion, it will be impossible to keep the temperature of A 
strictly uniform and constant; but by taking sufficient 
precautions, we shall sometimes be able to prevent the 
temperature of eveiy part of A from differing by more 
than an infinitesimal amount from a given constant tem- 
perature. For example, if -4. be a thin closed metallic 
vessel filled with a very volatile liquid and its vapour, 
any difference in the temperatures of different parts of 
A would cause an explosive formation or condensation 
of vapour, by which the temperature of A would quickly 
be rendered uniform. Also if A consist of two parts of 
which the upper part is a cylinder fitted with an air-tight 
piston and connected by a pipe with the lower part, it 
will be practically possible, by moving the piston in or 
out, to keep the temperature of A not merely uniform, 
but constant. 

Let us now suppose the system to undergo any cyclical 
process during which it is prevented from receiving or 
losing heat, either by conduction or radiation, except in 
two parts Af B, Then as we approach the ideal case in 
which the temperatures of A and B are kept uniform and 
constant, we assume as an axiom that, whatever the two 
parts A, B may be, no mechanical work can be obtained 
from the system during the cycle so long as the tempera- 
tures of A and B are equal. If work is gained from the 
cycle, the temperatures of A and B must therefore be 
different. 

This important fundamental axiom is substantially 
due to Camot and its great merit arises from the fact that 
the operations referred to constitute a complete cycle. It 
is not generally true when the cycle is incomplete, as will 
appear later on. The preceding is probably the simplest 
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way in which it can be stated ; but in this book we shall 
follow the usage of all existing text-books by emplojdng it 
in a form diflfering but little from that in which it was 
originally stated by Camot himself. We shall suppose 
that the system undergoes a complete cycle such that all 
the heat absorbed, whether by conduction or radiation, 
comes from two bodies A, B, whose temperatures are kept . 
uniform and constant, and that conversely, all the heat 
given out goes to the same two bodies A, B ; and we shall 
assume as an axiom that no mechanical work can be 
obtained from the system during the cycle so long as the 
temperatures of A and B are equal. 

If the given system can lose or gain heat by conduc- 
tion only, it will be clearly possible to keep the tempera- 
tures of A and B practically uniform and constant by 
causing all the heat exchanged between the system and A 
and B to be conducted respectively through two immense 
intermediate bodies, or systems of bodies, A\ S. The 
condition that the whole of the heat lost from the given 
system should be transmitted by A' and B to A and jB, 
and conversely, can easily be satisfied. We take A' and 
B' unelectrified, and consequently free from all external 
electric influences; and then make them both undergo 
complete cyclical processes during the same time as the 
given system, without either doing work upon them, or 
obtaining work from them. In these cycles, the total 
amount of heat absorbed by either A* ox £' is obviously 
zero. Hence if we suppose that both A' and W are pre- 
vented from radiating energy themselves, and from re- 
ceiving the radiation of other bodies; and also that A' 
can only exchange heat by conduction with the given 
system and with A, R with the given system and with B; 
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it follows from Art. 15, that if we neither rub the given 
system nor A nor B against A^ or B\ the quantities of 
heat conducted during the cycle from the given system 
into A' and B^ will be respectively equal to the quantities 
of heat obtained by A from A\ and by B from B, in the 
same time ; and conversely. 

If the given system can lose or gain heat by radiation 
only, we suppose that all the heat is exchanged by radia- 
tion, not with A and B directly, but with two inter- 
mediate bodies A\ R, which are the same as before except 
that they now exchange heat with the given system by 
radiation. Also if we suppose that no radiation is trans- 
mitted across the spaces A^\ B'\ which separate the given 
^stem from A' and B!, except the radiation passing 
between the system and A' and B\ it is clear that if the 
spaces A'\ B!' be in exactly the same condition at the end 
of the cycle as at the beginning of it, the quantities of 
heat lost by the given system to A' and B during the 
cycle will be respectively equal to the quantities derived 
in the same time by A from A' and by B from B' ; and 
conversely. Unless this condition is fulfilled, the system 
cannot be said to exchange heat with the two bodies 
Ay B, only. For example, if the system and A\ B" be at 
great distances from one another, and be prevented from 
emitting radiation until the beginning of the cycles which 
they undergo, these cycles may be completed before the 
radiation emitted by any one of them can get to the 
other: in this case, the system would be considered to 
undergo a cycle in which the whole of the heat given out 
was supposed to be radiated into infinite space. 

Since length of time is the essential element in all 
non-frictional processes, with the sole exception of the 
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non-frictional process by which the motion of the centre 
of mass is varied, which, however, cannot form a complete 
cycle unless the process is indefinitely slow, it is evident 
that if the cycle undergone by the given system be re- 
versible, the cycles undergone by A' and B' will also be 
reversible ; and consequently the system will then absorb 
or give out heat at the temperatures of A and B only. 

49. The quantities of heat absorbed by the material 
system from the Wo bodies A^ B, during any complete 
cycle cannot both be positive. For we could then, by 
^expending work in friction, cause the system to undergo 
a cycle of operations in which a positive quantity of heat 
was absorbed from one of the bodies A, jB, and no heat at 
all either received from or parted with to the other. In 
other words, we should be able to take heat from a body 
whose temperature was uniform and constant, and trans- 
form it into work without the presence of any other body 
of diflferent temperature, contrary to Camot's axiom. 

If the cycle be reversible, the quantities of heat ab- 
sorbed from A and B cannot both be negative; for by 
simply reversing the cycle we should obtain another cycle 
in which the quantities of heat absorbed were both positive. 
Hence, in any reversible cycle, a positive quantity of heat 
is taken from one of the bodies A, B, and a positive 
quantity given to the other. Consequently, if qa be the 
heat absorbed from A in s, reversible cycle and g^ the 
heat given to jB, qa and qi, will be of the same sign and 
their ratio positive. If the cycle be irreversible, q^ and g^ 
may either be of the same or of opposite signs and their 
ratio either positive or negative. 

Again, suppose that any two material systems what- 



carnot's principle. 113 

ever, X, X\ undergo any complete cycles of operations 
during which they can only exchange heat with the two 
bodies A^ J?, and let ja, qJi be respectively the quantities 
of heat absorbed from A^ and 55, qi^ the quantities restored 
to B. Then if the cycle undergone by X be reversible* 

the ratio —, cannot be greater than the positive ratio — 

when qi is positive, nor less than — when qi^ is negative. 

For if the cycle undergone by X be reversed, the system 
X will then absorb q^ from B and give back g^ to A, We 
may therefore by increasing or decreasing the system in 
the proper proportion, cause it to absorb 55' from B and 

give up 5a — to A. Combining this new cycle with that of 
X\ we get a new cycle F, in which no heat is exchanged 

with B while a quantity qd — qa— is absorbed from A. 

qb 

Hence, by Camot's axiom, q^ —qa cannot be positive, 

qh 

and therefore ^ cannot be greater than — when qk is 

qh . . qh ^ 

positive, nor less when qi,' is negative. 

If the cycle undergone by X' be also reversible, the 
cycle Y will be reversible, and, by simply reversing it, we 

may show that qd — qa cannot be negative. Hence 

qd — 9a = 0, SO that, when both cycles are reversible, 
qb 

^' = J (28), 

qb qb 

whatever be the natures of the systems X, X\ or of the 
reversible cycles which they undergo. 

P. 8 
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If the system X undergo a reversible cyclical process 
during which it can only exchange heat with two other 
bodies (7, D, whose temperatures are kept uniform and 
constant, it is easily proved that, whatever the bodies (7, 
D may be, if the temperature of G be equal to that of A 
and the temperature of D equal to that of B, we shall 
have 

qa qb* 
where qc is the heat absorbed from G and qa the heat 
given to D. 

The ratio — for a reversible cycle can therefore depend 

Qb 

only on the temperatures of A and B, and is independent 
of:— 

(1) The natures of the bodies A and B. 

(2) The nature of the system which undergoes the 
reversible operation. 

(3) The nature of the reversible operation itself 

50. The diflferent temperatures of bodies may be 
conveniently distinguished by appljmig a different number 
to each temperature. These numbers are chosen by Sir 
W. Thomson in such a way that the numbers 0a, Ohy 
corresponding to any two temperatures A, B, satisfy the 
relation 

i-i: » 

where qa is the heat absorbed from A and qj, the heat 
restored to B in any complete reversible cycle working 
between A and B. We are then at liberty to fix the 
value of any one temperature we please, or, better still, 
we may choose the numbers so that the temperatures of 
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the ordinary freezing and boiling points diflfer by 100. 
Such a scale of temperature is known as Thomson's ab- 
solute scale, because it is independent of the particular 
properties of any substances or class of substances. It 
obviously coincides very nearly with the scale of the air 
thermometer, or with that of the centigrade mercury 
thermometer increased by 273. The freezing point on 
Thomson's absolute scale will therefore be about 273 and 
the boiling point 373. Also since qa and q^ are of the same 
sign, it is evident that all the numbers which denote 
temperatures on Thomson's scale are positive. 

It should be noticed that the numbers which dis- 
tinguish temperatures might have been chosen in many 
diiBFerent ways so as to be consistent with Carnot's prin- 
ciple, but we could not have chosen them arbitrarily. 
Thus we could not have taken 6a and di, so that 

?6 l+^ft' 



for then we should also have had — = , \ and — = z — Vj 

qc l + ^c qc l + 6^c 

which would have involved a contradiction. 

On the ordinary thermometers, the diflferent tempera- 
tures are distinguished by different numbers, the choice 
of which depends on some special property of the ther- 
mometric substance which is not possessed exactly by any 
other substance. Hence if two thermometers be con- 
structed with different thermometric substances and be 
graduated in the usual way, so that they show the same 
readings at the freezing and boiling points, they will not 
generally agree at other temperatures. 

For the future, when we speak of temperature, we shall 

8—2 
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always understand Thomson's absolute scale, unless it is 
specially stated otherwise. 

If we put ^6 = 0, equation (29) becomes 

jfrom which we deduce q^ = 0. This result probably means 
that at the absolute zero of temperature, the system 
possesses no non-mechanical kinetic energy. For ex- 
ample, ice is nearly incompressible and its specific heat 
may be supposed independent of the pressure and tem- 
perature and equal to "5 calorie. Hence, since no change 
of aggregation occurs between absolute zero and the 
melting point, the non-mechanical kinetic energy^ of a 
gramme of ice at 0° C. may be taken to be about 136*5 
calories, or 5,670 million ergs, or 415 foot-pounds. In 
English measure, the non-mechanical kinetic energy of a 
pound of ice at 0° C. will be about 190,000 foot-pounds. 
But if every particle be moving with the same non- 
mechanical velocity of v centimetres per second, the 
non-mechanical kinetic energy of a gramme will be ^t/* 

ergs: hence 

i;2=: 11,340 xlO«, 

or v = 106,500. 

Thus the non-mechanical velocity of each particle is 
106,500 centimetres, or 1*065 kilometres, or 1164 yards, 
per second. This is equal to a velocity of 63*9 kilometres, 
or nearly 40 miles, per minute. In the case of iron, the 

^ When a solid body is raised in temperature without being melted, 
the increase of energy is probably, to a large extent, non-meohanioal * 
kinetic energy, and, in a rough calculation like the present, may be 
taken to be entirely such. 
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specific heat is about ^th of a calorie, and therefore the 
non-mechanical kinetic energy of a gramme of iron at 
0° C. is about 1,260 million ergs. Thus the non-me- 
chanical velocity of each particle is about 50,000 centi- 
metres, or '5 kilometres, or 547 yards, per second ; that 
is, 30 kilometres, or nearly 19 miles, per minute. 
The non-mechanical motions are too minute to be ob- 
served, even with the most powerful microscope, but it 
appears from theory that the maximum non-mechanical 
displacement of a particle in a solid is probably less 
than the 200 millionth of a centimetre (500 millionth 
of an inch). Hence since each particle of a solid describes 
an oval of some sort, the non-mechanical motions in iron 
at 0° C. must be reversed in any given direction at least 
10^ times in a second. 

51. In a complete cycle working between A and B, 
the quantities qa and y^ may be either positive or negative; 
but since a positive quantity of heat cannot be taken both 
from A and jB, it is evident that heat can only be trans- 
formed into work during the cycle when a positive quantity 
of heat is taken from one of the two bodies A, £, and a 
positive quantity given to the other, that is, when qa and 
qi, are of the same sign. In discussing the conversion of 
heat into work in this article, we shall not impair the 
generality of our reasoning if we suppose that qa and g^ 

are both positive; in consequence of which the ratio — 

e ^^ 

cannot be greater than ^ . 

If 6a be greater than ^j, the body A is said to be at a 
higher temperature than B. Hence we see that, in a 
complete reversible cycle, a positive quantity of heat may 
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be taken from any body A and partially converted into 
work provided that there is a second body B, of lower 
temperature, to absorb the waste heat. The hotter body 
A is known as the ' source ' and the cooler body B as the 
' refrigerator.' 

The heat which is converted into work is qa — qb and 
its ratio to the heat absorbed from the hotter body is 

— — ^, which, since the cycle is reversible, is equal to 

1 — ~, This ratio, which is called the ' efficiency' of the 

cycle, depends therefore only on the temperatures of the 
source and refrigerator. 

If the cycle be not reversible, the ratio - will either 

e *' 

be less than, or at most, equal to ^. It will be easily 

"b 

seen that if the irreversible cycle be non-frictional, - will 

e . . . ^* 

be equal to -J' , and that in all other cases it will be less, 

^b 

Thus, when a cycle is frictional, its efficiency, which is the 
ratio ?^l:::1\ or 1-2?! will be less than 1-J, the 

qa qa^ , Oa 

efficiency of a non-frictional cycle working between the 
same source and the same refrigerator. In popular 
language, no cycle can transform so large a proportion 
of heat into work as a non-frictional^ cycle. 

If 0a be less than 0b y qa will also be less than qi,. In 
this case, in the course of a complete reversible cycle, a 

^ Here, and in much that follows, the term 'friction* is used in 
a general way to include every kind of irreversibility as well as friction 
proper. 
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positive quantity of heat is taken from the cooler body 
and a larger quantity given up to the hotter. Thus an 
expenditure of work is necessary during a reversible cycle 
if we wish to lift a quantity of heat from a lower to a 
higher temperature, and the amount of work required is 
the same for all material systems and for all reversible 

cycles. When the cycle is not reversible, — cannot be 


greater than -^ . Hence if qa have the same value as in 

a reversible cycle, qj, will have a greater, or, in the case of 
non-frictional irreversible cycles, an equal value. Con- 
sequently, heat cannot be raised from a lower to a higher 
temperature with so small an expenditure of work as when 
the cycle is non-frictional. 

It is not the least important consequence of Thomson's 
system of temperature that heat cannot flow of itself, 
either by conduction or radiation, from a lower to a 
higher temperature. But when a thermometer, gradu- 
ated in the usual way, is employed to show diflferences 
of temperature, the thermometric substance may be such 
that heat sometimes appears to pass from a colder to a 
hotter body. For example, if within certain limits of 
temperature the thermometric substance contracts as 
its temperature, as shown by the air thermometer, in- 
creases, like water between 0°C. and 4° C, and if ^, jB 
be any two bodies whose temperatures lie within these 
limits ; then if the temperature of A, as shown by the air 
thermometer, be higher than that of B, heat will be able 
to pass of itself from A to B and yet the temperature of 
B would be shown by the thermometer we have just 
described to be higher than that of A. 
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62. It has hitherto been usual to consider only the 
ease in which the material system consists of a single 
unelectrified body without mechanical motions whose 
temperature when in a state of equilibrium is the same 
throughout. Such a body when it undergoes a reversible 
cycle of any kind is known as a 'Camot's perfectly re- 
versible engine.' 

In Camot's time, heat was believed to be a material 

substance which could neither be created nor destroyed, 

and the total quantity of heat contained in any system was 

supposed to depend only on its state. It thence followed 

that in any cyclical process, exactly as much heat was 

absorbed as given out, and it was thought that the work 

obtained from the cycle was done at the expense of the 

fall of temperature ; just as the work done by a stream in 

driving a water-wheel depends on a change in the level of 

the stream. Yet notwithstanding these false assumptions, 

it was easily shown, as in Article (49), that if W be the 

work obtained from the engine during a complete cycle, 

and Q the heat absorbed from the source or given to the 

W 
refrigerator, the ratio ^ was the same for all reversible 

engines working between any sources and refrigerators 
whose temperatures were respectively equal to those of two 
given bodies A,B, It could therefore depend only on the 
temperatures of A and jB. In addition to this conclusion, 
Camot also obtained one of the most important results of 
the next chapter. 

53. Camot's principle includes two of the three ex- 
perimental results given in elementary books as The laws 
of Friction. The third cannot be deduced from Camot's 
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principle, because it is not rigidly accurate, although 
generally a very good approximation. 

Suppose that we have two bodies A, B, of the same 
temperature, which possess no potential energy, or at 
least, only a constant amount, and let them be rubbed 
together by the hand in such a way that the other ex- 
ternal forces do no work. Then if the mechanical motions 
be zero both at the beginning and at the end of the 
operation, the cycle may be completed by allowing the 
two bodies to exchange heat with some third body G, 
Hence, by Camot's axiom, there is an expenditure of 
mechanical work during the cycle, and therefore we con- 
clude that : — 

I. Friction acts on each body in a direction opposite 
to that in which its relative motion takes place, or merely 
tends to take place. 

II. No more Motion can ever be called into play 
than is just sufficient to prevent relative motion. 

64. It is sometimes, but erroneously, supposed that 
Camot's principle asserts that it is impossible to raise the 
temperature of a body without an expenditure of work. 
The following two examples will illustrate this and similar 
points. 

(1) K the bulb of a thermometer be wrapped round 
with flannel and then breathed on, the temperature of the 
thermometer is found to rise higher than the temperature 
of the breath. This experimental fact will occasion no 
difficulty if we remember that Camot^s axiom asserts 
nothing unless the changes of state constitute a com- 
plete cycle, and that even then, the only temperatures 
taken into account are the temperatures of the two 
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bodies from which heat is received or to which heat 
is lost. 

(2) The following ingenious operation was described 
by Him in 1862. Let there be two similar and equal 
cylinders surrounded by good non-conducting materials 
and connected at the bottom by a very narrow copper 
pipe. Also let the cylinders be fitted with air-tight 
pistons the rods of which are constructed with equal teeth 
to engage a spur wheel so that when one piston rises the 
other will descend an equal distance. The whole space 
beneath the pistons will then be invariable, because, as 
the space under one piston decreases, the space under the 
other increases by an equal amount. 

Now let us suppose that initially the piston £ is at 
the bottom of its cylinder and the other cylinder filled 




with gas at 0° C, the pipe being kept sun'ounded by the 
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steam of boiling water. Then let the wheel be slowly 
turned so that the piston A is caused to descend and B to 
rise. If the pistons be well made, very little mechanical 
work will be required but important effects will be pro- 
duced on the gas. For as soon as the motion commences, 
a small quantity of gas will pass through the pipe where 
its temperature will be raised from 0° C. to 100° C. In 
consequence its volume will increase and the gas which 
remains in A will be somewhat compressed and its tempe- 
rature slightly raised. As the next small quantity of gas 
passes through the pipe, it will be heated and will expand 
in the same way, and thereby the gas contained in both 
cylinders will be still further compressed and raised in 
temperature. The motion of the wheel being continued 
until the piston A gets to the bottom of the cylinder, the 
whole of the gas will have passed through the pipe into 
the other cylinder and the temperature of every part will 
be 100° C. or higher, the mean temperature being about 
120° C. Hence in completing the cycle by bringing the 
temperature of every part of the gas back to 0° C, heat 
may pass out of the gas to bodies whose temperatures are 
considerably above 100° C. We are therefore able to 
raise heat from a lower to a higher temperature without 
an expenditure of work. But it must be remembered 
that Camot's principle supposes that there are only two 
external bodies with which the system can exchange heat. 
In the present instance, the cycle cannot be completed 
unless there are bodies of as low a temperature as 0° C. to 
which the gas may part with its heat. Examples like 
this cannot be fully discussed until we have considered 
the case in which there are any number of external bodies 
with which a given system can exchange heat. 
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55. When any material system is subjected to ex- 
ternal electric influences, it is easily proved in works on 
electricity that the system may gain or lose 'electric 
energy' (electric work) without either gaining or losing 
heat. If the system undergo a cyclical process during 
which there is neither absorption nor evolution of heat, 
the whole of the work obtained during the cycle will have 
been transformed out of electric energy, so that electric 
energy may be transformed wholly into mechanical work, 
and, conversely, mechanical work may be transformed 
wholly into electric energy. Hence, by Camot's prin- 
ciple, electric energy may be transformed wholly into 
heat, but heat can only be transformed partially into 
electric energy. 

Any system which absorbs or loses electric energy 
may be called an electric, or an electro-magnetic, engine, 
and it is evident that it is not subject to the restrictions 
of Camot's principle. For the future, we shall suppose 
that there are no external electric influences, so that 
Carnot's principle will always be true. 

56. When any material system is enclosed in a vessel 
of any kind which is protected from all external in- 
fluences, mechanical, thermal, and electrical (including 
the radiation of energy into external space as an external 
influence), it may for the present be assumed as an ex- 
tension of Carnot's principle, or of the principle of friction, 
that the system will ultimately attain a state in which all 
its visible properties are invariable and the temperatures 
of all its parts equal. The whole system will then behave 
as a rigid body, so that the only* mechanical motions it 

1 See Art. 24. 
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can have consist of a uniform motion in a straight line of 
the centre of mass combined with a constant angular 
rotation of the whole system about some straight line 
passing through the centre of mass in a constant direc- 
tion. Also since radiation depends on the non-mechanical 
motions which always exist except when the absolute 
temperature is zero, it may be further assumed that if 
the given system had been at liberty to radiate energy 
into infinite space but had otherwise been protected as 
before, it would still have ultimately attained an invari- 
able state, but the final absolute temperature of every 
part would have been zero. 

It should be observed that if the system consist of 

several parts the temperatures of which are originally 

diiferent, it is not asserted that the colder parts cannot 

become as hot as the hotter until the final state is 

reached. Suppose, for example, that the system consists 

of an unelectrified part A at 130° C. and an unelectrified 

part B at 70° C, both parts being without mechanical 

motions, and let S be a cylinder in which a quantity of 

gas is confined by an air-tight piston pressed upon by a 

strong spring but prevented from being forced in by a 

fusible plug which melts at 94° C. Then if A and B 

be placed in presence of one another in a vessel which 

is protected from all external influences and has so 

small a capacity for heat that its cooling or heating 

effects on A and B are very small, it is clear that A 

will cool and B get hotter until the melting of the 

fusible plug releases the spring. When this occurs, 

the temperature of B may rise to 200° C. or more, 

and then B would begin to cool and A would get 

hotter. 
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57. When a quantity of radiation falls on a body, it 
is easily shown by experiment that part of the radiation 
may be absorbed, part reflected, and the remainder trans- 
mitted ; but since the tendency to equalisation of tempe- 
rature is universal, it is evident that no body can reflect 
or transmit the whole of the radiation which falls upon 
them. There is nothing in Camot's principle, however, to 
prevent us from thinking that a body may absorb the 
whole of the radiation which falls upon it, and in fact, 
any body well coated with lamp-black practically does so. 
We shall accordingly suppose that a surface of lamp-black 
absorbs the whole of the incident radiant energy. This 
assumption is made merely as a convenience and not to 
prove any properties which could not be proved without 
it. 

Again, if a piece of ice be brought near the bulb of a 
thermometer, the temperature of the thermometer is 
observed to fall; but when a piece of red-hot iron is 
brought near, the temperature rises. These facts have 
led to Provost's theory which has been fully developed by 
Stewart and others under the name of the Theory of 
Exchanges. It is supposed that every system is constantly 
radiating energy at a rate which depends only on its state 
and is independent of the presence or absence of other 
systems. In the two cases just given, heat is radiated 
from the thermometer faster than it is received from the 
ice and not so fast as it is received from the red-hot iron. 

In applying Carnot's principle to radiation, we shall 
restrict ourselves to the case of unelectrified bodies 
without mechanical motions. The body B which is to 
be considered will be supposed suspended by a fine 
thread or string in a closed vessel F, of any shape or 
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size, from which the air is exhausted, so that radiation 
can only pass between the body B and the containing 
vessel V across a vacuum ; and it will be assumed, as 
usual, that radiant energy travels in a vacuum in straight 
lines in directions which can neither be deflected nor 
reversed except by some material obstacle. We shall also 
suppose that the vessel Fis protected from all external 




influences, so that V and B ultimately assume the same 
constant uniform temperature. 

When B has attained its final state, it is evident that 
it must be absorbing exactly as much radiation as it 
emits. But if Q be the quantity of i-adiation which falls 
on B per second, one part, q^ will be reflected, another 
part, qty transmitted, and the remainder, qa, absorbed, 
where 

9r + ?e + ?a = Q, 

80 that the amount of absorption or emission per second 
is given by 

qa^Q-qr-qu 

all the quantities being positive. 

Now if B had been coated with lamp-black, qr and qt 
would both have been zero, and the emission per second 
would have been equal to Q, which is greater than in any 
other case. This result is usually expressed by saying 
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that good reflectors or transmitters are bad radiators. It 
must be remembered, however, that this property is only 
shown to be true when B has attained its final state : 
thus if B reflect well at 50° C, it does not necessarily 
radiate badly at all other temperatures. 

Again, since the radiation emitted by B per second 
when its surface is coated with lamp-black is equal to the 
whole radiation which falls upon it, it is clear that the 
incident radiation in this case is independent of the 
position of B inside V, and also of the nature and shape 
and size of V. 

58. When a body is coated with lamp-black, the 
emission of radiation will be a surface phenomenon, be- 
cause all the radiation coming from the interior will be 
absorbed by the lamp-black surface. Hence the emission 
per unit of area per second at any point of the surface 
will be independent of the curvature of the surface at 
that point. Consequently, if dq be the radiant energy 
emitted into a vacuum per unit of area per second at any 
point P of the surface within a small right cone of solid 
angle d(o whose axis makes an angle with the normal at 

P, the limiting value of -^ will be a function of only. 

If therefore dcr be a small area of the surface at P, the 
radiation sent out into a vacuum by this area within the 
small cone in a second will be 

da- d(of{0) (30). 

From this result we may obtain some very important 
conclusions. 

(1) Let us take a closed vessel V whose interior is in 
the form of a hemisphere of radius I with a fine circular 
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cylindrical recess, the axis of which is at right angles to 
the base of the hemisphere and passes through the centre 
0, as in the figure. Let the recess be nearly filled by a 
plug B, one of whose ends is in the same plane as the 
base of the hemisphere. Also let both the interior of V 
and the whole of B be coated with lamp-black and then 
exhaust the air fi:om V. 




Then if any line OP be drawn fi-om to the surface 
of the hemisphere making an angle <f> with the perpen- 
dicular Oz through to the base, and if da be the area 
of the end oi^B, the solid angle it subtends at P will be 

da cos (f) 

Hence the radiation sent per second in the direction of 
the end of B by that part of the hemispherical surface 
included between the two right cones ^, <^ + d<^, described 
about Ozy will be 

27rPsin<^#^?^^^/(0), 



I' 



or 



2^/(0) da sin (f) cos ^d^. 

Of this radiation, the whole may reach B or part may be 
lost by friction in the ether. It is therefore necessary to 
denote the part which falls on B by 

F {I, 27r/(0) da sin ^ cos <^<^}, 
P. 9 
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or, expanding in powers of da by Maclaurin's theorem, 

27r/*(0) dayft (I) sin <f> cos ^d^, 

where it is obvious that yjr (l) can have no constant value 
but unity. 

Thus the total radiation which falls on the end of B per 
second is 

IT 

27r/'(0) dayjr (I) I sin (f> cos ^0, 

or 7r/(0) daylt (l\ 

This is equal to the emission from the end of B per 
second, and is therefore independent of I: thus ^ (Z) = a , 
constant and the ether is frictionless, 

(2) Again, suppose that V and B are concentric 
blackened spheres of radii R and r, respectively, and 
let the air be exhausted from F, as before. Then the 
radiation sent to B per second by each unit of area of V 
is 



/ 







where sin ^i=p- 
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But the radiation emitted by B is proportional to its area, 
and equal to 47rXr', say. Hence 

47ri? f V(^) da) = 4<7r\r^ 
J 

or 27r [ 'f{0) sin 0d0 = X sin^ 0^. 

J 

Differentiating, 

2Trf{0i) sin ^i = 2X sin 0i cos ^i, 

so that f{0) = fi cos ^, 

where /* is a constant. 

Thus the emission into a vacuum per second by a small 

area dor within the cone doo takes the form 

Ij.cos0dad(o (31). 

ConseqTiently the radiation sent out into a vacuum per 
unit of area per second at any point P of the blackened 
surface within a right cone described about the normal 

at P with any finite semi-vertical angle ^j f < ^ j is 

27r/A f 'sin cos 0d0 = irfi sin^ 0, (32), 

J 

and the total radiation at P is tt/a. Calling this k, the 
emission within the cone dca becomes 

- cos 0d(t), 

IT 

(3) Since radiant energy travels in a vacuum in 
straight lines, if two bodies -4, 5, be separated by a 
vacuum, it will only be possible for one ray to pass 
from a point P of one to a point Q of the other. But 
if a material body L be interposed between A and By it 
may happen that several of the rays which proceed from 

9—2 
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P have their directions so bent in passing through L that 
they are concentrated on a very small area surrounding 




the point Q, One of the best examples of this is seen 
when the rays of the sun are brought to a focus by a lens 
(of glass or ice). If the lens is large enough, the effect 
produced may be considerable. 

It will now be naturally asked whether it would not 
be possible, by means of a system of lenses, to cause heat 
to pass from a cooler to a hotter body without an ex- 
penditure of mechanical work, as was thought by Rankine? 
A careful examination of the question by Kirchhoff and 
Clausius has led them to the conclusion that such a result 
is impossible. To give a simple illustration, let us suppose 
two bodies A, B, and a lens L to be situated in a vacuum; 
and let us neglect the reflection and absorption that take 
place as the rays pass through L. Then if the focal 




length of the lens be large, the rays which fall on it from 
a distant point P will converge with considerable accuracy 
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to a point Q ; and if PQ be the principal axis of the lens, 
the rays from any point jp of a small area dS, placed at P 
at right angles to PQ, will, after passing through the lens, 
converge to a point g of a small area ds, placed at Q 
parallel to dS, the lines pq, PQ both passing through C, 
the optical centre of the lens. 




Now if R be the distance CP and r the distance CQ, we 

shall have 

dS^^ 

ds r^' 

Also the rays sent to the lens by any point p of dS and 
by any point q of da, form small right cones about the 
normals at p and q whose semi- vertical angles are as r to 
R. Hence if for simplicity we suppose dS and ds to be 
coated with lamp-black (so that there is no reflection), we 
see that the rate at which radiation is sent by dS to ds 
through the lens is equal to the rate at which it is sent 
by ds to d8. 

59. Advantage has been taken, by Sir J. Herschell 
and Pouillet, of the peculiar property possessed by lamp- 
black of absorbing practically all the radiation which falls 
upon it, to estimate the amount of energy radiated by the 
sun to the earth. Of course, it is only possible to measure 
the quantity that actually reaches the surface of the earth; 
but the amount prevented from reaching the surface by 
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the atmosphere can be roughly allowed for by taking 
observations when the sun has different altitudes, and 




Eartk 

when, in consequence, different thicknesses of air have to 
be traversed, as shown in the figure. It thus appears 
probable that only one half of the radiant energy sent 
by the sun to the earth succeeds in reaching the surface. 
Taking this into account, it is calculated that the quantity 
of radiation which falls on the earth in a year would be 
sufficient to melt a layer of ice 30 metres (100 feet) thick, 
covering the entire surface. 

Since a gramme of ice at 0° C. occupies 1 '087 cubic 
centimetres, and since the latent heat of ice is 79'25 
calories, the total radiation which falls on the earth from 
the sun in a year is equivalent to about 3000 x 73 calories,, 
or 9 X 10^^ ergs, per square centimetre. This is about the 
same as 25 calories, or 10® ergs, per square centimetre per 
hour ; or again, 3 x 10^ ergs {-^ kilogrammetre) per 
square centimetre per second. In English measure, the 
average quantity of radiation per square foot which 
actually reaches the surface of the earth in an hour, is 
sufficient to raise the temperature of 25J lbs. of water 
from 0° C. to 1° C, which is equivalent to 35,500 foot- 
pounds. 

Now if a particle receives a small displacement of ds 
centimetres whilst it is acted on by a force whose resolved 
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part in the direction of the displacement is p djnies, the 
work done by the force on the particle is pds ergs. Con- 
sequently, if the time of describing the elementary path 
ds be dt seconds, the rate at which work is done by the 

force on the particle is jp -^ , or pv, ergs per second. If 

therefore we divide the rate at which work is being done 
by the velocity of the particle, we shall get the resolved 
part in the direction of motion of the force which acts 
upon it. Suppose then, merely for the purpose of the 
following illustrative numerical calculation, that each 
particle of a body possesses the same non-mechanical 
velocity and let the mechanical motions be so small that 
they need not be taken into account. Then if we divide 
the i-ate at which radiation is being gained by the common 
non-mechanical velocity of each particle, we shall obtain 
the sum of the resolved parts in the direction of motion 
of the radiation forces which act on the several particles, 
or, as we may call it, the total radiation force acting on 
the body. Thus if we take the non-mechanical velocity 
of each particle of the earth's crust to be 50,000 centi- 
metres per second, and suppose the total gain of radiation 
by the crust to be x times the radiation which actually 
reaches it, the total radiation force per square centimetre 
will be 3« djnies; which is about the same as 30*6a? 
grammes per square metre. In English measure, the total 

CD 

radiation force per square foot would be about ^wtv lb. 

Of course, the non-mechanical motions really take 
place in such different directions that, in the case of any 
finite area, the resultant of all the radiation forces, found 
by the ordinary rules of statics, will generally be quite 
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insignificant. When a material system has attained its 
final state, as explained in Art. 56, the resultant will be 
strictly zero ; but when the temperatures of diflferent parts 
of a body are unequal and undergoing rapid variations, 
this is not necessarily the case. Thus, for example, the 
orbit of a comet is generally in the form of a very 
elongated ellipse with the sun in one focus, and when 
the comet is describing that part of the orbit nearest 
the sun, its velocity becomes very great. Hence, since 
the intensity of solar radiation evidently varies inversely 
as the square of the distance from the sun's centre, as 
the comet rushes close past the sun, the intensity of the 
radiation which falls upon it will increase with enormous 
rapidity to a maximum and then decrease as fast. Under 
these conditions, it would scarcely be possible for the 
radiation forces which act on the comet to be so delicately 
balanced as to produce no visible mechanical effect. Per- 
haps the tails of comets may be due to this cause ; for 
they appear to be produced by a repulsive force residing 
in the sun, and we know that the force required is generally 
small, the mass of a comet's tail being sometimes under 
100 grammes (3*5 ounces). 

If a be the radius of the earth and d its distance from 

the sun, the total energy radiated by the sun is 

times as much as falls on the earth in the same time. 

Since - = 23000, we find ^ = 2100 million. Hence if 

b be the radius of the sun, the radiation emitted by the 
sun per hour is sufficient to 'melt a layer of ice covering 

its entire surface 21 x 10^ x -j— y, x ^r^ — ^r-r metres thick. 

4i7rb^ 36o x 24 
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Substituting 110 for ^ , we find this thickness to be about 

600 metres (660 yards). Again, the radiation from a 

given area of the sun is 21 x 10« x ,^ = 175000, times 

as much as falls on an equal area of the earth in the same 
time. It is therefore equal to 4,375,000 calories per square 
centimetre per hour; or to 1215 calories, or 525 x 10® 
ergs, per square centimetre per second. In English 
measure, the radiation per hour for each square foot is 
sufficient to raise the temperature of 90,000 lbs; of water 
from 0° C. to 100' 0. 

If distances be expressed in centimetres, we have 
a = 64 x 10^ and therefore the total radiation emitted 
by the sun in a year is 

(21 X 108) X (47ra» x 9 x 10^^ = 10^ ergs. 

60. It may be taken that the furnace of a locomotive 
consumes 1 lb. of coal per minute for each square foot of 
grate, and that each pound of coal burnt gives out suf- 
ficient heat to raise the temperature of 75 lbs. of water 
from 0° C. to 100° C. The radiation from a given area 
of the sun is therefore 20 times the heat generated in 
the same time in a locomotive furnace with the same 
area of grate. In making the comparison, it must, how- 
ever, be borne in mind that while the furnace of a loco- 
motive is of very small depth, the radiation emitted by 
the sun is not a mere surface phenomenon, but probably 
comes to a large extent from considerable distances below. 
In fact, while the absolute temperature of the fire of a 
locomotive may be as high as 1800°, the temperature of 
the sun's surface is only estimated at from 3000° to 
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10000°. The central parts of the sun will, of course, be 
at a higher temperature. 

61. Proceeding now to a very important extension 
of Camot's axiom, let us take any material system which 
may possess any mechanical motions and may be electrified 
in any way we please, but is not subjected to external 
electric influences; and suppose it made to undergo a 
cyclical process during which it is at liberty to lose or 
gain heat in any possible way. Whilst the temperature 
at any point P of the system varies continuously by an 
infinitesimal amount dd in the time dt, let the small 
quantity of heat absorbed near the point P, either by 
conduction or radiation, be denoted by dtdh. Whether 
the point P be on the surface or far in the interior, the 
heat dtdh may be supposed, by a stretch of the imagina- 
tion, to be supplied by contact with a vessel filled with a 
liquid and its vapour. If the liquid be suflSciently volatile, 
the temperature will be uniform throughout the vessel ; 
for a difference of temperature in any part would cause 
an explosive formation or condensation of vapour until 
the temperature became uniform. Also if the sides of 
the vessel be supposed to be very good conductors and 
to have an exceedingly small capacity for heat, the tem- 
perature of the liquid, when the vessel is in contact with 
any part of the system, will be the same as the tempera- 
ture of that part of the system with which the vessel is 
in contact. We are therefore at liberty to suppose that 
all the heat dtdh is imparted by a 'Camot*s perfectly 
reversible engine' which continually brings it ifrom a 
source whose temperature is uniform and constantly 
equal to ^o- The heat dq^ taken from the source to 
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supply a quantity of heat dtdh at the temperature 
being given by the relation 

dq^ __ dt dh 

we have dq^ = O^dt -^ . 

The total amount of heat taken from the source in the 
time dt will therefore be 

^0 dt j -^ , 

where the integral extends throughout the system at the 
time t In a complete cycle, the total quantity of heat 
taken from the source will be 



e.jdtj^. 



Hence, since in any complete cycle heat cannot be taken 
from a body whose temperature is uniform and constant 
unless some other body of different temperature be also 
present, and since do is always positive, we infer that, for 

a non-frictional cycle, the integral jdt j -^ is zero, and 

that for all other cycles it is negative. 

If the temperature of the system be uniform both at 
the beginning and at the end of the cycle, these results 
may be more simply expressed by saying that the integral 

3- is zero for non-frictional cycles and negative in all 

other cases, dQ being the heat absorbed by the whole 
system whilst its temperature varies continuously from 
^ to 6 -^-dd, which may take place at different times in 
different parts of the system. 



/ 
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62. The results of the preceding article lead to some 
important conclusions relating to those states of a system 
through which it can be made to pass by non-frictional 
methods ; for if P, Q be any two such states, it may be 
assumed, as a result of observation and experience, that 
the system can be made to pass from P to Q by a non- 
frictional process. Thus if a system pass from an initial 
state to a second state A by any non-frictional path 
OPA, and then return from -4 to by a non-frictional 
path AXOy and the corresponding integrals be distin- 
guished by suflfixes, as below, we have 

Since the system in the states and A is either of uni- 
fonn temperature throughout or consists of a number of 
different bodies of different uniform temperatures, the last 
equation may also be written 

J " OPA J " AXO 

where now denotes the uniform temperature of any one 
of the different bodies at any instant during the process. 
If the system pass from to J. by another non-frictional 
path OQA, and then return by the same path AXO, as 
before, we have 

Utf^ +jdt(f- =0. 

J J ^ OqA J J ^ AXO 

•/ ^ OqA J " AXO 

Hence 



OPA J J vr Qqj^ 
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which is the same as 

Sf^ =sf4« (33)'. 

J " OPA J " oqA 

These important equations were given by Sir W. 

Thomson and Clausius about the same time. In the 

hands of Clausius they have led to some further results 

which may be classed as the most remarkable in the 

whole range of thermo-dynamics. For since the integrals 

just obtained depend only on the two states 0,-4, if the 

state be chosen as a standard fixed state, each integral 

will depend only on the state A, and may be written ^^. 

The fimction (f> was called by Clausius the Entropy of the 

system; and since its value would only be altered by a 

constant if a different state were taken as the standard 

state, it is clear that the entropy is a single-valued 

function of the independent variables which define the 

state of the system together with an arbitrary additive 

constant depending only on the choice of the standard 

state. 

If the system pas? in a non-frictional manner from 
through A to another state 5, we obtain 

dh 



hi- 



=*» 



OAB 



or 



Mt^Mf-*- 



or 



dh 

AB 

which may also be written 

dQ 

AB 



►e written 

S/^ =^«-<^. (34)'. 
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Hence if the system be prevented from receiving or losing 
heat, all the different states into which it can be brought 
by non-frictional processes have the same entropy. Such 
non-frictional processes are called Adiabatic or Isentropic 
processes. 

Again, if the temperature of every part of the system 
keep the same constant value dy (34/ takes the simpler 
form 

XjdQ,,^d(<t,,-<l>J (34)". 

When the path AB is factional, let the system return 
from 5 to -4 by a non-frictional path, so as to complete 
the cycle. Then by the last article and by equation (34)> 
we have 



/*/ 



dh . ■ «^ 

-3- +i>A-<l>B<0, 



AB 

dh 



that is, Mm~^ <^B'-'i>A (35). 

Since the system in the states A, B consists of a number 
of bodies of uniform temperatures, we obtain 

Sf^ <<^,-<^. (35)', 

J ^ AB 

where dQ is the heat absorbed by any part of the system 
while its temperature varies continuously from d to 

e^-de. 

As no process in nature can exactly be a non-frictional 
process, it follows from equation (35) or (35)', that when » 
system is prevented from losing or gaining heat, its 
entropy must be continually increasing. 

If the definition of entropy apply to two states in- 
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definitely near together, then when the system passes 
from one to the other, we have 



dt 



or 



/f<# 



2f5#. 



.(36), 



.(36)'. 



,dQ 



63. The simple relation 2 -^ = d<^, which holds for 

any small non-frietional change of state, becomes dQ = 6dif> 
when we consider only a single body of uniform tempera- 
ture. Hence if we take two rectangular axes and denote 
the temperature and entropy of the body at any instant by 



e 




B 



m MN 



n 



« 



the ordinate PM and abscissa OM of a point P, the heat 
absorbed by the body when a small change of state PQ is 
produced in a non-frictional manner will be represented 
by the small area PQNM, Consequently in a finite 

non-frictional operation AB, the heat absorbed, I 6d<l>, is 

represented by the area of the figure ABnrtiy and therefore 
generally depends on the form of the curve AB bb well as 
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on the initial and final states A, B: in other words, dQ is 
not generally a complete differential of a function of the 
independent variables which define the state of the system. 
The heat absorbed during the process AB will be the 
same for all non-Mctional paths leading from A to B, or 
dQ a complete differential at every point of the path, 
under any one of the three following conditions : — 

(1) When the temperature is constant throughout 
every path ; or 

(2) When the entropy is constant ; or 

(3) When the temperature is a function of the 
entropy. 

64. The conception of entropy enables us to remove 
an objection which is sometimes urged against Camot's 
principle. It is commonly stated that an animal has a 
much greater 'efficiency' than a Camot's perfectly re- 
versible engine working through the same range of 
temperature, and it is even compared to an electro- 
magnetic engine, although it is obvious that there is no 
sensible absorption of electric energy. In consequence it 
is believed that the changes which take place in the 
animal world are not subject to the restrictions of Camot's 
principle. The whole difficulty, however, arises from the 
feet that the word * efficiency ' is unconsciously used in a 
new sense and that it is supposed it should then possess 
the same properties as when used strictly according to the 
definition. In Camot's principle, the 'efficiency' is the 
ratio of the work done during a complete cycle to the 
mechanical value of the heat absorbed from the hotter 
body. In the present example, the 'efficiency' is the 
ratio of the work done in an incomplete cycle to the 
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oechanical value of the consequent change of energy. 
S, for example, a system undergo a reversible operation, 
bt the constant temperature d, during which the energy 
ind entropy change from Ui and ^i to U^ and ^3, respec- 
tively, the heat given out by the system will, by equation 
(84/', be equal to 6 {<f>i — (pi), and therefore the work done 
by the system will be tTj — l/j — ^ (<^ — <^,). Thus the 
mtio of the work done to the mechanical value of the 
lofls of energy is 

^'-^'-^<f'-'^> ,thatis,l-gjj^. 

vhich, when no sensible amount of heat is lost or gained, 
will be practically equal to unity. 

The cycle of the animal body is completed in the 
T^etable world, and though very little is really known 
ik present of the way in which the growth of grass and 
t»Bes takes place, we have little doubt that when the 
deficiency is supplied, every part of the cycle will be 
fcond to be in complete accordance with Camot's prin- 
o^e. 

66. We have already seen (Art. 25) that when a body 
i in a state to which the definition of entropy applies, the 
^docdty of its centre of mass may be varied at will by an 
iQentropic process without altering the temperature or any 
>ther property of the body. Hence when two different 
tates of the same body or system of bodies differ only 
n the motion of the centre of mass, the conception of 
ntropy will be applicable to both states or to neither ; 
nd in the former case, the entropy will have the same 
alae in both states, so that it is independent of the 
action of the centre of mass. 

P. 10 
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If the speed of rotation of a body be altered by an 
isentropic process, the temperature and other properties 
of the body will generally vary in consequence; but if 
the body be made of very rigid materials, like a fly-wheel, 
these variations will generally be extremely small The 
entropy of a rigid body, like a fly-wheel, is therefore very 
nearly independent of the speed at which it is rotating. 

66. If we take the solar system for our material 
system, the conception of entropy will not be applicable, 
on account of the irreversible frictional actions which are 
continually taking place ; but it will be possible, at any 
instant, by suitable means, without doing work on the 
system, or allowing it to receive or lose heat, to bring it 
into a slightly diflferent state to which the definition of 
entropy applies. To do this, it will be practically suf- 
ficient to stop the mechanical and thermal irreversible 
frictional actions by holding the tides rigidly in their 
places, and preventing the conduction and radiation of 
heat between parts of the sun's mass which differ much 
in temperature by enclosing them in good non-conducting 
materials able to withstand the fiercest temperatures to 
which they may be exposed. Suppose, then, that P is the 
actual state of the solar system at any instant and Q the 
actual state at any subsequent instant, and that P', Q' are 
two other states to which the conception of entropy 
applies and which differ very little from P, Q, respectively. 
Then since the radiation of energy into infinite space is 
the only external influence to which the solar system is 
subject, it is obvious that the energy is less in the state Q 
than in the state P ; and that we may bring the system 
from the state P' to the state Q' by a reversible process 
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in which a positive quantity of heat is lost, so that the 
entropy in the state Q is less than in the state P\ We 
may therefore say that the energy and entropy of the 
solar system are both continually decreasing. 

The variation of the energy and entropy of the solar 
system is not considered in the ordinary books ; but we 
frequently meet with the discussion of a similar problem 
relating to the whole universe which seems to require 
notice. In the first place, the discussion in question 
ignores the all-important distinction between bound ethe- 
rial energy, that is, the potential energy of matter, and 
free etherial, or radiant energy, by classing the whole of 
the ether with material bodies. It is consequently con- 
cluded that the energy of the universe is constant. In 
the second place, it is supposed that in the equation 



]j 1 ^ ^B-'<I>A 



we may take dtdh to be an element of the radiant heat 
which enters at the external boundary of the ether, and 
not an element of the heat absorbed by some material 
part of the system, as in the proof of the formula given in 
Art. 62. With this assumption, every element dtdh is 

zero and therefore the whole integral I dt I -3- ^ ^^^^ ^^^^» 

so that it would follow that the entropy of the universe 
continually increases. 

In the present state of our knowledge, it is perhaps 
unsafe to make any positive assertion as to the energy or 
entropy of the whole material universe. 

67. We will now consider the important thermo- 
dynamical problem of the capacity of a ma\.ex\aX ^^^X^^xx:^ 
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for doing mechanical work when it is subject to certain 
simple restrictions as to the way in which it receives or 
loses heat. The only cases that will be here investigated 
are the following : — 

(1) The system is supposed to be entirely prevented 
from receiving or losing heat, either by conduction or 
radiation ; and the maximum amount of work that can be 
obtained from the system under these conditions is defined 
to be the Adiabatic Available Energy. 

(2) The system is supposed to be prevented from 
radiating energy into infinite space and fix)m exchanging 
heat with external bodies except with bodies A, B, ..., 
which are kept at any the same constant uniform tempe- 
rature 0, For this purpose it will generally be necessary 
to employ an intermediate body A\ just as when we 
explained Camot*s axiom in Art. 48. Under these condi- 
tions, the maximum amount of work that can be obtained 
from the system is defined to be the Available Energy at 
the constant temperature 0, 

In both cases, the algebraic excess of the available 
energy over the mechanical kinetic energy is defined to. 
be the Mechanical Potential Energy. Hence since there 
are two kinds of mechanical potential energy, it follows 
that both kinds cannot be identical with true potential 
energy. This result will perhaps be made clearer if we 
repeat some of our former conclusions relating to energy. 

According to modem ideas, all actions at a distan 
between particles of matter are due to continuous con 
forces in the ether. Consequently, all energy is reall; 
kinetic energy, and consists partly of the kinetic enerj 
of matter and partly of the kinetic energy of the ethe 
The kinetic energy of matter may be distinguished a 
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tnechanical or non-mechanical, kinetic energy. The kinetic 
energy of the ether may also be divided into two classes : — 

(a) Etherial kinetic energy free from all material 
restraints, as in waves of radiation. 

(6) Etherial kinetic energy bound to material systems 
and forming the true potential energy of matter. 
There is no potential energy in the ether, because that 
would require actions at a distance between the particles 
of ether, which it would need a second kind of ether to 
explain \ 

Now according to the kinetic theory of gases, which is 
not explained in this book, the pressure of a gas is due to 
the fact that its 'molecules* are moving about freely among 
one another in all directions with great velocities. The 
mechanical potential energy of a compressed gas therefore 
consists, to a large extent, of the kinetic energy of matter. 
In the case of a bent spring it is not so obvious at first 
whether the mechanical potential energy consists of kinetic 



1 It may be here pointed out that quite a different meaning is 
assigned to the term potential energy in ordinary dynamics from that 
which is given to it in thermodynamics. In ordinary dynamics, when 
the expression for the external work in a small change of state is a 
complete differential, the potential energy of the system is defined to 
be the work which the external forces can do on the system as it retnms 
from its actual state to the standard state. Thus when a stone is lifted 
from the ground, it is usually said to acquire potential energy. In 
thermodynamics, if the stone be considered as a complete system in 
itself, it is said to acquire no potential energy; but if we suppose it 
to form part of one system with the earth, then the system acquires 
additional mutual potential energy. But we cannot assert that this 
mutual potential energy belongs necessarily to the stone ; for if the stone 
fiill to the earth, the earth rises to meet the stone, so that the kinetic 
energy, which takes the place of the mutual potential energy, is divided 
between them. 
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or potential, energy ; that is, whether the mechanical po- 
tential energy may not be due to actions at a distance. 
But even in this case, there is little doubt it will be 
found to consist, to a large extent, of the kinetic energy 
of matter. In the vibrations of a spring we therefore see 
the transformation of non-mechanical into mechanical, 
kinetic energy, and conversely. 

68. When a material system has been deprived of its 
available energy, it is evident that its mechanical motions, 
both of translation and rotation, will be zero, and that the 
temperatures of all its parts will be equal. The ultimate 
electric and magnetic condition of the system will not be 
discussed here, but may be understood from works on 
electricity. As to the relative positions of its parts, it is 
obvious that when any portion of the system is gaseous, 
it may be necessary to impose some minor restrictions in 
addition to those which specify that the system is not to 
receive or lose heat, or only to exchange heat with bodies 
A, By ..., which are kept at the same constant uniform 
temperature. For instance, if the gas be contained in a 
closed vessel, we may impose the condition that the vessel 
is to be kept gas-tight ; if the vessel be in the form of a 
cylinder fitted with a gas-tight piston, we may suppose 
that the expansion is not to proceed beyond a certain 
point, or that the final pressure is to have a given value. 
Even when the system is entirely solid or liquid, we may 
have minor restrictions ; for it may be required that all 
parts of the system preserve their individual identity, or 
we may be at liberty to weld them all into one homo- 
geneous mass. The minor restrictions, it may be remarked, 
are generally understood without being expressly stated, 
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and are not to prevent the ultimate exchange of heat 
between different parts of the system or between the 
system and the bodies A, B, .... 

69. In order to apply the principle of reversibility to 
the investigation of available energy, it is necessary to 
restrict ourselves to those states of the system to which 
the conception of entropy applies. 

In the first place, let the system be prevented from 
receiving or losing heat, and suppose that it is brought 
by a reversible path from an initial state P, to which the 
conception of entropy is applicable, to a final state Z, in 
which the available energy is zero. Then the entropy 
is the same in the state iT as in the state P ; and it may 
be assumed, as a result of experience, that if the system 
be subject to the same minor restrictions as before, and 
be brought by a different reversible path from the initial 
state P to a final state Y, the states Y and Z will be 
identical. Let these paths be represented by (1) and (2), 
and denote the corresponding amounts of work obtained 
from the system by Wi and TFg. Then if the system be 
made to pass from P to Zhy (1), and then to return from 
Z to P by (2), it will have undergone a complete rever- 
sible cycle in which there is neither loss nor gain of heat. 
The work Wi — TFg obtained from the system must there- 
fore be zero, or Wi = TFj. 

If the system be brought from P by a frictional path 
to a final state Z\ in which the available energy is zero, 
the state Z' cannot be the same as Z; because if (f) be the 
entropy in the state P, the entropy in the state Z will be 
equal to (f), and in the state Z\ greater than <^. The system, 
however, will evidently admit, in general, of being brought 
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from Z to Z" hy Q, frictional path in which a positive 
quantity of work is expended (in friction). Suppose, then, 
that W is the work obtained frt)m the frictional path PZ', 
and W the work obtained from any reversible path PZ, 
and let the system be brought from P to -Z^ in the two 
following ways : — 

(1) Let the system travel by the frictional path PZ' 
yielding a quantity of work W\ 

(2) Let the system first travel from P to -2^ by a 
reversible path, giving out a quantity of work TT; and 
then from Z to Z\ giving a negative quantity of work, 
— X say, where a? is positive. Then since there is neither 
loss nor gain of heat in the paths leading from P to -^, 
the principle of energy gives 

or W>W'. 

Hence if U and Uq be the values of the energy in the 
states P and Z, the adiabatic available energy in the state 
P is U^Uq, with the condition ^ = <^o« 

Secondly, let us suppose that the system exchanges 
heat with bodies which are kept at the same constant 
uniform temperature 0. Then if the system, subject to 
given minor restrictions, be brought by any operation 
from the state P to a final state Z, in which the available 
energy is zero, it is obvious that the temperature of the 
system will then be uniform and equal to 6, and that the 
state Z will be the same for all operations. From this it 
may be shown that the work W obtained from the system 
as it travels from P to ^ is the same for all non-frictional 
paths, and is then greater than for any frictional path. 
Since, in a non-frictional path, no part of the system is 
allowed to receive or give out heat except when its tern- 
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perature is ^, if (JT", <f>), (Ug, ^g) be the energy and entropy 
of the system in the states P and Zy respectively, the heat 
absorbed in a reversible path leading from P to Z is 
(4>z — <f>), or the heat given out is tf (^ — <f>gX and therefore 
the work obtained from the path is U—Uz'-0(^ — (l>g). 
Writing y for U—d<f), this becomes 7 — Wg, where, it 
must be remembered, ^ is not equal to ^g, 

70. If, while a system is protected from all external 
influences, including as such the radiation of energy into 
external space, an action takes place within the system 
by which the state is changed from P to P', the energy 
will remain the same but the entropy will be increased. 
Thus if {U, <l>\(iry if>) be the energy and entropy in the 
states P, P', respectively, we shall have 

Now let TT, W\ be the adiabatic available energies in 
the states P and P', Z and Z* the corresponding final 
states; and let l7o, Uq, be the values of U in the final 
stales Z^ Z\ Then we have 

so that W--W=U:-Uo. 

But since the entropy in the final state Z' is equal to <^', 
and in the final state Z equal to ^, which is less than <f>\ 
and since there are no mechanical motions in either state, 
it may be inferred that the system can be brought from Z 
to Z' by a frictional path in which a positive quantity of 
work is expended (in friction) and no heat either gained 
or lost. We therefore have Uq> Uq, so that W> W\ 
Again, if V, V\ be the available energies at the con- 
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stant temperature 6 in the two states P, P', and if Z be 
the common final state, 

80 that V-V' = 7 -W 

= (U-e<l>)-(U'-0<l>') 

= (<!>'- <!,), 
and therefore V>V\ 

Since, therefore, when a system is left to itself, the 
entropy has a constant tendency to increase, it follows 
that there is a constant tendency to a loss of available 
energy ; in other words, to a transformation of available 
into unavailable, energy. This result is the great prin- 
ciple of the Degradation of energy, first enuntiated by 
Sir W. Thomson. It was formerly known as the principle 
of the Dissipation of energy ; but the use of the word 
dissipation is now generally abandoned, since, as we have 
seen, there is no actual loss of energy when the system 
passes from P to P'. 

Again, since it is obvious that when a finite system is 
left to itself, the entropy cannot increase indefinitely, we 
conclude that the system will ultimately settle down into 
a permanent state or condition, as stated in Art. 26. The 
principal agency by which this condition is generally 
brought about will be explained a little later on ; in the 
meantime it may be stated that the ultimate condition is 
not necessarily such as to make the available energy zero. 

71. When we wish to obtain the maximum amount 
of work from a system which is prevented from radiating 
energy into infinite space, and also from exchanging heat 
with any other system, or which is only allowed to ex- 
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change heat with bodies which are kept at the same 
constant uniform temperature, we are at liberty to bring 
the system to its final state by any reversible process we 
please. If, for example, the system consists of a number 
of diflferent bodies or parts, we may begin by depriving 
each part of its available energy. If, during the rest of 
the process, the state of each part can be kept invariable, 
we shall have Prof Tait's proposition that the available 
energy of a system is equal to the sum of the available 
energies of each of its parts together with their mutual 
available energy after their individual available energies 
have been exhausted. 

We will now take a few particular examples of adia- 
batic available energy for systems in which there are no 
manifestations of electricity or magnetism. 

(1) Let the system consist of a number of bodies A 
together with a vast body B whose temperature is uniform 
and equal to Oq and whose volume is constant. Then since 
the maximum amount of work may be obtained by any 
reversible path we please, we will take the simplest, as 
follows. Let the bodies A undergo any set of isentropic 
operations by which the temperature of every part is 
reduced to 0^, and then let them be put in thermal com- 
munication with B and bring the system to its final state 
by any set of isothermal operations. If (C/, ^) be the 
original values and {Uq, (f>o) the final values, of the energy 
and entropy of the bodies A, the heat given out by them 
to B will, by equation (34)", be equal to 0o (<l> — <^o)> and 
therefore the maximum amount of work which can be 
obtained from the system, or its adiabatic available energy, 

will be 

U-'Uo-0o{<l>-<f>o) (37). 
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Putting y for U— 0^ ^, this becomes y — y"o» 

In this example we have evidently found the available 
energy at the constant temperature 6^, oi the bodies A 
alone. 

(2) Let the system consist of masses Wi, m^, m^y.,.mn 
of the same kind of perfect gas contained in cylinders 
fitted with air-tight pistons whose volumes may be varied 
in any way subject to the condition that the total volume 
remains constant. Also let the temperatures of the diflfe- 
rent masses be originally ^i,^2>^8»"»^n> aiid their volumes 
per unit mass t^i, t;2, Vs* ••• ^n> respectively. Then since for 
a unit mass of perfect gas we have very approximately 
dU^Cj, ddy and since the work done on the gas in a small 
reversible operation is — pdv^ the equation d?7 = dQH-dTr 
gives for a small reversible process 

dQ = C^0 + pdv, 

or since the gas satisfies very approximately the relation 
pv = R0, 

dQ^G^de + Rd^'^ 



V 



Hence since -^ = d^, 

we have d6 = (7^ -75- + iJ - . 

^ V 

Integrating and remembering that (7„ is practically con- 
stant, we obtain 

V 

<^ - <^' = (7^ log g, + R log-,. 

Thus when the given masses of gas are brought in any 
reversible way to a final state in which each quantity has 
the same pressure po and the same temperature 0o, the 
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conditions that the total entropy and the total volume 
are the same as at first, are 

( 
£7„|7niloggp + wi,log^+ 

+ i2|milog^^ + malog^+ 1 = 0, 

^^ V 0,^ J ^\ ' V, ~ J 

and VoSm = V, 

Hence 

0Mm ^ ^2m^ ^ ^0^m, m, 0m.>^ Cr 

X (V,"* Va'"^ Vr!^) (38), 

which gives ^o* To find p^y we use the equation 

PqV = R0^m, 

The equation dU=G40, or U -IT ^0^(0-0'), then 
shows that the work obtained fi:om the system is 

G^{Xm0'-0,Xm) (39). 

If the masses twi, tWs, m^, m^, are each equal to m, 

equation (38) becomes 

^0^ = ^ y^{0iOA ^n) "^ X (ViVaVs Vn)"" ^ 

The foregoing examples are taken substantially from 
Maxwell's Theory of Heat. The following is due to Sir 
W. Thomson, but has been somewhat modified by Prof. 
Tait. 

(3) Let there be two equal homogeneous bodies of 
masses tw, of the same kind of substance, without 
mechanical kinetic energy but at different uniform tem- 
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peratures ^i, ^2» and suppose that the alterations of shape 
and volume can be neglected. Then no work can be 
obtained from the system, and we shall therefore suppose 
that we are at liberty to equalize the temperatures of the 
two bodies by means of a Camot's perfectly reversible 
engine which performs complete cycles. Also, for sim- 
plicity, we shall take the specific heat to be independent 
of the temperature ; and in making the calculations, the 
Camot's engine may be supposed to work between the 
two given bodies and any third body whose temperature 
is kept at a uniform constant value Oq, provided that, on 
the whole, no heat is thus imparted to, or abstracted from, 
the third body. The temperature 0o will evidently be the 
final temperature of the two given bodies. 

If, then, the temperature of one of the given masses 
be increased by d0, the heat imparted to it will be mcdOy 
and if dqo be the corresponding quantity of heat taken 
from the third body, we have, by the definition given in 
equation (29), 

mcdO _ dqo 

Thus the condition that, on the whole, heat is neither 
gained nor lost by the third body, gives 



J ei J 0. 



that is, log^"+logj^ = (40), 

or 0,^ = 0,e,, 

whence we find the final temperature, 

^0 = V^2 (41). 
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The same result might have been obtained from the con- 
sideration that the entropy remains constant. 

Again, in the cycle in which the engine takes a 
quantity of heat dq^ from the third body and gives a 
quantity mcdO to the other, the work done on the engine 

is evidently 

mcdd — dqo, 

or mcd6(l — -^j. 

The maximum amount of work, W, which can be obtained 
from the two bodies by means of the Camot's engine will 
therefore be 

that is, by equation (40), 

= mc (^1 + ^2 - 2V^2) 

= mc ( V^i - V^a)' (42). 

More generally, if there be n equal homogeneous bodies 
of the same kind of matter, without mechanical kinetic 
energy but at diflferent uniform temperatures; then if 
the specific heat be independent of the temperature, 
^e shall have 

f^id0 f^»d0 

that is, log I? + log ^^+ =0, 

Of e^dA ^» = ^.", 

and therefore ^, = v^^^;^3.r~^„ (43). 
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Also W=mc(j'dd + j'de+ ) 

= mc(^i + ^2 + ^8 + + On-n0o) 

= nmc ^ ^i + ^« + ^3+ + gn _ n^Q^Q^^ ^^y ^ (44) 

The adiabatic available energy of the bodies is therefore 
proportional to the excess of the Arithmetic mean over 
the Geometric mean, of their absolute temperatures. 

More generally still, if there be any number of 
unequal bodies, without mechanical kinetic energy, the 
temperature of each being uniform and the specific heats 
independent of the temperature, we shall have 

[^ dd r *« dd 
Wrfii] -g-+m2C3 -^+ = 0, 

6 Q 
that is, miCi log ^ + m^^ log -^ + = 0, 

or ^i"*»^i 6^^ dj!^^^ = ^0^^. 

And Tr=miCi| d^ + 7^302 d^+ 

72. The results which have now been given in thi^- 
and in the first chapter will be more completely explained- 
by considering some of the chief mechanical and thermo^ — 
dynamical questions arising out of the problem of th^ 
solar system. This problem is based on the following" 
empirical laws, known as the Three Laws of Kepler : 

I. The planets describe elliptic orbits about the sun, 
which remains fixed in one focus. 

II. As any planet moves in its orbit, the straight 
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line which joins it to the sun describes equal areas 
in equal times. 

in. The squares of the periodic times of any two 

planets are to one another as the cubes of their 

mean distances from the sun. 

These laws, published in 1619, were deduced by Kepler 

by an immense amount of arithmetical labour from the 

observations of Tycho Brahe. They are not quite exact, 

as we shall see presently. Hence, as the magnitudes of 

the sun and the planets are small compared with their 

distances from one another, it will be suflBcient to begin 

by treating them as mere particles. 

I 73. Kepler's laws lead immediately to Newton's great 
principle of universal gravitation, first published in 1687. 
The steps of the argument may be briefly presented as 
follows : 

(a) Since no planet moves with uniform velocity in a 
straight line, it follows that every planet is acted on by a 
force. Also since the orbit of every planet is plane, the 
acceleration at right angles to the plane of the orbit is 
constantly zero. The resultant force on the planet there- 
fore acts in the plane of the orbit. 

(5) If 8 be the position of the sun, P, Q the positions 




^f a planet at any two consecutive instants, then if p be 
*he perpendicular from 8 on the tangent at P and the 

P. 11 
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elementary arc PQ be denoted by ds, the elementary arest 

PSQ will be equal to ^pds, 

dA 
Hence if -v be the rate of description of area by the line 

SPy we have 

d« __ ^ dA 

or, if V be the velocity of the planet in its orbit, 

p^-^w <*^)- 

Multiplying both sides by P, the mass of the planet m 
grammes, we get 

Now the left-hand side is the planet's moment of momen- 
tum about a straight line through S at right angles to the 
orbit, and by Kepler's second law, the right-hand side is 
constant. But we have already seen that the rate at 
which the angular momentum of a particle about any 
fixed line increases with the time is equal to the moment 
of the resultant force which acts upon it. The moment 
of the resultant force in our case is therefore zero. Con- 
sequently, the force which acts on the planet tends to or 
from S, Since, by Kepler's first law, the orbit is always 
concave to S, it is easily seen that the force always acts : 
from P to 8; in other words, that the planet is always - 
attracted by the sun. 

(c) If F be the resultant force in dynes which acts 
on the planet P, considered positive when it tends to the 
sun, and if SP, the distance of the planet from the sun, 
be denoted by r, the work done on the planet in a small 
displacement will evidently be —Fdr ergs. Hence, if 



CARNOT S PRINCIPLE. 



163 



(^> ^)> {vo, ^o) be the values of v and r at any two instants, 
the principle of work gives 

J To 

the integral sign merely denoting a summation, without 
implying that jP is a function of r only. 
Substituting for v from equation (45), we obtain 

^im-U'-fj^-: <-> 

Now if (p\ /) denote quantities corresponding to (p, r) 
with respect to the other focus of the elliptic orbit, and 




^ 2a, 26 be the principal axes, we have the following 
Well-known properties: — 

r + / = 2a, 
pp'=-b^ 

r / 

Multiplying each side of the last of these results by p, 
We easily find 

r r' ""2(1 — r' 



that is 






11—2 
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Hence by equation (46), 

Dififerentiating with respect to r, and remembering 

^ is constant, we find 
at 

^~ \dtj 6»*r" 
which may be more simply written 

In like manner, the attractive force i^, exerted b; 
sun on any other planet of mass P' at a distance /^ 
be shown to be 

, fdA'y 4a' 
where ^ ^[-dtj F' 

(d) If T be the periodic time of the planet 1 

have 

irab 



and therefore T^ = 



dt 



(dAV ft 
\dt) 

iir'a''' 



Similarly, 2"» = 

Hence, a being the average of the greatest and 
distances of the planet P from the sun, or what is m 
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called its mean distance, Kepler's third law gives fi^fi\ 

We therefore have F= ^ and F = ^-^ , so that the sum 

attracts the different planets with forces proportional to 
their masses and inversely proportional to the square of 
their distances. 

(e) Again, if we consider only motion relative to the 
earth, the orbit of the^moon is found to be approximately 
an ellipse described so that the line which joins the moon 
to the earth sweeps over equal areas in equal times. We 
therefore infer that the moon is attracted to the earth by 

a force — , where M is the mass of the moon, r its 

distance from the earth, and v a constant which is not to 
be assumed equal to fi. Now if, as a rough approximation, 
we were to take the moon's orbit about the earth to be 
circular, the force by which the moon is attracted to the 
earth would always be at right angles to the direction of 
motion, and therefore the velocity would be constant. 
Hence if we denote the angular velocity of the moon 
about the earth by w, w would be constant, and the 
resultant acceleration would tend to the centre of the 
orbit and be equal to ray^. Substituting for r and (o their 
blown values, we find (in the C. G. s. units) 

rfi)2 = 38 X 10« X (^^. — ST^^jT^— ^Y 

V27J X 24 X 60 X 60/ 

= •27, 
so that ^ = -27. 

But we know that gravity, that is, the force by which the 
weight of bodies is caused, is proportional to the mass 
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acted on, and at any point of the earth's surface, the force 
of gravity on a mass of one gramme is about 980 dynes. 
Hence, since the mean distance of the moon from the 
earth is about 60 times the earth's radius, if the force of 
gravity decrease inversely as the square of the distance, 
the acceleration towards the earth caused by gravity in 
any body at the distance of the moon, would be about 

980_ ^^ * 

From this we draw the important conclusion that the 
force by which the moon is caused to revolve about the 
earth is identical with terrestrial gravity. 

(/) To effect a rough comparison between fi and v, 
it will be suflBcient to treat the orbit of the earth about 
the sun as circular. Taking (r, w) to refer to the moon's 
orbit about the earth, and (iJ, fl) to the earth's orbit 
about the sun, we have 

R' ^^^ 

V 

or /A = Ra^) 

V = r^ft)^ J ' 
But, roughly, 

R = 400rl 

hence /x is much greater than v, 

(g) From the preceding results we infer Newton's 
great principle of universal gravitation, which asserts that 
every portion of matter in the universe attracts every 
other portion according to the following simple law :— 
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Let m and m' be the masses of any two portions of matter 
and r their distance apart, the dimensions of m and m' 
being small compared with r ; then m and m' exert equal 

and opposite attractions of \ - dynes on one another, 

where \ is a constant number which is independent of 
the natures of m and m\ and of their chemical and physical 
states, and also of the presence or absence of other matter. 
The rigid accuracy of the law of gravitation is proved by 
the fact that a vast number of intricate calculations have 
been performed in which it has not once been found to lead 
us wrong. The masses m and m may, if we please, be as 
small as possible, that is, in chemical language, m and m' 
may be the masses of atoms. We cannot, however, assert 
that the force of gravitation exists between the different 
particles of the same atom. 

The universal prevalence of the attraction of gravita- 
tion has an important bearing upon thermodynamics, 
because it will generally produce or modify motion, and 
motion is generally attended by friction. 

The fact that the values of ii and v are different is 
easily explained by the law of gravitation. Thus if, for sim- 
plicity, we treat the sun, earth and moon, as mere particles, 
and if we denote their masses by S, E, M, the attractions 
between the sun and earth, and between the earth and 

moon, will be respectively equal to \ -^ and \ — . But 

these forces have been denoted by ^ and — . Hence 
P'^XSy and v = \E, so that 

V E ' 
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Since, according to Newton's law of gravitation, the 
planets attract the sun as much as the sun the planets, it 
is clear that the sun cannot remain immovable, as Kepler 
supposed ; but owing to his great mass, his motion will be 
very small. Again, since the planets are not only attracted 
by the sun but by one another, it is evident that their 
orbits cannot be perfect ellipsea These questions will 
be found considered in detail in works on the lunar and 
planetary theories. 

Some rough approaches to the law of gravitation had 
been made before the appearance of Newton's great dis- 
coveries, by considering the case of an orbit perfectly 
circular; but it seems that no one, with the exception, 
perhaps, of Horrox, had supposed that the forces by which 
the moon and planets are compelled to describe their 
orbits, are the very forces which produce terrestrial 
gravity. To show the connection of circular motion with 
Kepler's laws, let a circular orbit of radius r be described 
with uniform angular velocity © by a body of mass M. 
Then the body will be acted on by a constant force Mr^ 
tending to the centre, and therefore if the central force be 

Hr , we shall have 

Now if T be the periodic time, we have 



T= 


27r 


jy = 


■ ir. 



SO that 



Similarly, if a second body of mass M^ describe another 
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circular orbit, of radius /, under a central force ^— ?r- , the 
periodic time T will be gi,e. by 

Hence T^iT^^r': r% 

which is Kepler's third law. 

74. If a particle P be situated so near a finite body 
B that it cannot be supposed at the same distance from 
every part of it, it will be necessary, in order to find the 
resultant attraction of B on the particle P, to imagine the 
body B divided into a large number of parts, each of which 
is 80 small in all its dimensions that, for the purpose of 
finding its attraction on P, it will be sufiicient to treat it 
as a mere particle. The simplest and most useful case to 
consider is that in which jB is in the form of a sphere, 
either of uniform density throughout, or such that the 
strata of uniform density are shells bounded by spheres 
concentric with B. 
Let the figure represent such a shell, of density p and 




indefinitely small thickness r. Join P to 0, the centre of 
the shell, and take a point G in OP such that 

0(7.0P = aS 

where a is the radius of the shell. With G as vertex 
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and any small vertical solid angle rfo), describe any cone 

cutting out a small area da- from the sphere at Q and 

another small area d<r^ at Q\ Then since OQ and OQ' 

make the same angle, say, with the line QCQ;, the 

tangent planes to the sphere at Q and Q' will each be 

inclined at the angle to any plane normal to QGQ^. 

Hence 

da cos = 00^. dw 

da cos = GQ^ . da>\ 

Again, if m be the mass of the particle P, the attractions 
of the elements at Q and Q' on P will be respectively 

equal to \ ^p^ and \ Wpj" • Substituting for da and 



QP" 



QP' 






da, these expressions become ^ /a */)^ ^^^ 

mprd^ C^ 

Now if we join the lines as in the figure, we have 

oc _qQ 

OQ OP • 
Q 




The angle OPQ is therefore equal to OQO, that is, to ^. 
In like manner, the angle OPQ' is equal to 0, 
Also, by similar triangles, we have 

OQ^OP 

QCPQ' 



A 
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Therefore _ = _=^-^^. 

Similarly, ^=__. 

Thus the attractions of da and da on P are each equal to 

\ ^ ^ . Yjp^ . They both lie in a plane through OP, 

and make the same angle with OP, Their resultant 
therefore acts along PO and is equal to 

Q^ mpra^ , 
OW ' 

Hence also the resultant attraction of the whole shell on 

P acts along PO and is equal to \ — Typ^ ' *^^* ^^' ^* 

is the same as if the whole shell were condensed into a 
particle at 0. This result, being true for every such shell, 
is true for the whole sphere ; so that if M be the mass of 
the sphere and r the distance OPy the attraction of the 
sphere on P will be 

Mm J 

Now let O be the centre of another sphere B\ which, 
like By is either of uniform density throughout, or such 
that the strata of uniform density are shells bounded by 
spheres which have a common centre at 0\ Then in 
order to find the attraction of B on W, we shall first find 
the attraction of B on one of the thin uniform shells of 
which B is composed. Let a be the radius of such a 

^ The foregoing proof is firom Thomson and Tait, by whom it has 
been modified from Newton. 



172 ELEMENTARY THERMODYNAMICS. 

shell, T its indefinitely small thickness^ and p its density. 
Join 00' and take a point O yclOO such that 

0'G'.0'0^o!\ 

With C as vertex and any small vertical solid angle d!©', 
describe any cone cutting out small portions from the 




spherical shell 0', at q and q. Then it may be shown 
that the four angles Oq€[, O'?'?, qOO', €[00\ are equal to 
one another, and we may therefore denote each of them 

by e\ It may also be shown that ^=^^=j^~'2- 

Again, in order to find the attraction of the sphere B on 
the elements at g and q, we may suppose the sphere 
concentrated into a point at 0, and the elements at q and 
(( may be treated as particles. It will thence follow that, 
if M be the mass of the sphere jB, the attractions of B 
on the elements at q and g' are each equal to 

MpVdw^ a^ 
cosd' '00'^' 

and act along qO and qO, respectively. 

These two forces may be compounded in the usual way. 

Thus, let two forces, each equal to \ — - — >,, . 7?wvk> be 

^ cos ^ 00 ^ 

applied at 0' in opposite directions parallel to qO» Then 

since the perpendicular from 0' on Oq is equal to 00' sin ^, 



carnot's principle. 173 

it is easily seen that the attraction of B on the element 

. , « Mprdo)' a'2 . ^, 

at ^ IS eqmvalent to a lorce X — - — ^— . Tyy^ acting at O 

parallel to qO, together with a couple X — j^rp • *^^ ^' 

in the plane (/qO. In like manner, the attraction of B 
on the element at g' is equivalent to a force 

cos^ '00'^ 

acting at 0* parallel to g'O, together with a couple in the 
same plane as the former, and equal and opposite to it. 
If the diflferent parts of the sphere B preserve the same 
relative positions with respect to one another, the two 
opposite couples will neutralize one another (as explained 
in books on Statics), and need not be considered. We 
are therefore left with two equal forces at 0' which give a 

resultant 2X ^.y^ dro acting at 0' along CO. Integra- 
ting, we find the attraction of B on the whole shell 

equivalent to a single force X — ' nn'^ acting at 0' along 

OO. Hence, since \nTd'Wp is the mass of the shell, the 
result is the same as if the whole shell were condensed 
into a particle at Of, Treating every one of the shells 
of -B' in the same way, we see that the attraction between 
the two spheres is the same as if both spheres were con- 
centrated into particles at their centres ; so that if jJf, if, 
be the masses of the spheres, and r the distance between 
their centres, their mutual attraction will be 

The formula which has been just obtauied has two 
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very important applications. In the first place, it appears 
from the labours of astronomers, that the sun and planets 
are very nearly spherical bodies, each of which is composed 
of a number of spherical shells of uniform density con- 
centric with one another. In treating them as if they 
were concentrated into points at their centres, we have 
therefore been making a near approximation. In the 
second place, an experiment known as the . Cavendish 
experiment has been performed by Mr Baily, which 
virtually amounts to measuring the mutual attraction of 
two homogeneous spheres of known masses, from which it 

is calculated that the value of \, in the c. Q. s. system of 

6*48 
units, is -yjT^ . In the English system of units, in which 

the foot, the pound, and the poundal are units, X = 33^. 
(See Routh's Rigid Dynamics on the Cavendish experi- 
ment ; also Everett's Units and Physical Constants.) 

It will be instructive to calculate the attraction 
between two equal and similar homogeneous spheres of 
a moderate size. Let the radius of each sphere be r 
centimetres, and the density p grammes per cubic centi- 
metre, and let them be placed in contact. Then the 
mass of each sphere being f Trr^p grammes, and the dis- 
tance between their centres 2r centimetres, their mutual 
attraction F, in dynes, will be 

If the spheres be of lead, the value of p may be taken to be 
1 1 J, so that the mass of each sphere =^4f6'5xr^ grammes, and 

= 365 X 10-' X r*. 



CARNOT S PRINCIPLE. 



175 



By means of these formulae the following results are 
calculated : 



Diameter 
of eadi sphere. 


Mutual attraction. 


Mass 
of each sphere. 


One metre 


228 dynes, or *23 gramme, 


5800 kilogrammes, 




or -0005 lb., or the 


or 12786 lbs., or 




2000th of a lb. 


5*7 tons. 


One centimetre 


228x10 8 dynes, or the 


5*8 grammes, or 




200,000 millionth of 
alb. 
228x10^2 dynes, or 230 


•013 lb. 


One kilometre (1093-6 


6,800,000 million 


yards) 


million kilogrammes, 


kilogrammes, or 




or 5 X 10^ lbs., or 


6,700 million 




229,000 tons. 


tons. 



26*64 centimetres, or 10*1 inches One dyne. 

1'43 metres, or 66*6 inches One gramme- weight. 

2*7 metres, or 9 feet One poundal. 

6*7 metres, or 21-9 feet One pound-weight. 

76. It appears from observation that the heavenly 
bodies are very approximately of the forms generated by 
the revolution of nearly circular ellipses about their minor 
axes. Again, it is obvious that no body, however hard or 
solid, can be * perfectly rigid,' that is, invariable as to the 
relative positions of its parts. For these two reasons, it is 
not quite accurate to treat the heavenly bodies as mere 
particles. 

To illustrate how the want of 'perfect rigidity,' 
combined with the deviation from sphericity, enables 
gravitation to modify the celestial motions by means of 
friction, it will be suflBcient to treat the sun and planets 
as if each of them consisted of two parts, (1) a rigid, 
homogeneous, nucleus A, in the form of the figure 
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generated by the revolution of a nearly circular ellipse 
about its minor axis, and (2) an outer part, or * tide,' JB, 
moveable over the surface of the nucleus A. Let such a 
body be held so that its centre of mass is fixed at G, and 
so that some particular line, passing through G in a 
direction fixed in the body, is also fixed in space. Take 
the fixed direction through as axis of z, and let a planet 
P, which, in its effects on the planet G, may, for the 
purposes of illustration, be treated as a particle, be 
prevented from moving except in a circular orbit about 
as centre, in a plane perpendicular to Gz, Also suppose 
the mechanism by which these restrictions are imposed to 
be such that its attractive and other forces on any part of 
G are insignificant, except near the axis Gz, and let these 
forces be so symmetrical that their moment about Gz is 
constantly zero. Lastly, let there be no other bodies near 
the planet G. Then in G we practically have a body 
which is fi"ee to rotate about a fixed axis Gz under no 
exertal force but the attraction of a single particle P. 

If Gz be the axis of figure of the nucleus A, it is 
obvious that the attraction exerted on it by P will have 
no moment about Gz, and that if P be fixed, the nucleus 
will have an infinite number of positions of equilibrium, 
in each of which the tide B will be symmetrical about 
the plane through Gz and P, being collected into heaps 
around the two points in which GP meets the surface 
of A 

If, in the first place, when P and G are in this state, we 
move P forward in its orbit, its attraction will carry the 
tide B round in the same direction; but owing to the 
fi:ictional resistance which will be experienced in moving 
over the surface of the nucleus A, the tide will not 
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generally continue to be sjnnmetrical with respect to the 
plane zOP. On this account, the attraction of P on jB 
will generally give a moment about Oz, and so will the 
frictional action exerted by B on A, The nucleus A will 
therefore be carried round Oz in the same direction as P ; 
and it is clear that if the angular Velocity of P in its orbit 
be kept constant, the nucleus A will at length acquire the 
same uniform angular velocity about Qz, and the tide B 
take up a fixed position on A symmetrical with respect to 
the moving plane zOP, 

If, on the other hand, when and P are in a state of 
equilibrium, we keep P fixed and set the nucleus A in 
motion about Oz, the tide B will be carried partially 
round with it against the attraction of P. Hence when 
we abandon to the influence of P, there will be a couple 
about Oz by which the angular momentum of the whole 
body G about Oz will be ultimately reduced to zero, and 
the tide B brought into the same relative position with 
respect to zOP as before. 

Again, if ©^ be at right angles to the axis of figure, it 
may be shown that, except when the axis 
of figure passes through P, the attraction 
of P on the nucleus A will exert a moment 
about Oz tending to make the equator of 
A pass through P. When the axis of figure 
passes through P, the moment about Oz 
will be zero, but the slightest displacement 
fi*om this position would bring the moment 
into existence. It is therefore evident that 
if P be at rest and the tide B absent, the 
nucleus A will either be at rest in a state 
of stable equilibrium with its equator 

p. 12 
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passing through P, or else will be rotating about Gz. If 
there be a tide B, the rotation will be checked by tidal 
friction, and A will finally come to rest with its equator 
passing through P. 

In like manner, if P be rotated in its orbit with uniform 
angular velocity, ifc ma^ be inferred that A will be carried 
round with it and will ultimately rotate round Oz at the 
same speed as P, with its equator passing through P, that 
is, with its axis of figure at right angles to OP. 

From the preceding arguments, it is clear that if the 
fixed axis of rotation of the planet Q be at right angles to 
the axis of figure, and be placed, not at right angles to 
the orbit of P, but in it, the planet will ultimately place 
its equator in the orbit of P, or its axis of figure at right 
angles to that orbit, except only when P is kept at rest 
in either of the two points in which the axis of rotation 
of produced meets its orbit. Hence also if no pai*t of 
be fixed except the centre of mass, and if P describe 
its circular orbit with any uniform angular velocity ©, the 
planet G wilt ultimately set its axis of figure at right 
angles to the orbit of P and rotate about that axis with 
uniform angular velocity o). 

It may therefore be inferred that, if any material 
system be protected from all external influences, the all- 
pervading force of gravitation will in time destroy all 
relative mechanical motions, so that the only mechanical 
motions of the system will then* consist of a constant 
velocity of 0, the centre of mass, in a straight line, com- 
bined with a constant angular rotation of the whole 
system about some straight line passing through (? in a 
fixed direction. This state, it will be easily seen, requires 

1 See Art. 24. 
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that the centres of mass of all the distinct bodies of which 
the sjTstem is composed should lie in a plane at right 
angles to the fixed straight line about which the whole 
system revolves. Furthermore, if any of these bodies be 
bodies of revolution, they will have their axes of figure 
parallel to the axis of rotation. 

Now if be the point where the axis Oz, about which 
the whole system rotates, meets the plane containing the 
centres of mass, and if 0, G\ be the positions of the centre 




of mass of any one of the distinct bodies which compose 
the system, it is clear that the displacement of the body 
0, due to the rotation about Oz, is equivalent to a transla- 
tion parallel to 0Q\ together with a rotation of the whole 
body about an axis through parallel to Oz, in the same 
direction as the rotation about Oz, and through an angle 
equal to 00 G\ Hence a rotation of the body about Oz is 
equivalent to an equal rotation in the same direction of 
its centre of mass about Oz, together with an equal 
rotation in the same direction of the whole body about an 
axis through Q parallel to Oz. The final state of the 
system will therefore be such that: — 

12—2 
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(1) The centres of mass of all the distinct bodies will 
lie in one plane, the normal to which is fixed in direc- 
tion, 

(2) The axes of figure of all those which are bodies 
of revolution will be perpendicular to this plane. 

(3) In addition to a uniform velocity of all parts of 
the system in the same constant direction, the centres 
of mass will all describe circular orbits in the same 
direction and with a common constant^ angular 
velocity, o) say, about 0, the centre of mass of the 
whole system. 

(4) Each body will also rotate about an axis through 
its centre of mass parallel to the fixed direction, with 
the same constant angular velocity o), and in the same 
direction, as the centres of mass rotate about 0. 

The only external influence to which the solar system 
appears to be subject is the radiation of energy into space. 
This will probably continue so long as any parts are above 
the absolute zero of temperature. We therefore conclude 
that in the final state of the solar system, every part will 
be at the absolute zero of temperature, and consequently, 
that all non-mechanical motions will be absent. 
The final relative positions of the bodies forming the solar 
system, and their final relative mechanical motions, will 
be of the same character as if there had been no external 
influences. 

76. Some of the effects of fidction are so important 
that they merit a more detailed consideration ; but before 
we can discuss them, we need an additional property of 
angular momentum. 

I See Art. 24. 
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Let be any point, and suppose that OS is a straight 
line through such that, at any instant t, the angular 
momentum of a particle P about OS is greater than about 
any other straight line passing through 0. Draw any line 
OT through making an angle with OS, and let it be 
required to compare the angular momenta of P about OS 
and or at the time t 

First, let PQ, the line of motion of P at the time t be 
parallel to the plane SOT, Then, it is evident, PQ will 
lie in a plane perpendicular to OS, and will make an 
angle with a plane perpendicular to OT. Hence if p 
be the perpendicular distance of P from the plane SOT, 
m the mass of the particle P, and v its velocity, the 
angular momentum of P about OS vdll be mvp. Also if 
the plane through P perpendicular to 02^ meet OT in N, 
and intersect the plane through PQ parallel to SOT in 



N 



?^— p — 

the line Pq, the perpendicular horn N on Pq will be 
equal to p, and the resolved linear momentum of P in 
the plane NPq will act along Pq and be equal to 
mv cos 0. The angular momentum of P about OT is 
therefore mvcosd. 

Secondly, let the line of motion of P meet the plane 
SOT in R, and since the angular momentum of a particle 
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about any line is independent of the position of the 
particle in its line of motion, let us suppose the particle 
to be at jB. Draw RM and RN perpendiculars on OS 
and OT, and let. the linear momentum of the particle at 
R be resolved into mvi at right angles to the plane SOT, 
and mv2 in that plane. Then since the angular momentum 




of a particle about any line is equal to the sum of the 
moments of its component linear momenta, the angular 
momentum of the particle P about OS and OT will be 
respectively equal to mvi . RM and mvi . RN, But since 
the angles at M and N are right angles, a circle described 
on OR as diameter will pass through R, N, M, and 0. 
The angle NRM is therefore equal to TOS, or 6. Also 
since the angular momentum about OS is greater than 
about any other line drawn through 0, MR must be a 
diameter of the circle RNMO, or the points and M 
must coincide. The angle MNR will therefore be a right 
angle, and RN =RM cos 0, Hence the angular momenta 
of the particle P about OS and OT may be written in the 
forms mvi . RM and mvi . RM cos 0, 

In both cases, if h be the angular momentum about 
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08, the angular momentum about OT will be h cos 0, It 
thus appears that the angular momentum of P about OS 
is a kind of resultant, from which the angular momentum 
about any other line OT is to be found by resolving, exactly 
as if we were dealing with forces acting on a particle at 0, 
having a resultant along OS, Consequently, if (I, m, n) be 
the angular momenta of any particle P about three rect- 
angular axes Ox, Oy, Oz, and if OT be any line through 
making angles (a, ^, y) with these axes, the angular 
momentum of the particle about OT will be 

I cos a -f- m cos ^ + n cos 7. 

Similarly, if (V, m, v!) be the angular momenta of any 
other particle P' about the same rectangular axes, its 
angular momentum about OT will be 

V cos a + m' cos ^ -hn cos 7. 

The angular momenta of the system of two particles about 
the axes and about OT are therefore respectively equal to 
1 4- 1\ ni -{-m^n-^ n\ and 

(Z + V) cos a + (m -h ml) cos ^ + (n + n') cos 7 ; 

whence it easily follows that if {L, M, N) be the angular 
momenta of a finite body about the axes, its angular 
momentum about OT will be 

i cos a + ilf cos ^ + i\r cos 7. 

Thus if we draw OA, AB, BG, parallel to the axes, and 
respectively proportional to (i, M, N), the angular mo- 
mentum of the body about OT will be proportional to the 
sum of the projections of OA, AB, and BG on 0T\ that 
is, proportional to the projection of OG on OT. Conse- 
quently, if we denote Vi^ + M^ + N^ by H, and the angle 
between OG and OT by i/r, the angular momentum about 
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(2) The angular momentum of rotation depends only 
on the velocities relative to the centre of mass. 

(3) If we assume that the internal forces of the body 
(or system) consist of a set of equal and opposite reactions, 
the rate at which the angular momentum of the body (or 
system) about any fixed line increases with the time, will 
be equal to the moment about that line of the external 
forces. 

(4) If the internal forces consist of a set of equal and 
opposite reactions, the rate at which the angular momen- 
tum about a moveable line ON^ through parallel to any 
fixed line Oz, increases with the time, will be equal to the 
moment about QN of the external forces ; and the rate at 
which the angular momentum of translation about Oz 
increases with the time will be equal to the moment 
about Oz of a system of forces applied at Q equal and 
parallel to the external forces. Hence when there are no 
external forces, the angular momenta, both of translation 
and rotation, will remain constant with respect to any 
fixed line. 

(6) If €0 be the angular velocity of a body in which 
there are no mechanical vibrations, and G the moment of 
inertia about the axis of rotation, the angular momentum 
about this axis is Cw. 

(6) If M be the mass of the body, and V the velocity 
of its centre of mass^ its mechanical kinetic energy will be 

78. To illustrate the effects of friction and mechanical 
vibrations in modifying the mechanical motions of a body 
which is subject to no external influences, let us first take 
the case of an unelectrified body of the form generated by 
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the revolution of an ellipse about its minor axis, and either 
homogeneous throughout, or symmetrical with respect to 
every plane through the axis of revolution and such that 
the moment of inertia about that axis is greater than 
about any perpendicular axis. Also let the body be 
extremely hard and unyielding, and the frictional eflfects 
and mechanical vibrations consequently so minute, that, 
for the purpose of calculating the angular momentum and 
mechanical kinetic energy at any instant, we may, without 
sensible error, suppose the relative positions of all the 
parts to be invariable, and represent the mechanical 
motions of the body by the motion of the centre of mass 
combined with a rotation about an axis passing through 
the centre of mass. 

We assume, as usual, that the internal forces consist 
of a set of equal and opposite reactions, in consequence of 
which the body will possess some important properties : — 

(1) The velocity V, of the centre of mass, will remain 
constant. 

(2) The angular momentum of rotation with respect 
to any fixed straight line will be constant ; in other words, 
as the body moves about, the angular momentum about a 
straight line drawn through the centre of mass in a fixed 
direction, will be invariable. 

(3) Hence, as the body moves about, the resultant 
angular momentum at 0, the centre of mass, will be 
constant, both in magnitude and direction. 

Again, if in any state F, when the body is subject 
to no external influences, we apply external forces so 
as to bring it to a state of mechanical rest, it will be 
seen, on referring to Art. 25, that, on account of the 
hardness of the body, the mechanical work thus obtained 
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from it may be practically equal to the mechanical 
kinetic energy in the state P. Suppose then that we 
make the body undergo the following complete cycle of 
operations: — 

(1) Let it pass, under the action of no external 
influences, from any state P, in which the temperature 
is uniform, to any other state Q. In this operation, the 
entropy will increase. . . 

: (2) Let the body be then reduced to a state of 
mechanical rest in such a way that the mechanical work 
obtained is practically equal to T^, the mechanical kinetic 
energy in the state Q. Also since the temperature in the 
state Q will not be uniform, let sufficient time be allowed 
for it to become so before proceeding to the next opera- 
tion. 

On account of the irreversible equalization of tempera- 
ture which has just taken place, the entropy will have 
again increased. 

(3) Next, let the temperature be raised or lowered 
until the temperature of the initial state P is attained, 
the angular momentum and mechanical kinetic energy 
both being kept zero. 

(4) Lastly, let the body be brought to its initial state 
by doing an amount of work upon it equal to Tp, the 
mechanical kinetic energy in the state P. This will not 
alter the entropy of the body. 

Since the entropy has the same value at the end of a 
complete cycle as at the beginning, it follows that in the 
thii'd operation the entropy must have decreased. In this 

operation, therefore, we have i-^ negative. Hence since 

it is k priori evident that the operation may be performed 
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in one or other of two ways, either so as to make every 
element of heat, dQ, positive, or so as to make every 
element negative, we conclude that the total amount of 
heat absorbed will be negative. Denoting it by — Q, 
where ^ is a positive quantity, the principle of energy 
gives 

or T^--T, = ^Q,. 

from which we conclude that the mechanical kinetic 
energy continually decreases until the final invariable 
state is reached. 

Let us consider the motion at any instant t, when is 
the position of the centre of mass, Qz of the axis of figure, 
and Q/ of the axis about which the body is then rotating. 
Take Qx at right angles both to Gz and 0/; and take 




Oy, (hf in the plane zQz', perpendicular respectively to 
Gz and (?/. Then, if o) be the angular velocity of the 
body at the time t, and C the moment of inertia about 
Gz\ the angular momentum about Gz will then be Cg) ; 
about Gy\ — eo Xmz'y ; and about Gx, — w %mz'x^ which 
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is clearly zero. Thus the axis, OK, of resultant momen- 
tum at Of lies in the plane zOsfy and the resultant momen- 
tum H is such that 

Also the mechanical kinetic energy, T, at the time t, is 
given by- 

where M is the mass of the body and V the velocity of its 
centre of mass. 

Hence, since H and V are constant while T continually 
diminishes until the ultimate state is attained, we see that 

C 
must continually increase up to the final state. 




On account of the symmetrical form of the body, this 
result can be exhibited in a simpler form. 
If we denote the angle between Oz and Oz'y or the 
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equal angle between Oy and Oy\ l^y 0, the .coordinates of 
any point P will be connected by the relations 

y ^y cos 6^ zsmO 
z\ = y sin ^ + ^ cos 6 ) ' 

Thus, since "Lmzy is clearly zero, 

C'=lm(x'^ + y^) 

^Xmix" + y^) + sia^ .%m(z^ "f) 

= lm(x''\' y") -f sin« . 2m [{z^ + ar») - (y' + o^)] 

= a+(^-C)sin^^ 

= Ocos2fl + ^sin«fl, 

where G is the moment of inertia about the axis of figure, 
and A that about any perpendicular axis. 

Again, ^rnz'y' = sin cos . 2m (y* — z^) 

= (G-A)8ia0co80. 
Hence C'^ + (Imzyy = O cos^ ^ + ^= sin' ^ 

Thus we see that, until the ultimate state is reached, the 

AC 

value of A -{- C — ^^ must continually increase. Thence 

it follows that G' continually increases, and therefore, 
since ay^ {(A + G) G' — AC] remains constant, that (o con- 
tinually decreases. 

Now since C' = G+(A — C) sin^ 0, where 4 is evidently 
less than G, the moment of inertia about the axis of figure 
will be greater than about any other axis through (?, and 
the moment of inertia about any axis through G will 

decrease as increases up to ^. The effect of Motion will 

therefore be to bring the axis of rotation nearer to the 
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axis of figure; and when they once coincide, they will 
not again separate, so long as external influences are 
absent. 

Furthermore, the instantaneous axis of rotation, Gz\ 
can only coincide with the axis of resultant angular 
momentum at Q when the angular momentum about any 
straight line through Q at right angles to Q£ is zero. 

This can only take place when ^ = or ^ = ^, so that the 

axis of rotation must then, either coincide with the axis of 
figure or lie in the equator. 

Hence, since friction will prevent the axis of rotation 
from getting into the equator, we conclude that the effects 
of friction will not cease until the axis of rotation and the 
axis of figure coincide with the axis of resultant angular 
momentum at (?, ' 

If we were to obsei*ve the motion for a short time only, 
the effects of Motion would be imperceptible, and G' and 
Q would be sensibly constant, so that the axis of rotation 
would appear to describe a cone in the body about the 
axis of figure. Consequently, if an ideal sphere be supposed 
carried about fixed in the body with its centre at G, the 
axis of rotation would intersect its surface in a circle. On 
watching the motion long enough, it would, however, be 
seen that the curve was not a perfect circle, but a nearly 
circular spiral gradually approaching the point in which 
the axis of figure meets the sphere. 

To find the motion as it would appear for a short 
time, we must first find the position of QK in the plane 
zGz . 

Since when the angle zOz' is d, the angular momentum 
about Qsf is Ceo, and about Qy\ — o) (G — -4) sin ^ cos 6, the 
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axis OK will lie on the side of Oz' remote from Oy\ a 
make an angle i^' with (?/, such that 

, ,, ((7-^)sinflcosfl 
tan Y =s ^^ -j^ 

^ ((7-^)singcosg 
"Ccos^^ + ilsin^^ 

_ ((7~J.)sinflcosg 
"(G-il)cos»^ + -4 

< tan ft 




Thus OK lies between ff-a:' and Gz. 

Again, if i^ be the angle between OK and Oz, we have 

1^ = ^ -- -^^'^ 



and 



_ tan^ — tani/r' 
^^'''''"1+tan^tanip 

_ A tan ^ 
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Hence also 

A sin 
sin v" = , — , 

^ VC«cos«^ + -4*sin»^ 

. ,, G>(C — il)sm^cos^ 
sin-^ =— ^^ -jj 

(C-A)sm0cos0 
*" V(7» cos* ^ + ^* sin'' ^ ' 

Since we only require the motion relative to Q, let us 
take (7 to be at rest ; and suppose a fixed ideal sphere of 
unit radius described with its centre at Q, Let OK, the 
axis of resultant angular momentum at 0, meet the sphere 
in the fixed point K, and let Qz, Qz, the positions at the 
time*^ of the axes of figure and rotation, meet it in the 
points z, z\ Then if, at the consecutive instant t+r, the 
axes of figure and rotation meet the sphere in the points 
Zi, z\y these points will lie in a plane through OK, the 
arcs zzi, z'/i, will be at right angles to the arc zKz^, and 




zZi will be equal to ©t sin 0, The angle zKz' wHl there- 



€DTsind , ., , , , cDTsin^ . 



fore be equal to . -r—: and the arc z^z\ to - . -- sin ylr', 
^ smy sm-^ ^ 

C—A 
or fi)T — -j — sin cos 0, Hence the plane zOsfK rotates in 

space about OK, in the same direction as o), with angular 

vc.\^'4. wsin^ V0« cos* ^ + il« sin* ^ ai 

velocity — — , , or to . Also, since 

^he same point of the body is situated at / at the times t, 
Ht, the plane zOz'K rotates in the body about the axis 

P. 13 
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of figure, in the same direction as ©, with angular velocity 



ft) : — COS U. 



When is indefinitely small, these angular velocities 

Cm C -- a 

become, respectively, -r- and — 7— ®, so that their ratios 

to 0) are both finite. 

If, secondly, we have a body so fluid that it can assume 
a form symmetrical with respect to every plane containing 
any given axis passing through its centre of mass, and if, 
after setting it in rotation in any way, we protect it from 
all external influences ; it is evident that the parts of the 
body through which the axis of rotation will ultimately 
pass, will not be the same whatever may be the state 
of the body when first abandoned to itself For, if the 
body be unelectrified and be held until it assumes a figure 
of revolution about the axis of rotation, it is clear that, in 
the invariable state assumed after the external influences 
have been removed, the axis of rotation will pass through 
the same parts of the body as when the body is first left to 
itself Consequently, if we take any two such cases, in 
which the body is rotating about different axes when first 
abandoned to itself, the axis of rotation cannot pass through 
the same parts of the body in the two final states. 
Again, if the body be allowed to assume an invariable 
state, and then be acted on for a time by external causes, 
the axis of rotation in the ultimate invariable state will 
not generally pass through the same parts of the body as 
before the disturbing forces came into operation. Hence, 
since the body will be symmetrical with respect to every 
plane through the axis of rotation in every invariable state 
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assumed under the action of no external influences, the 
disturbing forces will generally have the effect of altering 
the relative positions of the parts of the body. 

79. The surface of the earth is about three-fourths 
covered with a comparatively shallow, fluid ocean : the rest 
of the mass may be treated as ' rigid,' that is, as if the 
relative positions of its parts were invariable. The rigid 
nucleus appears to be practically symmetrical with respect 
to every plane through an axis Oz, where O is the centre 
of mass; while the ocean can change its place on the 
surface to suit the forces which act upon it. We therefore 
conclude that if the earth be protected from all external 
influences, or be merely allowed to radiate energy into 
space, it will be intermediate in behaviour between the 
two bodies considered in the last article. Thus, on account 
of the preponderating mass of the rigid nucleus, the 
ultimate axis of rotation will always be very nearly 
coincident with Oz, the axis of figure; and on account 
of the fluidity of the ocean, the rate at which the axis 
of rotation approaches Gz will be comparatively rapid. 
In reality, the earth is acted on by the attractions of 
the sun, moon, and planets ; and as these bodies are not 
situated in the plane of the earth's equator, their attractions 
will exert a small moment about an axis through O per- 
pendicular to Oz. Thus if the whole of the earth were as 
rigid as the nucleus, the axis of rotation might, in time, 
separate considerably from the axis of figure; but the 
fluidity of the ocean will have a contrary tendency to 
keep the deviation of these axes small, or, as we may 
express it, as the axis of rotation moves about in space, it 
will be followed by the axis of figure. 

13—2 
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The position of the sea with respect to the land is 
determined to a small extent by the inequalities of the 
surface of the nucleus, but chiefly by the centrifugal force 
due to the diurnal rotation, combined with the attraction 
of the rigid nucleus and with the attraction of the water 
on itself. The principal variable elements on which the 
form of the sea depends, are therefore the position of the 
axis of rotation with respect to the rigid nucleus, and the 
amount of the angular rotation. If the axis of rotation 
were inclined at any considerable angle to Qz^ the axis of 
figure of the nucleus, these invariable elements would be 
undergoing continual changes, and in consequence, the 
ocean would be perpetually altering its distribution on 
the sur&ce of the earth, in some places flooding the land» 
in others, leaving large tracts of sea dry. That such an 
event does not occur, evidently proves the ocean capable 
of keeping the two axes near together in spite of the 
efforts of the sun, moon, and planets, to make them 
separate. 

At present, when the axis of rotation is practically 

coincident with Oz, the axis of figure, and the angular 

27r 
velocity equal to -^ — ^^ , the surface of the earth is very 

approximately that generated by the revolution of an 
ellipse about its minor axis, the centre of the ellipse 
being placed at G, and the minor axis along Oz. The 
equation to this surface, in polar coordinates, is 

r = a (1 — 6 cos* d\ 

where O is the origin, Oz the initial line, and e a constant 
which may be taken to be ^^.^ 

1 Everett's * Units,' or HersoheU's * Astronomy.* 

/ 
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If the axis of rotation were not identical with the axis 

of figure, the form of the surface would be different. It 

is not within the province of thermodynamics to attempt 

an exact determination of the form that would be then 

assumed ; but, merely to obtain some rough general ideas, 

we will suppose that when the angle between Qz'y the axis 

of rotation, and Qzy the axis of figure, is small, and the 

angular velocity the same as before, the equation to the 

surface is still r = a (1 — e cos^ ff), but with (?/ for the 

initial line. 

Take a plane section through Oz and Gz\ and let any 

line through in this plane, making an angle 6 with Oz 

on the other side of Qz\ meet the original surface in P 

and the new surface in Q. Then if a be the small angle 

zOz\ 

(?P = a (1 - € cos^ e\ 

©Q = a {1 - € cos^^ + a)}. 




Hence the height the sea will rise at P on account 
of a small displacement of the axis of rotation from 
Gz^ will be 

FQ^ae {cos» e - cos^ {6 + a)} 
= aea sin 2d. 
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The distance zs^ being aa, we obtain 

PQ_8in2g 
zz 295 • 

Thus, for a given value of zz\ PQ will be a maximum 

when ^ = J , its value being then 

z/ 
295* 

If zz be a kilometre, the maximum value of PQ will be 
about 3*4 metres ; if zz' be a mile, the maximum value of 
PQ will be about 18 feet. 

From this calculation, it appears that a slight dis- 
placement of the axis of rotation from the axis of figure 
would cause a considerable change in the mean level of 
the sea in places in latitude 40° to 45°. This eflfect might 
be looked for in low-lying districts like the eastern parts 
of England or the country round the sea of Azof. No 
measurable oscillation in the mean level of the sea being 
known to exist, we are forced to conclude that the distance 
between the extremities of the axes of figure and rotation 
must always be very small. 

80. We will next consider the influence of tidal 
friction in modifying the orbits of the heavenly bodies 
and the angular velocities with which they rotate about 
their axes. This subject appears to have been first 
noticed by Kant and Prof J. Thomson^ and more ex- 
plicitly still, by Mayer. A few years after this (1854), it 
was pointed out by Helmholtz that the fact that the 
moon always turns the same face to the earth, is to be 
accounted for by the tides produced by the earth in the 

^ Tait's ' Sketch of Thermodynamios.' 
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moon while it was in a more fluid state than at present. 
Of late years, the effects of tidal friction have been 
studied by Prof G. H. Darwin ^ 

To make the discussion simple, let us imagine two 
separate bodies 8, E, with no other body near them ; and, 
to shorten the verbiage, let us suppose that their common 
centre of mass is at rest. Let 8, E^ be the centres of 
mass of the two bodies at any instant t\ 8\ E\ at a 
consecutive instant ^ + t. Then since 8E^ SE\ pass 
through the common fixed centre of mass (?, the four 
points (/S, 8\ Ey E) lie in one plane. Suppose, next, that 
the masses and mechanical motion3 of the two bodies are 
symmetrical with respect to this plane at the time t, and 
let the plane be taken to be that of the paper. Then 
clearly the centres of mass will continue to lie in the 
plane of the paper, and the masses and mechanical 
motions to be symmetrical with respect to it, so that we 
may represent the mechanical motions of each body at 
any instant with respect to its centre of mass by a 
rotation about an axis through that centre of mass at 
right angles to the plane of the paper, combined with 
certain irregular mechanical motions belonging to tides. 
Again, let the tides be at all times so small and the states 
of the bodies so stable that the axes of rotation may be 
considered fixed in the bodies and the moment of inertia 
of each body about its axis constant. Suppose also that, 
except for the tides, each body would be symmetrical with 
respect to every plane through its axis. Lastly, let the 
strata of equal density in both bodies be nearly spherical 
shells concentric with the centre of mass. 

If, at any instant t, the tides of the body E be heaped 

^ Thomson and Tait's * Natnral Philosophy/ Vol. ii. 
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up symmetrically about the two points in which the line 
SOE meets the surface of E, the attraction o{ Son E will 
then have no moment about the axis through E, Hence 





if we assume that the only forces which modify the 
angular momentum of the body E are due to the attrac- 
tion of S, it will follow that, at the time t, the rate at 
which the angular momentum of E about its axis is 
increasing with the time, is zero. Consequently, if at the 
time t, E is moving as a rigid body with angular velocity 

of rotation (Og, we shall have ^j/= 0. Thus so long as E 

moves like a rigid body with its tides symmetrical about 
the line SOE, its angular velocity ©^ about its axis will 
remain constant ; and therefore the orbital angular velocity 
of the point E about G, or, what is the same thing, of O 
about E, will be constant and equal to g)^. The orbit of 
E about G will then evidently be a circle whose radius 
depends on a>g. 

If the orbit of E about G be not circular, the orbital 
angular velocity of E will not be constant: if the orbit 
be circular but not of the proper dimensions, the orbital 
angular velocity will be constant but not equal to (Og. To 
illustrate what would happen in either of these cases, let 
us suppose that at the time t, the orbital angular velocity 
of E about G is less than g)^, or equal to co^ and decreasing. 
Then in a short time, the tides will have been carried in 
front of the line SGE; while, on the other hand, the 
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attraction of 8 will tend to bring them back to that line. 
The attraction of 8 will therefore prevent them from fully 



^/^-^r 





participating in the rotation of E about its axis, so that 
they will act as a friction brake on the motion. Similarly, 
if the orbital angular velocity at the time t be greater 
than fiOjp, or equal to o)^ and increasing, the tides will soon 
be left behind the line 8E, while the attraction of 8 will 
tend to drag them on. Thus they will again have a 
frictional action, but this time they will accelerate the 
rotation of E on its axis. 

It will thus be seen that the ultimate effect of the tides 
on the system will be to make it move as rigid, whether 
the two bodies are ultimately fused into one, or are merely 
in contact, or whether they continue to move as distinct 
bodies at a distance from one another under the influence 
of gravitation alone. In any case, all parts of the system 
will ultimately describe circular orbits about G with the 
same constant angular velocity. 

Suppose now that, at the time t, the two bodies are 
rotating about their axes without mechanical vibrations. 





with angular velocities o)^, o)^, respectively; and the points 
8, E, about G with common angular velocity o). Also let 
the masses of the two bodies be (S, E) ; their moments of 
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inertia about their axes through S and E, (Gg, G^) ; and 
denote the distances GS, GE, by jB and r. Then the 
angular momentum -H", of the system about the axis 
through (?, perpendicular to the paper, is 

Again, if we assume that the only parts of the energy 
of the system that can vary, are the mutual potential 
energy of the two bodies, and the mechanical and non- 
mechanical kinetic energies, it can easily be proved, by 
Carnot's principle, that so long as Motional actions exist, 
the sum of the mutual potential energy of the two bodies, 
and of the mechanical kinetic energies, must continually 
diminish. In popular language, this would be expressed 
by saying that the mechanical kinetic energies and mutual 
potential energy are partially converted, by tidal friction, 
into the non-mechanical kinetic energy of ' heat/ 

To facilitate calculation, let us suppose that at the 
time ty the points fif, E are describing circular orbits about 
the point G, Then since the mutual attraction between 
8 and E is approximately the same as if they were con- 
centrated into particles at their respective centres of mass, 

we have, nearly, 

\E ^ \ 



^8 
(R + rf 

But since SR = Er = x (say), 

n A T> , S + E jr, 8 + E 

we find it + r = — ^— it = — ^ — r, 

and a; = ^ ^ (iZ+r). 



.(47). 
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«-- '"'=TF:rf (*«>' 

and (Sip + JJr") 6) = /^/^^(-R + »•)*•••• (49)- 

Again, the sum of the mechaDical kinetic energies of 
translation at the time t is 

i(SiP + ^r»)«» = i|^ (50); 

and lastly, the mutual potential energy of the two bodies is 

where -Bo and r© are the values of B and r in the standard 
state. 

If the two bodies preserve their properties, and are not 
in contact in the final state, so that they are compelled to 
describe their orbits about by the force of gravity alone, 
it is obvious that the formulae just obtained will apply to 
the final state as well as at the time t 

Now let us make the supposition that at the time f, 
the points E and S are rotating about O in the positive 
direction, or that © is positive. This will not detract from 
the generality of our conclusions. Furthermore, let us 
denote tbe final value of &> by fi, and take the three follow- 
ing illustrative cases of the ultimate effects of the tides. 
(1) Let H, and consequently 12, be positive, and sup- 
pose both (Dg and ©^ greater than fi. Then tidal fi-iction 
will diminish both tOg and Wg, so that (SB^ + Er^) <o will 
increase. Hence, by equation (49), R + r will increase, 
and therefore, by equation (48), co will decrease, or the 
periodic, time be lengthened. Again, we see that the 
mechanical kinetic energies of translation and rotation 
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decrease, the diminution being accounted for, partly^ by 
the frictional generation of non-mechanical kinetic energy, 
and partly by the increase of the mutual potential energy 
of the two bodies. 

(2) Let H and fi both be positive, and both ©^ and 
a>g less than A. In this case, tidal Motion will increase 
both (Og and Wg\ and consequently diminish jR + r, or 
draw the bodies nearer together and shorten the periodic 
time. The mechanical kinetic energies of translation and 
rotation will both increase; and the non-mechanical 
kinetic energy generated by tidal friction will be pro- 
duced entirely at the expense of the mutual potential 
energy of the two bodies. 

(3) If H be negative, ft will also be negative, or the 
two centres of mass will ultimately describe their orbits 
about O in the negative direction* This i^esult would be 
brought about in the following manner. The two bodies 
would be drawn together by tidal friction until they 
actually came into contact. If the directions of the 
orbital motions were not reversed when the bodies sepa- 
rated, they would again be drawn together ; and so on. 

It might, how^ever, happen that the two bodies are partially 
or wholly fiised, or even converted into vapour, by the 
violence of the grinding or impulsive actions which take 
place when they come together. But whether they are 
fused into one, or preserve their identities, or are broken 
up into several parts, the whole system will ultimately 
rotate about the axis through Q like one rigid body. 

81. In the solar system, almost the whole of the 
angular momentum is, at present, in one direction. Hence 
if we neglect the attraction of the fixed stars, it follows 
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that, when the motions are ultimately reduced to regularity, 
the whole system will rotate together in this direction. 

To obtain a rough estimate of the mutual actions of 
the sun and earth, let us consider the two bodies S, E, of 
Art, 80, calling S the sun and E the earth ; and, for the 
sake of simplicity, let us imagine all other bodies to be 
absent. Then tidal friction will tend to make the orbits 
of S and E perfectly circular, and also to cause the two 
bodies to turn the same faces to one another. These 
effects will take place simultaneously, but for our purpose 
we may suppose them to take place separately ; the orbits 
becoming circular before there are any perceptible changes 
in the rotations. 

Since -jFr^ = — = -«» which is exceedingly small, we may 

neglect the angular momentum of translation of the sun 
in comparison with that of the earth. We may therefore 
treat S, the centre of mass of the sun, as a fixed point, 
and Ey the centre of mass of the earth, as a moving point. 
Hence so long as the rotations are supposed unaffected, or 
the angular momentum of translation of the body E about 
8 constant, we may apply Kepler's laws. Thus if (a, h) 
be the semi-axes of the ellipse described by E about 8, 
e its eccentricity, and T the periodic time, or length of 
the year, Kepler's third law gives 

T^ oc a\ 

dA 
But if -7- be the rate of description of areas about 8 by 

the line 8E, 

dt 
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Hence 



[dtJ " T' 



6« 
a 

Now if V be the velocity of the point -ff about S, ds an 
element of the orbit, and p the perpendicular from S on 
the tangent, we have evidently 

^pds = dA, 
and ipv = -J- . 




But Epv is the angular momentum of translation of the 
body E about the fixed point 8, which is supposed con- 
stant. Hence the value of a(l— e^) remains constant; 
and therefore, if a' be the radius of the orbit when it has 

become circular, 

a' = a(l-e2). 

Taking the present value of e to be ^^, we see that when 
the orbit becomes circular, the mean distance will have 
diminished by the 3600th part, and the length of the 
year by the 2400th part, that is, by 3'65 hours. 

While the orbit of E about 8 is thus becoming circular, 
the angular velocity of translation will never vary much 
from its present value. Hence when the circular motion 
commences, the angular velocity of translation will be 
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considerably less than both those of rotation. Tidal 
friction will then evidently check both of the axial rota- 
tions, drive the earth farther away from the sun, and 
increase the length of the year. The consequent diminu- 
tions in the angular momenta of rotation will be attended 
by an exactly equal increase in the sum of the angular 
momenta of translation; and the mechanical kinetic 
energies of rotation and translation will decrease, partly 
to supply the increase in the mutual potential energy of 
the two bodies, and partly to supply the non-mechanical 
kinetic energy developed by tidal friction. 

In making a rough comparison of the effects of tidal 
friction on the angular momenta of rotation of the sun 
and earth, it will be sufficient, on account of the great 
distance between the two bodies, to treat them as spheres 
of radii a„ a«. 

The tides are due to the fact that neither body attracts 
all parts of the other alike. Thus the attractions of the 
earth on masses of one gi'amme, situated on the nearest 
and remotest parts of the sun's surface, are respectively 

and Tri-^ : — x«. the difference between 



(R + r^asT (R-^-r + asf' 

which is roughly -rn ^ • ^ * • Hence since each of 

^ ^ {R + ry R^r 

XSf 
the masses is attracted by the sun with a force — :, we 

may take -^ \w^ — ) ^ ^ measure of the tide-producing 

force on the sun. Similarly, „ ( pTl~) ^^'^ represent 

the tide-producing force on the earth. Consequently, the 
tide-producing force on the earth exceeds that on the sun 
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in the ratio f -^j ( — ) . Denoting the sun's mean density 

by ps, and the earth's by p^, this ratio is equal to ^^, 

or about 94000.^ We therefore conclude that the tides 
will be much higher on the earth than on the sun. 
Again, not only are the tides much smaller on the sun 
than on the earth, but the force of gravity is greater on 
the surface of the sun than on that of the earth in the 

ratio « ( — I , or — ~ , or 29. It may therefore be inferred 

that if the sun and earth be removed to a considerable 
distance from one another without allowing the tides to 
undergo any sensible alterations, and the two bodies be 
then set at liberty, the tides would subside much more 
rapidly on the sun than on the earth. Thence it may be 
assumed that when the two bodies are rotating freely 
with equal angular velocities within the range of one 
another's influence, the tides that will be produced will 
be much more nearly symmetrical about the line 8E in 
the case of the sun than in the case of the earth. 
Thus so long as the earth revolves on its axis with any 
moderate speed, tidal friction will have a much more 
energetic effect on the angular momentum of the earth's 
rotation than on that of the sun. 

In general, if two unequal bodies of the same liquidity 
and density are rotating about their axes with the same 
angular velocity, and be placed in presence of each other, 
the rotation of the smaller body will be modified by tidal 
friction much faster than that of the other, because the 

^ The Yalnes of p„ p« are caloulated from the data given in Hersohel's 
* Astronomy.' 
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angular momentum of rotation is less, and the force 
which tends to modify it greater, than in the case of 
the larger body. This is probably the reason why the 
moon has been already caused to turn the same face to 
the earth while the earth does not yet turn the same 
face to the moon. 

Betuming to the case of the sun and earth, we see that, 
after the orbits become circular, the increase in the sum 
of the angular momenta of translation will, at first, be 
chiefly due to the decrease of the diurnal rotation of the 
earth. This will go on until the earth always presents 
the same face to the sun, and then it will proceed, at a 
much slower rate, at the expense of the rotation of the 
sun. 

It will, of course, be easy to calculate what will be the 
distance between the earth and sun when they show the 
same faces to one another ; but we may also estimate the 
distance when the earth first shows the same face to the 
sun, by assuming that, until that time, tidal fi-iction 
produces no efifect on the rotation of the sun. For if we 
take the earth's ' radius of gyration ' to be a third of her 
radius, and remember that the ratio of r to -B + r is 
always very nearly unity, we have roughly, when the 
orbits first become circular. 



SB? + Ei^ Ei^ 



-{ 



J_Y 

70000/ 



4.9xlO»' 
Hence the ratio of the angular momentum of the earth to 
p. 14. 
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the sum of the angular momenta of translation of the 
earth and sun, will at first be about 

365 
49x108' 

J. 

^^ 13xl0«* 

Now since the orbital angular velocity of the earth about the 
sun decreases as the circular orbit increases and is already 
very small, it is clear that when the earth is caused to turn 
the same face to the sun, she will have practically lost the 
whole of her angular momentum of rotation. Hence from 
the time that the orbits first become circular to the time 
when the earth begins to turn the same face to the sun, 
the sum of the angular momenta of translation will have 

increased by its y^ — ^r^^ th part, and therefore, by equa- 
tion (49), the distance between the two bodies will have 

2 

increased by its -^ — ^ne ^^ P^^- 

Thus the sum of the angular momenta of translation and 
the distance between the earth and sun, will, on oui 
suppositions, be scarcely changed until tidal frictioD 
begins to affect the rotation of the sun. 

Again, if we take the sun s radius of gyration to be a 
third of his radius, we have, at present, 

SR' + Er" Er^ E\QW ' 

which is i-ather less than 1. 

Thus the ratio of the sun's angular momentum of rotation 

to the sum of the angular momenta of translation, or 

^ * , is at present about — - , or 14*6. 



{SR' -^ Er^) to' ^ 25 
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Hence when the earth and sun show the same faces to 
one another, the sum of the angular momenta of transla- 
tion will be 15'6 times as large, and their distance 243 
times Bs large, as they are now. The year will then be 
3796 times as long as at present. 

If the planet E had been mercury instead of the earth, 
the last result would have been quite different. For we 
should then have had, at present, 

Er" E V240/ 

= 84, nearly. 

Consequently the ratio of the sun's angular momentum of 
rotation to the sum of the angular momenta of translation 
of the sun and mercury, is at present 

84x88 

25 ' 
or about 295. 

Hence when the two bodies are caused, by tidal friction, 
to rotate as one, the distance between them, on the sup- 
position that all other bodies are absent, will be 87000 
times as great as it is now. 

In comparing the changes produced by tidal friction 
^ the mechanical kinetic energies, after the orbits have 
l>een rendered circular and before E turns the same face 
to S, let us denote corresponding small increments by the 
letter d. Then d(JCjpG)/) = (7jyft)jp(ift)^= G)jpd((7^ft)jp), and 
<^(iC;«/) = «/rd(C.a).). Thus 

dii^G^^/) co^d(G^(o^y 
How -^ will increase, but even if we suppose (Og to remain 

14—2 
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unchanged until the earth turns the same face to the sun, 

365 
its value cannot exceed -^ , or 14*6. On the other hand, 

so long as the earth possesses any considerable angular 

rotation, the value of ,.^^^ ^^ will be exceedingly small. 

Hence the effects of tidal friction on the mechanical 
kinetic energy of rotation will be negligible in the case 
of the sun compared with that of the earth. 
Again, if Ut be the sum of the mechanical kinetic energies 
of translation and Ht the sum of the angular momenta of 
translation, equations (49) and (50) give 

80 that dUt iM^P dHt 

(R + rf 

= — codHty 

a negative quantity. 

But so long as we can neglect the changes in the sun's 

angular momentum of rotation, 

C'jpWjp + Ht = constant, 
or d(Cj,G)^)'\-dHt = 0, 

Hence dV't = ot)d( Cgco^) 

Now when the circular orbit undergoes a small increase, 
the increase in the mutual potential energy of the two 

bodies is ^-j^- - ., d(-R + r), and the decrease in the sum 
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of the mechanical kinetic energies just half as much. We 
therefore see that the whole of the decrease in the sum of 
the mechanical kinetic energies of translation, and the 

fiuction — of the decrease in the mechanical kinetic 

energy of the earth's rotation, will be required to supply 
the increase in the mutual potential energy, and that only 

the remaining part, 1 , of the mechanical kinetic energy 

of rotation lost by the earth will be converted into non- 
mechanical kinetic energy by the friction of the tides. 

Since — will have its least, and 1 its greatest value, 

just after the orbits become circular, it follows that the 
non-mechanical kinetic energy developed by tidal friction 

^n never exceed the .«;r^th of the mechanical kinetic 

36o 

energy lost by the earth's rotation. 



82. The eflfect of tidal friction in retarding the rota- 
tion of the earth about its axis, that is, in increasing the 
^^ngth of the day, is too minute to be detected by 
^^strumental means; but it has been shown to exist by 
^he calculations of Adams and Delaunay, which could not 
oe made to agree with observation when the length of the 
day was supposed strictly constant. In the case of the 
other planets, their periods of rotation about their axes 
are, at present, only roughly known. We cannot therefore 
expect to have any independent evidence of the effects of 
the tides on their speeds of rotation. 

Tidal friction affects the length of the year, partly by 
making the orbit circular, and partly by increasing its 
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dimensions. From the former cause, the year may be 
shortened by 3*65 hours: from the latter it will be 
lengthened, but the increase will be small even by the 
time the earth is caused to turn the same face to the 
sun. Upon the whole, we conclude that, if no other body 
were near the sun and earth, the length of the year, owing 
to tidal friction, would be slowly shortening^ 

83. As a nearer approximation to the actual state 
of the solar system, let us suppose that there are two 
planets E, J, revolving about S, Then if we can neglect 
the mutual attraction of E and J in comparison with the 
forces with which they are attracted to S, it is clear that 
if E and J be describing circular orbits of different sizes. 



m- 



Q 



their periods of revolution will be diflferent. It will there- 
fore be impossible for the system of three bodies to be 
moving as rigid, and the motion will consequently be 
attended by tidal friction. In this case, we have not 
merely the mutual tidal influence of S and E and of S 
and J, but of E and J as well. The effects produced by 

^ It is shown in the planetary theory that, on the supposition that 
all the heavenly bodies are perfectly rigid, the disturbing effects of the 
other planets would cause the eccentricity of the earth's orbit to vary 
periodically, increasing to a maximum, then decreasing, then again 
increasing, and so on. The actual change in the length of the year 
is thus due to the joint agency of the disturbing actions of the other 
heavenly bodies and the slow effects of tidal friction. 
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the last-mentioned tides in any moderate length of time 
will, of course, be quite insignificant; but if sufficient 
time be allowed, they may accumulate to a considerable 
amount. We may easily obtain a rough idea of these 
eflfects, since we may suppose that the two planets have 
no tidal influence on onte another except when they are 
comparatively near together, and may then represent the 
tides produced in one planet, say J, by the other planet 
^, as a deformation from the natural spherical shape to a 
slightly prolate, or elongated, spheroid with its axis point- 
ing roughly to E, as shown on an exaggerated scale in the 
figure. 

As similar tides will be produced in E by «/, it is evident 
that the mutual attraction between E and J will be 
slightly greater than if the tides were completely absent. 
The effect of the mutual tidal influence of E and J will 
thus be to draw them nearer together, or to diminish the 
orbit of the outer planet and increase that of the inner. 

When the whole solar system has been reduced, by 
tidal fiiction, to move as one rigid body, let any number 

of planets i?, J, be revolving round the sun in such 

a way that the force with which any one of them is 
attracted to the sun is incomparably greater than the 
other forces which act upon it. Then if co be the common 

angular velocity of the system, and r^, r^, the radii of 

the circular orbits, we have 

--=re©, or S = r/a); 

S = r^jO) ; 



Hence Ve = Vj = 



•••••• 
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If two planets -C, J^, be so near together that, in the 
case of one or both of them, their mutual attraction 
cannot be neglected in comparison with the attraction of 
the sun, it will be evident from the figures, since the 



tE' 



J' 





8^ 

resultant force on every isolated planet must pass through 
the centre of mass of the whole system, which is practically 
the same as the centre of S, that the two planets E\ J', 
must lie in a straight line with S. 

It will now be clear that the planets will ultimately 
form a ring round the sun, since those planets which are 
ultimately at a considerable distance from one another, 
will be at the same distance from the sun, and since those 
planets which are behind one another will be compara- 
tively near together. This ring will resemble, in some 
respects, those which now surround the planet Saturn; 
the chief diflference being that, whereas the number of 
small bodies of which Saturn's ring is supposed to be 
formed, must be very great, the planets which will con- 
stitute the ring round the sun will be but few. 

It is interesting to notice that we can conceive of no 
ultimate arrangement of the planets which would admit 
of these small bodies continuing to form circular rings 
around Saturn, as at present. We therefore conclude 
that the beautiful rings of Saturn will be broken up. For 
a long time to come, however, their existence will probably 
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be preserved, in spite of the adverse influences of the rest 
of the solar system, by the friction of the tides due to the 
rapid axial rotation of Saturn. 

The size and period of rotation of the ring which will 
ultimately encircle the sun can be readily calculated. 
For it can easily be shown that, at present, the sun 
contributes less than 2 per cent, of the total angular 
momentum of the solar system about its centre of mass. 
Hence since the rotation of the sun about his axis in the 
final state of the system will be vastly smaller than now, 
we see that the ultimate planetary ring will contain 
practically the whole of the angular momentum. Again, 
it may be shown that, at present, Jupiter, by his revolu- 
tion round the sun, contributes 60 per cent, of the total 
Migular momentum of the system, while his mass is 74 
per cent, of the sum of all the planetary masses. If 
therefore the ultimate planetary ring were coincident 
with the present orbit of Jupiter, the total angular 
momentum of the solar system would only be about 80 
per cent, of what it is now. The radius of the ring will 
therefore be about {^Y times Jupiter's present distance 
from the sun, that is, 1200 million kilometres, or 750 
million miles ; and its period of rotation will be about (f )* 
times the present length of Jupiter s year, that is, nearly 
22 of our present years. 

We can now predict the fate of the moon, on the 
assumption that no other planetary bodies ever come so 
near the earth and moon as to exert a sensible disturbing 
force on them. For if S be the mass of the sun, M that 
of the moon, Vg the present distance of the earth from the 
son, and Vm its present distance from the moon, the tide- 
producing force on the earth due to the action of the sun. 
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is, at present, to the tide-producing force due to the 

action of the moon, in the ratio ^# (~ ) > which is about ^. 

Hence it is clear that the angular momentum lost by the 
earth's rotation goes partly to enlarge the orbit of the 
earth about the sun, and partly to enlarge the orbit of the 
moon about the earth. Even if the whole of the angular 
momentum of rotation lost by the earth went to drive the 
moon further away, the effect would not be considerable. 
For if E be the mass of the earth ; A: (= J the radius) the 
radius of gyration; coj^ the present angular velocity of 
the earth's axial rotation; and tom the present angular 
velocity of the moon's revolution about the earth; the 
ratio of the angular momentum of rotation of the earth 
to the moon's revolutional angular momentum about the 
earth, is, at present, 

^^^^^ . 88 X r.J-„Y X ^3 



Mr 



8 



U80.8J 



"109" 

Thus even on the supposition that the sum of the angular 
momenta of the earth and moon about their common 
centre of mass remains constant, the distance of the moon 
from the earth can never exceed its present value by more 
than the fj^th part ; and the length of the month can not 
become more than If times as great as at present, that 
is, can not exceed 33J of our present mean solar days. 
Since if the earth and moon continue separate, the month 
and the year must ultimately become of the same length, 
and therefore equal to 21 or 22 of our present years, it is 
clear that the moon must fall into the earth. This may 
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also be shown as follows. Suppose, if possible, that the sun, 
earth, and moon, are in a straight line with one another 
and moving like a single rigid body. Then if the distance 
of the moon from the sun be 1 + a? times the distance 
of the earth from the sun, where x is either positive 
or negative, the acceleration of the moon will be 1 + a; 
times the acceleration of the earth. But if a:? be a small 
quantity and P the attraction of the sun on each gramme 
of the earth, the attraction of the sun on each gramme of 

P 

the moon will be ,--- — rr, or P (1 — 2x\ Hence, since we 

(1 + a?)* ^ 

may neglect the attraction of the moon on each gramme 

of the earth in comparison with the attraction of the 

earth on each gramme of the moon, the attraction of the 

earth on each gramme of the moon must be ± 3Pa;, or the 

earth's mass ± ^ times that of the sun. Thus 

*^^"359550' 
1 

or 37= + 



-328* 

Since the 328th part of the ultimate distance of the 
earth from the sun is several times greater than the 
greatest possible distance of the moon from the earth, we 
conclude, as before, that the moon cannot remain perma- 
nently separate from the earth. 

It is easy to see how the moon and earth will be 
brought together. For a long time to come, the tides 
will have the effect of driving the moon further away 
from the earth. This will go on until the day is nearly 
as long as the month, and then the lunar tides will 
practically cease and the distance of the moon become 
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stationary. Owing to the continued action of the solar 
tides, the day will at length become so much longer than 
the month that lunar tides will again be called into 
existence and the moon begin to approach the earth. 
The action of the tides will then transfer angular momen- 
tum from the moon's revolution about the earth to the 
earth's axial rotation, and from the latter to the earth's 
orbit about the sun. As the moon's orbit about the earth 
contracts, the two bodies will begin to deviate from mov- 
ing as rigid, and they will at last come into violent 
collision. This conclusion will be made clear by the 
following argument. As the two bodies approach one 
another, let them be supposed to move as one rigid body. 
Then if H be the sum of their angular momenta about 
their common centre of mass, and r the distance between 
them, we have, by equations (48) and (49), 

or, nearly, H=M \/\Er^ H « — , 

where the roots are to be taken positively. 

Thus if dH and dr are both to be negative, r will have to 
be greater than A;V264, that is, greater than 162A;. Con- 
sequently if we take A; to be J of the earth's radius, the 
least possible value of r will be 5*4 times the earth's 
radius, that is, 34,500 kilometres, or 21,400 milea When 
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this value of r is reached, the motion which we have 
assumed for the system ceases to be possible. 

The only other planet we shall here consider is Uranus, 
whose satellites are the only bodies in the solar system 
with the exception of comets which are known to possess 
a retrograde motion. In this case, by supposing the tides 
produced by the satellites and by the sun to act alternately 
for equal short times, it will easily be seen that the 
satellites will be continually drawn nearer the primary, 
whose axial rotation, though it will be checked, cannot 
be rendered retrograde. Finally, the satellites will all 
fall into the primary and the whole motion will become 
direct. 

84. Another effect of friction worthy of notice is that 
due to the action of running water and glaciers ; but 
between these agencies and tidal friction there is an 
important difference, that, whereas the tides are merely 
due to want of 'perfect rigidity,' and may exist in any 
body, whether solid, liquid, or gaseous, the effects of 
running water and glaciers will rapidly diminish and dis- 
appear when, owing to the cooling down of the sun, the 
seas become frozen up, and rain and snow cease to fall. 

Running water and glaciers are continually at work 
wearing away the land and transporting the detritus to 
lower places or to the sea, where fresh land is gradually 
forming. If this action should last long enough, without 
anjrthing to counteract it, the land would, in time, be 
everywhere reduced to the level of the sea. However, 
there are two agents in operation which have a modifying 
influence. In the first place, the earth's crust is liable to 
be upheaved by volcanic and similar forces ; and secondly, 
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the slackening of the earth's rotation about its axis, 
owing to tidal friction, enables the waters of the sea> so 
long as they remain unfrozen, to slowly flow from the 
equator towards the poles, and so tends to submerge the 
land about the poles, and to make it more elevated in the 
neighbourhood of the equator. Now on referring to works 
on geology, it will be seen that the denuding effects of 
running water are amply sufScient to neutralize the 
tendency of tidal friction to cause an equatorial elevation 
of the land. We therefore see that, if it were not for 
volcanic and similar agencies, the earth would acquire a 
more even surface, with an increased quantity of land in 
the equatorial regions ; and that, in the polar regions, the 
land would, in some places, be submerged by the rising of 
the sea, and in others, new land would be formed by the 
deposits of rivers and glaciers. 

85. The effect of tidal friction in shortening the 
periodic time by making the orbit more circular, may be 




expected to be most considerable in the case of very 
elongated elliptical orbits, like those of comets. For, 
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since by Keplet's second law, the line joining the comet to 
the sun describes equal areas in equal times, it is obvious 
that the comet's orbital angular velocity will be so ex- 
tremely small in the more distant parts of the orbit that 
almost the whole of the periodic time will be spent in 
traversing these parts. Hence tidal friction, by merely 
making the orbit slightly less elongated, and consequently 
diminishing those parts of it which require the most time 
for their description, may produce a sensible diminution in 
the periodic time. 

A change in the periodic time has only yet been 
observed in the case of Encke*s comet, and the observed 
fact is a shortening of the period. This may be due, 
partly to tidal friction, and partly to solar radiation, as 
explained in the foot-note*; but a different explanation, 
propounded by Encke himself, has hitherto been almost 
universally accepted, at least, until quite recently. It 
was supposed that the ether offered a slight resistance to 
the mechanical motion of the comet through space, in- 
dependent of the non-mechanical motions (see Art. 59), 
from which it would follow that those parts of the orbit 
which require most time for their description, would be 
cut shorter every revolution, just as by tidal friction; and 
in consequence, that the periodic time would diminish. 

^ When a comet approaches the sun, it is generally observed to throw 
off a tail, which points away from the sun, and is not merely left behind 
by the comet The cause of the phenomenon is evidently equivalent to a 
repulsive force residing in the sun. Such a force will have no effect on 
the angular momenta of the comet ; but, since the tail only appears when 
the comet is in that part of its orbit nearest the sun, it will make the orbit 
more circular, just like tidal friction, but perhaps more energetically. 

We have already stated how we consider it probable that the tails of 
comets are produced by solar radiation. 
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The mere fkct that the periodic time of a single comet 
is undergoing a slow diminution, appears to be a slender 
foundation for Encke's hypothesis of an etherial resistance 
to mechanical motion, and accordingly, there has lately 
been a disposition to reject it*. Now that other causes 
have been shown capable of explaining the comet's peculiar 
behaviour, we must admit that the evidence in favour of 
Encke's theory is very slight indeed* ; and for this reason, 
it has not hitherto been taken account of in this work. 
Still, as it has not been completely disproved, it is necessary 
to allow the possibility of it, and to examine what would 
be its effects on the state of the solar sjrstem. This 
question is interesting in itself and historically important, 
partly from the frequent references that are made to it, 
and also because Encke's theory was universally accepted 
at the time that the final state of the solar system was 
predicted by Sir W. Thomson. 

If we assume that the only external influences to 
which the solar system is subject are the resistance of 
the ether and the radiation of energy into space, then, in 
the final state, every part will be at the temperature 
of absolute zero, there will be no mechanical motions, 
and the different bodies will all lie together, instead of 

^ Newcomb's ' Popular Astronomy.' 

^ A theoretical argument which is sometimes thought to support 
Encke's hypothesis, is given in the late Prof. Balfour Stewart's * Treatise 
on Heat.' By assuming that the laws of radiation are exactly the same 
for bodies in mechanical motion as for bodies in a state of mechanical 
rest, it is concluded that the principle of energy and Camot's principle 
cannot both be true unless there be an etherial resistance to mechanical 
motion. The obvious reply to this argument is that the laws of radiation 
cannot be quite the same for bodies in rapid mechanical motion as for 
bodies in a state of mechanical rest. 
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being separated by considerable distances, as at present 
Consequently, in the final state, there will be neither 
mechanical nor non-mechanical, kinetic energy of matter ; 
but, owing to the force of gravitation, there will be 
potential energy, that is, ethereal kinetic energy bound 
to the material system. 

Again, if we take any number of spherical bodies, the 
mass My of any one of them whose radius is r and density 

At 

py will be K 7rr*p ; while the area -4, which will be exposed 
to the eflfects of a resisting medium, will vary as r^. We 

therefore have J. = fcf — J , where k has the same value for 

all the bodies. Hence, if we make the usual assumption 
that, for a given velocity of the centre of mass, the 
resistance x il, it is clear that the time required by the 
resistance to diminish a given velocity by a given amount, 

will X {Mp')^ 

Now the sun and planets immensely exceed a comet in 
mass, and are probably not inferior in density. The 
resistance of the ether will therefore have a vastly more 
important influence on the motion of a comet than on 
that of the sun or a planet. But, according to Encke's 
theory, the effect of the resistance is small, even in the 
case of a comet. Hence in the case of the sun and larger 
planets, it will be so insignificant that it may be supposed 
not to come into operation so long as there is any appre- 
ciable amount of tidal friction at work, and at all times 
the mechanical motions relative to the centre of mass will 
be sensibly the same as if that point were at rest. 
As soon as the whole system begins to move practically 
as a rigid body, the resistance of the ether will come into 

P. 15 
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action and cause the different bodies to describe nearly 
circular spirals. The motion will continue to be of this 
character until a collision occurs, or one of the orbits 
becomes unstable, when tidal firiction will again become of 
overwhelming importance, 

86. One of the most important and interesting parts 
of the solar system problem is the question of the origin of 
the energy which is radiated so copiously by the sun. 
The first idea which suggests itself to us, is that the sun's 
* heat ' is due to chemical action ; but this will be shown 
to be inadmissible by considering the most powerful chemi- 
cal action known, viz., the union of oxygen and hydrogen 
to form water. 

If we take 8 grammes of oxygen and one gramme of 
hydrogen at 0° C. and a pressure of one atmo, and by first 
imparting and afterwards abstracting heat, cause them to 
form 9 grammes of water at 0° C. under a uniform normal 
pressure which remains constantly equal to one atmo 
during the process, the heat evolved will be about 34,000 

calories, or — ~ — calories per gramme of water formed. 

Now if we treat the sun as a perfect sphere of r centi- 
metres radius and uniform density p, and suppose that the 

34 000 
total amount of heat which it can radiate is — '— — calories 

a 

4 . 34,000 , . . „,,,,, 
per gramme, or - wp'r x — ^ — calories m all ; the total 

amount of heat radiated from each square centimetre of 
the surface, will be 

1 34,000 , . 

. ^pr X — ^ — calories. 
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Taking r to be 71 x 10«, and />, -, the last expression 

becomes 

5x71x10^ 34,000 , . 

~A — 7y — X — K — calones, 

4x3 9 ' 

or 1120 x 10" calories. 

Hence since the radiation from each square centimetre of 
the sun's surface is 1215 calories per second, chemical 
action can only keep it up at its present rate for 

1120x10" 
— z-TTTz^ — seconds, 
1215 

or about 2900 years. 

Chemical action being thus quite insufficient to account 
for the sun's ' heat,' we are driven to adopt the nebular 
hypothesis, as developed by Mayer, Helmholtz, and Thom- 
son. According to this theory, the sun was originally in 
the form of a very attenuated gas, in which state it would 
possess an enormous amount of gravitational potential 
energy ; and during the condensation of the materials to 
their present bulk, the original potential energy has been 
gradually drawn upon to supply the heat which has been 
so freely radiated away for countless ages. This will be 
made clear by the following calculations. 

If two small bodies of masses m, m', change their 
distance apart from R to r, the work done upon them by 
their mutual gravitational attraction, or the decrease in 
their mutual gravitational potential energy, will be 

If the masses be originally at a great distance from one 

15—2 
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another, we may put R infinite, and the integral becomes 
simply 

A. • 

r 

Hence the gravitational potential energy lost by the 
materials of the sun during condensation may be written 

r 

where 2 refers to the present state. 

Denoting the distance between the two small masses mp, 

niq, by Vpq, we have 

^ mmf fmitWa mim^ m^m^ 

A,2r = A-{ 1 h + ...... 

r I r-ia ri3 ^4 

H 1 r 

^28 ^24 



,m^m^ 

T -1- 

+ 

. fmima , m^ms , m^m^ , 

l ^2 ^13 ^4 

m^m^ Tti^m^ m^m^ 

^a ^28 ^24 

m^Mi m^m^ m^m^ 

^31 ^82 ^84 

H- , 
Thus if we put 

y \ 1 I "T , 

^12 ^13 ^14 

TT ^ ^^8 ^4 

^21 ^23 ^24 



J 
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we obtain 



W/ffi 



X2 = iX(miFi + m2F2 + 7/isF8 + ) 



^}[>^mV, 



mm 



We may therefore determine the value of X2 from 

the properties of the simple function F, which is such 
that its value at any point P, called the potential of the 

system at P, is 2 — , where r is the distance of the small 

mass m from P, and the summation extends to the whole 
material system with the exception of any small masses 
which may be situated indefinitely near the point P. 

87. Take a thin homogeneous spherical shell of 
density />, radius a, and thickness t, and let us find its 
potential at an internal point P. 

Draw any line TFT through P meeting the shell in 
r, T\ and join T and T to the centre G, With P as 




vertex and TFT' as axis, describe a small cone of vertical 
solid angle dta. Then if PT= r, the potential at P of the 
element cut by the cone from the shell at T, will be 

T^rpdto 1 __ rrpdo) 
co8CTr'r~^co8CTr' 
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Similarly, if PT = r\ the potential at P of the elemetit 
cut from the shell at T\ is 

r*rpd(o 

cos err 

Since the angles GTT\ GT'T, are equal, the sum of these 
two elementary terms is 

(r + r') T/ocJo) 

or ^arpdo). 

Hence the potential at P of the whole shell is ^iraTp, 
which is independent of the position of P and the same 
as the potential at the centre G, 

To find the potential at any external point Q, take an 
internal point P on (7Q such that 

GQ.GP = a\ 

rp, . GP a 

Then smce — = 7^ , 

a GQ 

if any line TPT^ be drawn through P meeting the shell 




in T, T\ the triangles GPT, GTQ, will be similar, and 
therefore 

CQ CT_a , p„ 
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Hence since the potential at Q of the element at T is 

T^pdco 1 _ rrpcUo a 
008 CTT'TQ'" cos CTT'CQ* 

the potential of the whole shell at Q is equal to its 
potential at P multiplied by p^ , and is therefore ^^^ , 

oy oy 

which is the same as if the whole shell had been concen- 
trated into a particle at the centre C, 

Now take a solid homogeneous shell of radius a and 
density p, and let us find its potential at an internal point 
P, which is at a distance x from the centre C, For this 
purpose, consider an elementary spherical shell of radius r 
and thickness dr, with its centre at C. If r be greater 
than X, the point P will be inside the shell and the 

potential of the shell at P will be — — , or 4m-prdr, 

If r be less than x, the point P will be outside the shell 

and the potential of the shell at P will be — - — . 

Hence the potential at P of the whole sphere is 

I 4i7rprdr + I — = 2Trpa^ — ^ Trpa^, 

Jx Jo ^ ^ 

Since when we put a and x both zero, the last expres- 
sion vanishes, we see that the potential at any point P of 
a small mass surrounding that point is zero. We may 
therefore remove the restriction that in finding the poten- 
tial of a system at any point P, we are to take no account 
^^ the mass situated at that point. 

88. In applying these properties of the potential, we 
®haU treat the sun as a perfect sphere of radius a and 
Uniform density p. This, of course, cannot be accurate, 
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but it will simplify the calculations and will show the. 
value of the nebular hypothesis. 
With this assumption 

^\XmV= i\ r(27rpa^ - g irpoA Aiirpa^dx 

= ^ XttV a». 
lo '^ 

4 

If M be the whole mass, if = « ^r/aa^ and therefore 

, ^ ,^ 3 if^ 

o a 

6*5 
Hence, taking the first form, and putting \= — , 7r*= 10, 

/o = I , a = 7 X 10^^ we find 

iX2mF=l|xgxgyx7»xlO- 

^ 65 X 5 X 7° X 10^ 
3 

= 18 X 10*7. 

If a contract from its present value to a [1 ~f7wx7wx)» we 
have, by the second formula for ^XZmV, 

= - 18 X 10«. 

Since the radiation emitted by the sun in a year is 
10*^ ergs, it follows that in the contraction of the sun to 
its present size, the work done by the mutual gravitation 
of its parts would, on our hypothesis, supply the energy 
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radiated at the present rate in 18 million years, and a 
further contraction of one 10,000 th part of the diameter 
would keep up the present rate for 1800 years. 

89. The radiation forces at the surface of the sun can 
easily be estimated. For if we take the temperature of 
the sun's surface to be 10,000° C, the average non- 
mechanical kinetic energy of each surface particle may 

10 273 

be taken to be -^q— > or 37 J, times as great as it would 

be at 0° C. We may therefore assume the average non- 
mechanical velocity of each surface particle at 6 x 50,000 
centimetres per second. Hence, since the radiation from 
each square centimetre of the sun's surface is 525 x 10^ 
ergs per second, the total radiation force per square 
centimetre will be 175,000 dynes. 

The resultant of the radiation forces acting on any 
finite area, found according to the usual rules of statics, 
will generally be quite insignificant; but since Carnot's 
principle does not require it to be strictly zero except in 
the invariable state, it is necessary to suppose that the 
radiation forces can have a moment about an axis through 
the centre of mass. As a basis for calculation, let us 
suppose that at any instant, all those particles which are 
sending out radiation, are moving in such a way that the 
w-th part of the radiation forces concur to oppose the 
angular rotation of the sun. Then the moment about the 
axis of rotation of the radiation forces will be 



- r 175,000 X 27ra8 sin^ OdO, 
nj 



2 

nj 

175,000 X m^a^ 



or 

n 
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Now if Q) be the angular velocity of the body about its 
axis, the angular momentum about the axis may be 




written Gw, or ilfAr^o), where k is the radius of gyration. 
Hence 



^j^ dca _ 175,000 7r>a« 
at n 



or, putting ^ nrpa^ for My 



j^do) 525 ^ 

pk^-j- = — -— X 10^ X TT. 

^ at 4?i 



a 



Consequently, if we assume ^ = q and put 7 for p, we find 

dco ~ 



dt 



= -945 xlO^x — -. 



na' 



If this state continue for a finite time. 



TT 



a) 



= 0)0-945 X 103 X t, 



na' 



where ©0 is the value of co when ^ = 0. 



Thus (o will become zero in 



na^oDo 



945 X 103 X TT 



seconds. 
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Substituting for a and ©o, we find 

945 X 10« X TT 

27r 



25 X 24 X (60)2 -^ 945 X 108 X TT 

" 58 X 36 
10^^ 

Reducing to years, 

10" , 10^X71 

^rr- X n seconds = ^. — y^^rrz — ^rz — ^rp^ vears 
21 21 X (60)2 X 24 X 365 '^ 

10" X 71 

" 756 X 10« X 876 ^^^^ 

_ lO^xn 

" 662,256 y^^""® 

= 151 X n years. 

From this it appears that if the sun's angular momentum 
has been acquired by means of the radiation forces, it 
^lust have taken a great length of time, since we cannot 
suppose more than a small part of the radiation forces 
ever to have concurred to give a mechanical resultant. 

It will, of course, be seen that we cannot accept 
Newton's third law of motion, as usually stated, that to 
every force acting on a material particle there is an 
exactly equal and opposite force acting simultaneously on 
some other material particle, near or distant. Throughout 
this work we have assumed that action and reaction are 
equal and opposite in the case of two particles in contact, 
wrhether these particles are both material, or both ethereal, 
or one of them material and the other ethereal. 



236 ELEMENTARY THERMODYNAMICS. 

90. The sun's mechanical kinetic energy of rotation 

is \G(o^, or \ ^-j^ . Thus if we suppose that when the 

sun was in the form of a very attenuated gas and G 
consequently very great, the angular momentum of rota- 
tion was the same as now, the mechanical kinetic of 
rotation would then be practically zero. Hence if we 
take no notice of the translation of the centre of mass 
and suppose the absolute temperature to have been 
originally zero, we may give the following brief descrip- 
tion of the history of the sun within the period over which 
our present scientific knowledge extends. 

Originally, the energy of the sun was chiefly gravita- 
tional potential energy, or ethereal kinetic energy bound 
to, or entangled among, its material particles. Then by 
the condensation of the maas, much of this ethereal kinetic 
energy has been transferred from the ether to the material 
particles of the sun, and by the latter radiated into space, 
that is, set free or lost. 

If the fixed stars have no disturbing effect on the sun, an 
invariable state will ultimately be attained in which there 
will be no non-mechanical kinetic energy of matter, but 
in which there will be some gravitational potential energy, 
and also, unless Encke's hypothesis be true, mechanical 
kinetic energy of matter. 



CHAPTER IV. 

APPLICATIONS OF CARNOT*S PRINCIPLE. 

9L If a material system be protected from external 
electric influences, the principle of the Conservation of 
Energy may be expressed in the form 

and if at every instant the temperature be uniform 
throughout the system and the operation reversible, 
Camot's principle gives 

dQ = 0d4>, 

These two important fundamental equations will be 
used to investigate some of the properties of bodies of 
uniform temperature in which there are no electric actions 
and no mechanical motions. In these bodies we shall 
suppose that the only external forces are gravity and 
surface pressures ; and, except when it is expressly stated 
otherwise, only those changes of state will be considered 
in which no mechanical work is done on the body except 
by a uniform normal surface pressure. Denoting this 
pressure by p and the volume of the body by v, we have 

dW=—pdVy 
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and if the operation be reversible, 

When, as frequently happens, any two of the five quanti- 
ties {6, p, V, U, ^) can be taken as independent variables 
to define the state of the body, we obtain also 

d{U + pv) = 0d^ + vdp, 

and d(U-'0<f>) = '' (f>d0 -pdv] 

d{U-6(l> +pv) = - ipdd + vdpl 

Hence by expressing that these quantities are complete 
differentials, we get 

d^0 _ df,p % 
" " d<l>' 



dv 

d^O __ 
dp 

de^ _^ 

dv " 



dpV 
d<f) 

d£ 
dd 

dpV 



>• 



(52). 



de<f> __ 
dp'" dd 

These results are known as 'the four thermodynamic 
relations.' 



92. The problems we propose to discuss in the 
present chapter may be divided into three classes. In 
the first, the body is supposed to be homogeneous through- 
out, like a gas or a piece of iron or india-rubber. In the 
second, it is supposed to consist of two or more homo- 
geneous parts, which are alike in substance but differ 
from one another in physical state, as in the case of water 
and steam, or ice and water. In the third, we shall 
chiefly consider bodies consisting of two or more homo- 
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geneous parts which are not alike in substance. As an 
illustrative example, we may take the case of an aqueous 
solution of a salt with a quantity of salt undissolved. 



PART I. 



ON HOMOGENEOUS BODIES. 



93. We shall first suppose that when the substance 
is in a state of equilibrium, we may take any two of the 
three quantities {0, p, v) as independent variables, and 
treat the third as a dependent variable. Also, for sim- 
plicity, we shall take the mass of the body to be one 
gramme. 
Then if {0, v) be chosen as independent variables, 

But if G^0 be the heat required to raise the temperature 
of the body from 5 to 5 + d0y while the volume is kept 
constant, we have 



and therefore 



C40^^d0, 
dU=GJ0 + ^dv (53). 



We shall define (7„ to be the 'specific heat of the substance 
at constant volume.' This definition is not quite the 
same as that given in Art. 33 ; but, as a matter of fact, 
the specific heat varies so little with the temperature 
that the two definitions are identical for experimental 
purposes. 
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Again, we have 
Hence 



dU = dQ — pdv, 
'd,U 



dQ^G4e+{^-^+p)dv,' 

which may be writtten 

dQ = C^e + ^ dv. 



.(^4), 



SO that 



deQ ^deU 
dv dv ^' 



This expression for dQ only holds for a reversible modifi- 
cation, because we have supposed the body to be always 
in a state of equilibrium. 

To find -^, let the substance be made to undergo the 

following reversible cycle of operations. 

(1) Let the volume be slowly increased from v to 
V + dVy whilst the temperature is kept constantly equal 

to 0, The heat absorbed will be -f^ dv. 

dv 

(2) Let the state of the substance then be altered 
without loss or gain of heat so that the temperature falls 
to — T, where t is indefinitely small. 

(3) Let the volume now be slowly diminished at the 
constant temperature ^ — t by such an amount that in 
the fourth operation in which there is neither loss nor 
gain of heat, it may be possible to restore the substance 
to its original state. * 

On the indicator diagram, the cycle will be represented 
by a small parallelogram ABGD, whose area will be equal j 
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to that of ABba, where Aa^Bb are drawn parallel to Op. 
Hence, since the abscissae of A and B are v and v + dv. 




&-T 



respectively, the work done by the substance will be 

Aa . dv, or t j^ dv, 

ad 

But we have already seen, in Art. 51, that the efficiency 
of the cycle is ^. Hence 



d0 



dv 



dv 



T 

~e' 



or 



f = ^^ (55). 



dd 



This remarkable result was practically obtained by Camot, 

who found 

deQ __ ^ dvp 

dv de ' 

C being an unknown function, now called Camot's func- 
tion, which was independent of the nature of the working 
substance. 

P. 16 
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Substituting in equations (53) and (54), we get 



I (56). 



dQ^C,d0+0^^dv, 
and therefore 

d<l>^C^j+~~^dv. 

Expressing the condition either that dU or that d<}) is 
a complete differential, we obtain the curious result 

^•-'^ ("). 

whatever the substance may be. 

Again, if Cpd0 be the heat required to raise the 
temperature of the body from to d + d0, Cp may be 
called the specific heat of the body at constant pressure, 
and the fundamental equation dU=dQ'~pdv becomes, 
when p is constant, 

dU=Cpd0-pdv, 
or Cpd6 = dU+pdv 

= d(U+pv\ 

or Lp- -^ . 

Hence if we take 6 and p as independent variables, we 
have in any reversible operation, 

dQ = dU -{-pdv 

= d{U+pv)'-vdp 

= Gpd0 + -^ dp, say. 
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To find -^, we take the same reversible cycle as 
before, and draw Aa!y BV parallel to Ov to meet CD, 




Hence the area pf ABCD may be written 

— Aa' . dip, 
^^^ the ordinates of A and B are p and p + dp respectively. 
Substituting T -T^ for Aa\ this becomes 



dd 



dpV 
d0 






"*-^lie heat absorbed during the operation represented by 

dp, we have therefore 
d^v 



4^ being ^ 



— T-tt: dp 



JL 

dd 



dp 



dp 



T 

0' 



Or 



deQ _ ndpV 



dd 



16—2 
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Hence 



dQ = C^ - e'^^ dp, 



dpV 

de 



\ 



dU—dQ—pdv 

= Gj40-(f^-vjdp-d(pv), 



(59); 



/ 



and since dU and d<^ are complete diflferentials, 

deCp__^cPpV 



.(60). 



dp 



94. If, in equation (56), we suppose that and v vary 
in such a manner that p remains constant, we shall have 
dQ = Cpdd and therefore 



But since 



we have 



Hence 



d0 de 

d^p dtpdpV 
de dv dd • 

(d^V 

\de) 



dv 



(61). 



If and p be taken as independent variables, we shal 
obtain 

Gp-C, = -e)^ (62). 
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lv\' 



For the ideal perfect gas, pv = R0, so that 

dvP_R d^_R dep_ RO 
Wv' Wp' diT" l^' 

and therefore, by equations (57), (60), and (61), Cp and C^, 
are functions of only such that 

Cp — Cff^ a. 

Also, by equations (56), 

dU--C40 

dQ = C40-^pdt 
Hence also, since dZ7 is a complete diflferential, we see 
that both C^ and U can only vary with 0, just as in 
Chap. II. 

95. If the substance at pressure p, volume v, and 
temperature 0, be compressed by an increase of pressure 
dp to volume v + dv, the Isothermal Compressibility, Ke^ 
is defined to be* 

V __ 1 d0V 
^p"~ V dp ' 



K.^ 



and the Adiabatic Compressibility, K^, 

ET '0 1 d^v 



>. 



* 



.(63). 



d^p V dp ' ^ 

The reciprocal of the compressibility may be called the 
Elasticity of volume, and be denoted by E : thus 

,„ (64), 



'* 



dv 
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and therefore -=^ = -*— . 

Jije Ciep 

dv 

But we have 

80 that, by the thermodjmamic relations 

dv " dd dv ' 

dpif) 

df,<l> * 
dp 

and dep^^depde^ 

dv d<l> dv 

dvp 
^_d0 

(2d 

TT Ea, dv ' d6 

Hence -^^ = j . i 

dp de 

dp^ 

^ de 

dv<f)' 

w 

since from the equation 
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eget 



id 



dp<ft _ dp^ dpV 
W~ dv ' W' 

dtfl> _ d„<f> d,p 
d0 ~ dp' dd' 

Now from the equation dQ = dd^, we find 

^"-'^'dO 



C, = 



dv4> 
dd 



(65). 



bus we have the important relation 

Again, we define e, the ' coefficient of cubical dilatation 
'- heat at constant pressure ', to be such that 

'^^edpd. 

V ^ 

1 doV 



V d0 



(66). 



lit from the relation 



dp 



dd dv 



dv 



e obtain 



ence 



^_d^p dep dpV 
de ^ dv d0' 

dvp 

= - 1 ^^ == JL ^ 

V dep E$ dd ' 

dv 



,(67). 



In terms of these definitions, we obtain 

Cp-C,=^eEt^ 



(68). 
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For the ideal perfect gas, pv = Rd, and therefore 

1 






y. 



For liquids and solids at constant pressure, we may 
generally write 

for moderately small changes of temperature, where 

tf' = 5 - 273, 

v' is the value of v at 0° C, and a a small number in- 
dependent of 0. 

Consequently, v-v' (1- 273a) (1 + a0\ 

and log V = log [v' (1 - 273a)] + a0, nearly. 

Hence e = - ^ = a, a function otp only. 

Solid bodies, in expanding by heat at constant pressure, 
preserve their forms. Thus if Z be the length of the edge 
of a cube at temperature 0, we may write 

where V is the value of I at 0° C, and 

1 + a^' = (1 + y3^)3, 

or a = 3/3. 

The small number /8 is called the 'coefficient of linear 
expansion.' 

96. The value of equation (68) may be illustrated by 
the case of water ; for (?„ cannot be determined for water 
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by direct experiment. Thus if J be the number of ergs 
in a calorie, or * Joule's equivalent/ we have at a pressure 
of one atmo: 

at 0°C.,...Cp = j;...e = - 000057,...!;= 1. 
at 25° C.-Cp = J X 10016,... e= 00022,... t; = 1-003. 
at 50° C.,. . .Cp = J X 1-0042,. . .e = -00049,. . .v = 1-012.^ 

Also when the pressure is one atmo, the diminution of 
volume due to an increase of pressure of one atmo is found 
to bear to the original volume the ratio : 

at 0°C -00005. ] 

at25°C 000046.1 

at50°C 000044.] 

Hence if n be the number of dynes per square centimetre 
ill a pressure of one atmo, we obtain, for a pressure of one 
atmo: 



at 0°C J?fl = 



n 



•00005 



at 25°C ^e = : 



n 



at50°C Ee = 



000046 



n 



= 2/1 X 10*. 



= 2l74n X 10*. 



> 



^^^^.. = 2-273nxlO*. 
000044 

^Hus at a pressure of one atmo, we have for water : 

at 0°C Ci,-a = jrx 00044,^ 

at25°C Ci,-C^ = jrx0075, 

at50°C Cp-C, = Jx0425, 

^^d therefore : 

at 0°C C^ = /x -99956.) 

at25°C a = Jx-9941. 

at 50°C C^ = Jx-96l7. 
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97. When the substance undergoes a reversible 
3eration in which heat is neither gained nor lost, the 
quation 

gives dd^'-^-^fidv (69). 

If we take the equation 

dQ^c^de^e^dp, 

we get de^^-^dp (70). 

Op 

If then, when the pressure is kept constant, the sub- 
stance contracts as its temperature rises, like wate 
between the freezing point and its point of maximum 
density, e will be negative, and in an isentropic operation, 
dd and dp will have opposite signs, so that an increase o 
pressure will cause a fall of temperature. 




— i 



98. We will now explain the experiment by whic 
Joule and Thomson determined more exactly the absolut< 
temperature of the freezing point and the true law o 
what are called perfect gases. \ 

A stream of gas is kept constantly flowing by means of 
a pump through a long pipe in one short length of which 
there is firmly fixed a porous plug of cotton-wool or waste 
silk, by which the motion of the gas is so impeded that 
its velocity remains small even when there is a consider- 
able diflference between the pressures before and behind 
the plug. If the pump be at a sufficient distance and 
worked as steadily as possible, the pulsations which it 
causes will be imperceptible, and after a little time from 



I 
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the commencement of the experiment, the state of the 
motion will become steady except in the immediate 
neighbourhood of the plug. 

Suppose then that P and Q are two sections, one 
before and the other behind the plug, but at such a dis- 
t:ance from it that the irregular motions and pressures due 

» > 

P Q 



"to the passage through it are not discernible, so that there 
is only a uniform current of gas to be considered. And 
let the portion PQ of the pipe be surrounded by some 
non-conducting material, so that heat can neither enter 
nor escape through it. 

Let p and be the constant pressure and temperature 
and V the constant volume per gramme, of the gas which 
passes through the section P, and let (/>', v\ ff) be the 
values of the same quantities at the section Q, Then 
since we may imagine that the entering stream is forced 
towards the plug by an ideal piston at P, and that the 
emergent stream forces out another ideal piston at Q, it 
is clear that when one gramme of gas passes through the 
portion PQ of the pipe, the external work done upon 
it will be 

But, since the energy of the mechanical motion is practi- 
cally zero, the change of energy is given by the equation 
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Hence the heat absorbed by the gas is 



Jl{c^-{ 



4'-.)4, 



a;nd as in the experiment this is zero, we have 



iyw-')Hy^'- 



Now the expression on the right hand side is merely the 
quantity of heat in ergs that is required to raise the tem- 
perature of one gramme of the gas at constant pressure 
from e to ^, and its determination does not require us to 
possess any previous knowledge of absolute temperature. 
In order to find it, the difference of temperature between 
the sections P and Q was measured by Joule and Thomson 
by a mercury thermometer, but the very same thermo- 
meter had been previously used by Joule in determining 
the value of J, that is, the number of ergs in a calorie. 
The value of Cp, or the specific heat in calories multiplied 
by J, was deduced from Regnault's experiments. The 

product was the integral I CpdO, since 6' — was small 

The experiments showed that for a given value of 0, the 
integral was simply proportional to p —p\ not merely for 
an infinitesimal difference of pressure, but for differences 
of 5 or 6 atmos. 

In the case of hydrogen, the gas was slightly heated 
by passing through the plug and the heating effect was 
observed at temperatures from 4® C. or 5*^ C. to about 
90® C. The investigation, however, was not carried out 
in sufficient detail to give any law of variation of this 
small effect with temperature, and we shall therefore 
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take the mean of the results, which may be expressed 

thus: 

•Q 

p 

where Cp is the specific heat in calories, and a' the con- 
stant number -000 000 131167" In other words, 

f Cpde = a(p-p'\ 
J p 

where a = '000 000 13116 x J = 5-448. 
Thus j^^^0^£^vyp^a(p--p'l 

and therefore 

or v==a + 0f(p) (72), 

where y(p) is an unknown function of p. 
From this equation we have 

pv = ap + Opf(p). 

Now we know that when the temperature is high enough 
and the pressure not too great, every perfect gas satisfies 
very approximately a relation of the form pv = R0. The 
quantity a cannot therefore be strictly constant, as we 
have supposed. But it appears from Joule and Thomson's 
experimental results that it varies little between the 
temperatures 4° C. and 90° C. 

If the absolute temperature of the freezing point be 
denoted by 5o» the absolute temperature of the boiling 
point will be 0o + 100. Hence, if % and i;ioo be the cor- 
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responding values of v at any the same pressure p, we 
shall have 

and Vioo — «o = ^00/ (p). 

Vo — a 00 



Therefore 



^100 — Vo 100' 



thatis, 4 = _J!o_(i.^^ 

100 Vioo -Vo\ Vj 



or dn = 



100/ 



f ('-3 c^). 



where E' stands for !!^«L-J!« . 

Now for hydrogen expanding at the constant pressure of 
one atmo, Regnault found -S = '36613, and therefore 

—pr = 27313. Also, at the pressure of one atmo, 

Vo = 1 1 1 64-45. Thus we get 

00 = 273-13 (l - ,-,^^z^) 
\ 11164-45/ 

= 27313(1-000488) 
= 273. 

In the case of common air and carbonic acid, the 
thermal effect observed was a slight lowering of tempera- 
ture, which was shown, in 1862, to vary at different tem- 
peratures very neaily in the inverse ratio of the square of 
C + 273, where C is the temperature at either the section 
P or the section ^,as shown by the mercury thermometer. 
Thus we have 

/^ C,d0 = - b (^^J (p -p-), or = - 6 (^)' (p - p'), 

^ E must not be confused with E^ or E , 
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that is, 



iii'ii 



-vjdp = -h[^ QJ ip-p), 

or =-h(-j-j ip-p'). 

From either of these, remembering that the variation of 6 
with p is small, we get 

.dpv , /273V 

dpfv\ , /273x» 



and therefore 



Hence 

and as before 

100/Cy)-^„-..+ |(f)-{(,^)'-lj 
l«./<P)-(.,»-..)[l.i„^,(?^f)' 






so that, if£: = 



_ "yioo ^0 



100 "^ 3% I ^„ 



[^-:&{GoTioo)-^; 

^^ the small terms on the right hand side of this equation 
^^ may put Oq = 273. We have then the formula 



i 
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Now for common air, 6 = 2684 ; and at the pressure 
of one atmo, E = -36706, and v© = 773*3. The correspond- 
ing quantities for carbonic acid are 6 = 12*323, -& = *37100, 
and Vo = 505'7. Thus we obtain in the two cases, 

^0 = 272*44(1 + -00261), 

and 0, = 269*5 (1 + 0182), 

that is, e, = 272*44 + *71 = 273*15, 

and 0, = 269*5 + 4*90 = 2744, 

respectively. 

The results obtained fi-om the three gases are collected 
in the accompanying table. 



Gas. 



Hydrogen 
Air 
Carbonic acid 



I Uncorrected estimate of 
E I absolute temperature 
I of the freesJng point. 

1 



Correction. 



•36613 
•36706 
•37100 



2730-13 

272-44 

269-6 



Besult 



-•130 • 273«-00 
+ •71 I 273-15 
+4^90 \ 274^40. 



99. Again, from equation (74), we have 

pv = 0pf{p)''^p(^ _j . 

But since, when the temperature is high enough, the gas 
satisfies the relation pv = Rd, it is evident that pf(p) = R, 
a constant. Thus, finally, 



pv = R0'-^bp( 



273Y 
) 



.(76). 



This equation, according to Thomson and Joule, must be 
used instead of the simpler relation pv = R0, 
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An exactly similar equation had been obtained by 
Rankine in 1854, in the form 

i»>=^^-l on 

where a is a constant. 

By substituting — for p in the small term of equation 

(76), the two will easily be seen to be identical. 
From equation (76), we find 

dpV_R . „6 /273\2 



dd" p'^h\ e) 



and 


t=--e?y- 


Also since 


^H.m-^^' 


or 


p,-Re\i-l.m\ 


^ \ 3v\ J } 


ve obtain 


dr,p n ,bR /273\« 


1. and 

1 Hence 


d,'p_ bR (27SY 



(78), 



'?4 = /) ^ _ _ 2 ^ /'273Y ^ _ 2 ^V273Y 
dv -" dff'- ^ ^ Vd J - ^ R\ ^) 

djCp _ ad?pV_ 26 /273Y 
dp~ d&'~ 0\ e J 

As an illustration, let Cp be the specific heat at 
constant pressures in calorics, P the pressure in atmos, 
/ the number of ergs in a calorie, and n the number 

p. 17 



N 
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of dynes per square centimetre in a pressure of one 
atmo. Then 

de^_ndeCp 2bn /273y 

dP~j dp" je\ e J ' 

Thus for common air, 

d^p _ -1308 /273Y 

dP~ '[ e ) ' 

and for carbonic acid, 

d^_6 /273y 
dF~ 0'\e ) ' 

. . IdpV B 2b /273V 

-i-^m « 

Also ^,=-4f=.-3-.(-?y^^ 



and 



'A^-im <«i>. 



100. As a further illustration of Camot's principle, 
we will consider the case of a strained rod, the straining 
force being so great that the pressure of the atmosphere 
and the weight of the rod may be neglected. 

Let T be the force, considered positive when tensional, 
I the length of the rod when acted on by the force and 
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its uniform temperature. Then in any reversible prooess, 
taking and T as independent variables, we have" 

= MC^ + ^ dT, 

where M is the mass of the rod and (7, its specific heat 
under constant tension. 

To find -^, let the rod be made to undergo the 

following complete cycle of reversible operations. 

(1) Let the rod be slowly stretched at constant 
temperature until T increases by dT, The heat absorbed 

will be ^ dr. 

dT 

(2) Let the rod be still further stretched, but without 
loss or gain of heat, until the temperature becomes 5 — t, 
where t is indefinitely small. 



B-r 




(3) Then, whilst the temperature is kept constantly 
equal to ^ — t, let the tensions be slowly reduced by such 

17—2 
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an amount that an adiabatic operation will restore the rod 
to its original state. 

If the cycle be represented by a diagram in which T 
and I are independent variables, it will easily be seen that 
the work done by the rod during the cycle, is 

We have therefore 

Thus dQ = MC^e + d'^dT (84), 

and therefore, since dQ = 0d<l>, 

d<f> = MCr^ + f^dT (85). 

The condition that d<^ is a complete differential, is 

~dT US' ^^^^- 

In any adiabatic operation, dQ and d<l> are both 
zero: hence 

^*^_ ^_ djl 

df^ MG^de ^^^^• 

This relation was first obtained by Sir W. Thomson and 
led him to make a curious prediction with respect to the 
behaviour of india-rubber, which was experimentally 
verified by Joule in 1859. 



i 
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So long as india-rubber is acted on by no force or only 
by a small force, it exhibits the same phenomena as most 
other substances, lengthening when heated and shortening 
when cooled. But when the force is great enough, it 
shortens when heated and lengthens when cooled. Under 

these circumstances, jt is negative, and therefore, since 

Cj, is positive, we see that -4m must be positive. India- 
rubber will therefore be heated by an increase of the strain- 
ing force when that force is large enough, and conversely. 
Again, equation (84) may be written 



djl d$T 



=(^^'-^^Jw>^-^^7ri-^- 



Hence, since 
we have 



^ _ dji d»i diT 
^~de^dT de 



.(88). 



dQ^{MG,^e%'^de-e%di. 

Thus if we denote by (7j the specific heat of the rod at 
constant length, we obtain 



dQ ^ MCide - e ^^ dC 
d4> = MCi^-^^dX 



.(89) ; 



and 






(90), 
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or, by eqioation (88), 



r-c ^i£i 

dl 

or ^' = ^'-F-^- 

dT 

"^ -m-mm <">■ 

and the condition that c{^ is a complete differential, gives 

dijMCi) Qd^ ^32^ 

dl d6'^ 

Lastly, taking T and I as independent variables, we 
have from equation (89), 

,j«.jfa,^ir+(j/o,f-4f),B, 

or, by equation (90), 

dQ=^MCi^dT + MG/-^dl (93). 



T' 



„ d^T C, dl 

Hence ^ = __^, 

dT 

or d^T C^deT 

dl Ci dl ^^*^- 

Substituting for Ci, we obtain 

d4_del _^_(d^l\^ , , 

dT~dT MG,\de) ^ ''• 
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PART II 

CHANGE OF AGGREGATION. 

101. Bodies are found in three different states of 
aggregation, known as the solid, the liquid, and the 
gaseous. Most substances are capable of existing in all 
three states. For example, water exists in the forms of 
ice, water, and steam. A few solids have not yet been 
melted, but the number of such bodies is found to diminish 
as improvements in the Arts and Sciences place higher 
temperatures at our disposal. Prior to 1877, the more 
perfect gases oxygen, hydrogen, and nitrogen, had resisted 
all attempts to reduce them to the liquid state; but in 
that year they were not only liquefied but solidified, by 
two independent experimenters, M. Cailletet and M. Raoul 
Pictet. It is therefore concluded that when we shall have 
a sufficient range of temperature and pressure at our 
command, it will be possible to make every substance 
take the three different forms of solid, liquid, and gaseous. 

Let any quantity of any substance, as water, be con- 
tained in a cylinder fitted with an air-tight piston, so that 
the volume can be increased or diminished at pleasure ; 
and suppose that, owing to the moderate size of the 
cylinder, the weight of its contents produces no sensible 
difference of pressure in any part of it. Then it is found 
that if the substance at any given temperature can exist 
in stable equilibrium in two different states in any propor- 
tion, it is possible, by altering the volume, to cause it to 
exist in stable equilibrium in these two states at the same 
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temperature and pressure in all other proportions. We 
cannot therefore take and p for independent variables 
to define the state of the system when in equilibrium. 

102. When a solid body is raised to a sufficiently high 
temperature, it begins to melt into a liquid. This change 
of state often takes place abruptly, as when ice is con- 
verted into water; but sometimes there are indications 
of an approaching change of state before that change 
actually occurs. For instance, glass, before reaching a 
state of perfect liquefaction, passes through a series of 
intermediate states in which it is soft, or viscous, and can 
readily be drawn out into very fime threads. But in all 
cases, when a body exists in the same vessel in a state of 
stable equilibrium at a given temperature and pressure, 
partly in the solid and partly in the liquid state, the 
proportion of the two parts may have any value we please. 
This temperature is called the melting point of the sub- 
stance for the given pressure. 

By carefully cooling a liquid in a clean vessel, it is 
found possible to reduce the temperature below the melt- 
ing point without causing it to solidify. The liquid is 
then in a state of unstable equilibrium; the smallest shake 
or touch causing it to solidify with explosive violence. 

Many solid bodies are constantly in a state of evapora- 
tion, or of transformation into the gaseous state. Camphor 
and ice are the best known examples of this. Such bodies, 
if not kept in well-stoppered bottles, gradually escape in 
the form of vapour. For example, large sheets of ice 
during a long dry frost become smaller and at last dis- 
appear. Very little is known of the conditions attending 
this phenomenon except from theoretical considerations. 
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Again, if heat be applied to a liquid contained in a 
closed vessel, part of it will be converted into vapour or 
gas, and it is found that the pressure of the vapour when 
in stable equilibrium with the liquid, depends only on the 
temperature, increasing as the temperature rises. If the 
space above the liquid, instead of containing nothing but 
the vapour of the liquid, contain any quantity of air or 
any other gas not capable of chemical action on the liquid, 
it was found by Dalton that the quantity of vapour formed 
was very nearly as great as in the first case, but that the 
time required to reach the state of equilibrium was much 
longer. 

103. As the transformation from the liquid to the 
gaseous state has been most studied experimentally, and 
as the phenomena are the same in all cases, we will 
describe the boiling of water by way of example. 

When water is heated in an open vessel, the lowest 
layer gets hot first, and by its expansion becomes lighter 
than the colder water above and gradually rises, so that a 
gentle circulation is kept up whereby the whole of the 
water is warmed, though the lowest layer is always the 
hottest. As the temperature increases, the air, which is 
always absorbed to a small extent by cold water, is silently 
expelled, rising to the surface in small bubbles. At length, 
the lowest layer of water becomes so hot that in spite of 
the pressure of the atmosphere and the weight of the 
water above, a bubble of steam is formed which rapidly 
grows larger, and then rises, but is condensed by the 
colder water into which it ascends, the collapse producing 
the well-known noise of 'simmering' or 'singing.' In 
this way, the water is briskly agitated until it becomes hot 
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enough throughout, and then the bubbles rise to the 
surface and the water is said to boil. 

The temperature at which pure water boils depends 
chiefly on the pressure of the atmosphere, the greater the 
pressure the higher being the boiling temperature. But 
the water must be raised to a higher temperature than 
that at which the pressure of the steam is equal to that 
of the atmosphere, for the bubbles of steam have to over- 
come not only the pressure of the atmosphere, but the 
weight of the water itself. The dependence of the boiling 
point on the pressure may be clearly shown by connecting 
a closed glass vessel containing water and air with an air- 
pump by means of which the pressure of the air can be 
reduced at pleasure. After working the pump a short 
time, the water will be seen to enter into active ebullition. 
In this way it may be made to boil at any temperature 
between 0^ C. and 100^ C. On the other hand, by increas- 
ing the pressure of the air, the boiling point may be raised 
above 100« C. 

A simpler experiment is due to Franklin. A little 
water is boiled in a flask over a gas flame until most of 
the air dissolved in it is expelled ; and while the water is 
still boiling, the cask is securely corked and removed from 
the flame. Ebullition then ceases, but if cold water be 
poured over the vessel so as to condense the steam, the 
water again begins to boil and continues to do so for a 
considerable time. 

104. In order to explain the indicator diagram of a 
substance, part of which is liquid and part vapour, we will 
suppose a gramme of water contained in a cylinder fitted 
with an air-tight piston. If the interior of the cylinder 
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be large enough, the whole of the water will exist as steam 
satisfying approximately the relation pv = Rd, where R is 
the constant 4,752,300. If, while the temperature is kept 
constant, we then force in the piston so as to diminish the 
capacity of the cylinder, the product pv will, at length, 
begin to decrease, and continue to decrease until the 
density of the vapour is exactly equal to that which is in 
stable equilibrium with water at the same temperature. 
The steam is then said to be saturated and the smallest 
increase of pressure is sufficient to cause some of it to be 
condensed into water. We may, if we are careful, convert 
all the steam into water without any appreciable change 
either in the temperature or the pressure. 

The state of the substance before condensation begins 
is represented on the indicator diagram by the curve AB, 



Y/ 



z 



and during the change of state by the horizontal line BC, 
Also since water is very nearly incompressible, the re- 
mainder of the diagram will be the practically vertical 
line CD. 

When the steam is in the state represented by the 
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point B, it is possible to keep the temperature constant 
and yet to increase the pressure without causing any 
steam to condense until the state represented by the 
point X is reached. In like manner, the pressure may be 
reduced considerably below that indicated by the point C 
before any water evaporates. But in both caises, the 
substance will be in an unstable condition, being in danger 
of explosive condensation on the curve BX, and of explo- 
sive evaporation on the curve CZ. 

It has been suggested by Prof. J. Thomson that the 
curves BX and CZ may be continued into one another, as 
by the dotted line XYZ, so that the isothermal is only 
apparently and not really discontinuous. But experi- 
mental evidence of the existence of the curve XYZ is 
still wanting. 

It will be observed that at any point in the curve 
XYZ, the pressure and the volume increase or diminish 
together, so that the state of the substance is then essen- 
tially unstable. In the present chapter, we restrict our- 
selves to stable conditions and reversible operations, and 
therefore the discontinuous part of the diagram is all we 
require. 

In the accompanjring figure, the isothermals for diffe- 
rent temperatures are collected together. The dotted 
curve jB J5' £"... indicates the pressures and the volumes 
of saturated steam and is therefore called the * steam line.' 
It is not an isothermal ; for if it were, the different iso- 
thermal curves AB, A'B\ A"B'\,,, would all coincide with 
it, and for any given pressure and volume, the temperature 
of one gramme of steam might have an infinite number of 
values, which is plainly absurd. It is worthy of notice 
however, that a finite number of different temperatures 
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are sometimes possible when the pressure and volume of 
a given mass of a substance are given. For example, at a 




pressure of one atmo, a given quantity of water will have 
the same volume when its temperature is a little below 
4^ C. as when it is a little above. 

The liquid state is practically represented by the axis 
of p, the volume of a given quantity of water at any 
ordinary temperature being negligible in comparison with 
the volume of the same quantity of saturated steam. The 
axis of |) is therefore the * water line.' 

Along the steam line, there is evidently a relation 
between p and 6 which may be written p=f{ff). A 
similar relation will hereafter be found to hold between 
p and d when the soKd and the liquid, or the solid and the 

gaseous states are in stable equilibrium together in the 

same vessel. 

The steam line for water is represented approximately by 

either of the following empirical formulae, due to Rankine : 

pvii = constant. 

^) = (^- 233)' X constant. 



i 
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Since the density of saturated steam increases with 
the temperature, it follows that the steam and water lines 
continually approach one another, and we are naturally 
led to ask if they ever meet. This question has been 
answered by the experiments of Cagniard de la Tour and 
Dr Andrews, from which it appears that for each substance 
there is a certain temperature, known as its 'critical 
point,' above which the distinctions between the liquid 
and gaseous states disappear, whatever the pressure may 
be. 

105. Let any sufficient quantity of any liquid and its 
saturated vapour be contained in a state of equilibrium 
in a cylinder fitted with an air-tight piston ; and suppose 
that the cylinder is not so great but that the effect of 
gravity in creating differences of pressure within it may 
be neglected. Then if, by slowly drawing out the piston, 
an additional quantity of saturated vapour is formed in a 
reversible manner without altering either the temperature 
or the pressure, it is evident that the heat absorbed will 
be proportional to the quantity of saturated vapour thus 
produced, whether we adopt the caloric or the true theory 
of heat. The heat absorbed when an additional gramme 
of saturated vapour is formed in a reversible manner at 
any constant temperature Q and constant pressure p is 
called the Latent Heat of the vapour and is usually 
denoted by the symbol L, Since there is a relation 
between p and Q along the steam line, we may consider 
jL to be a function of Q alone, or of p alone. 

In order to explain how the subject was treated before 
the true theory of heat was established, we will first 
suppose heat to be a material substance, so that the total 
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quantity of heat absorbed in any cyclical process is zero. 
Suppose then that the contents of the cylinder undergo 
the following cycle of operations. 

(1) Let the piston be slowly drawn out until an 
additional gramme of saturated vapour is formed at con- 
stant temperature and pressure, whereby a quantity of 
heat Z» is absorbed. 

(2) Let the piston be drawn further out until the 
temperature falls from to d — r, where t is indefinitely 
small, just sufficient heat being imparted to the cylinder 
or abstracted from it, to prevent the liquid from evapo- 
rating and the vapour from condensing. 

As we wish to express the quantity of heat absorbed 
during this operation in a convenient form, we will 
represent by (7' the heat that must be imparted to a 
gramme of satumted vapour to keep it constantly in the 
saturated state when it is slowly compressed until its 
temperature rises one degree : we will also suppose that, 
under similar conditions, C denotes the specific heat of 
the liquid, and H the thermal capacity of the contents of 
the cylinder in their original state. The heat absorbed in 
the operation may then be written 

-(iT-C+COT. 

The quantity (7' is called the * specific heat of the satu- 
rated vapour' ; and since most liquids are nearly incom- 
pressible, it is evident that C is practically equal to Cp, 

(3) Now let the piston be slowly pushed in until a 
gramme of vapour is condensed without altering the tem- 
perature or the pressure. The heat absorbed will be 

-1 1 



(^-^S)- 
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(4) Lastly, let the contents of the cylinder be brought 
into their original state. The heat will be Hr, 
We have therefore 

g + (7-(7' = (96). 

Naturally, the first liquid experimented upon was 
water. It was ascertained by James Watt that the latent 
heat of steam diminished as the temperature increased, 
and he supposed his experiments to prove that the 
quantity of heat required to raise unit mass of water from 
the freezing point to any temperature 6 at constant 
pressure and then to convert it into steam at that tempe- 
rature and pressure, was independent of 6, This con- 
clusion was known as Watt's law and was expressed by 
saying that, 'The sum of the free and latent heat is 
always constant \ In analytical language, this becomes 



i + I Crtd0 = constant. 

J2 
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Differentiating, we obtain 

and therefore, by equation (96), 

In accordance with this result, which was long taken 
to be correct, it was thought that when saturated steam 
expanded or was compressed in a vessel impermeable to 
heat, it would continue at the point of condensation. In 
other words, the steam line was considered to be an 
adiabatic curve. 

In 1847, Regnault published his experiments on latent 



+ Cp = -305/, 
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heat from which it appeared that Watt's law was not 

strictly correct, the value of X + | GpdO increasing with 

the temperature. Begnault's result, which was expressed 
in calories, may be stated in the c. o. s. absolute system of 
units thus : 

Z + f * Cpde = J'(606-5 + -305^), 

^278 

where J is the number of ergs in a calorie, and ^ = tf - 273. 
Differentiating, we find 

dL 
dd 
and then, by equation (96), 

C = -305 J. 
It was therefore concluded that when saturated steam 
was compressed and consequently heated, it was necessary 
to supply heat to it from without to keep it in the state 
of saturation, and conversely, that it would have to part 
with heat when it expanded. From this it followed that 
when saturated steam was compressed in a vessel im- 
permeable to heat, part of it would be condensed into 
water, but that if it was allowed to expand, it would 
be removed ftirther and further from the saturated state ; 
in other words, would become superheated. 

106. The principles of the mechanical theory will 
now be applied to the reversible cycle described in the 
last article. 

On an indicator diagram, the first and third operations 
will be represented by horizontal straight lines AB, CD, 
and the work done by the substance during the cycle, by 
the product of AB and PQ, 

p. 18 
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Now the ordinate OP represents the pressure p am 
OQ represents P"*^ ^t where the value of -^ is to b 
found by experiment from the properties of the stean^zrna 



•e 



Q 



B 



V 



line. Also if s be the volume of one gramme of saturated 
steam, and a that of one gramme of water, we shall ha^v^e 
AB = s — 0-. Thus if W be the work done by the substan.<3e 
during the cycle, 

dp 
= «Tj,8ay. 

Hence the principle of energy gives 

g*"-'^'-"! w- 

Again, the increase of entropy in the first operation & 
^ and in the third, -J--t^/^^H. In the second f 
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and fourth operations combined, it is ((7 - C) ^ . We 

u 

have therefore 



that is, 



±fL\ G-G^ 

d0 \e)^ "' 



or 



^'=S+^-^j 



.(98). 



Combining equations (97) and (98), we get the im- 
portant result 

(99). 



^-<e 



^ + (7^ = -305 J, 



107. Now in the case of water Begnault obtained the 
experimental results : 

L + \ Cpdd = J (606-5 + -305^), 
Jan 

Cp = /(I + -000 ow + -000 poo 9 e*). 

Hence we find 

and 

L = J (606-5 - -695^' - -000 2^"- 000 000 3 0'% 

so that, if we neglect the difference between G and Gp, and 
denote by c' the equivalent of G' in calories, we have 

' _ «iAK 606-6 - -695^ - -000 02^» - -000 000 3 ^^ 
c _ -dOS 273+^^ • 

By means of this formula, the values of c' are easily 
calculated as in the table. 
e' : I 20 I 50 



100 



150 



200 



(f -1-916 I -1-717 



-1-405 



-1-133 i --879 [ --^7^ 
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Clausius finds that the simpler formula 

i = /(GOT- -708^0 

may be substituted without serious error for the more 
complicated relation deduced by Begnault from his 
experiments. We then should have 

607^-708^ 
^-^^^ 273 + ^ ' 

from which the values of c' may be calculated as before. 

108. To find the difference between C and Cp, we 
take the equation 

dQ = Cpdd-e^dp, 

and suppose it to refer to one gramme of water in the 
liquid state, the relation between p and d being the same 
as on the steam line. Thus we have 

^-^^-^dddd' 
^' ^^"^-^Wdd' 

Taking the temperature 100" C. for the purpose of 
numerical illustration, we then have, by experiment, 

e = -000 8, 

or since the volume of one gramme of water at 100° C. is 
practically one cubic centimetre, 

^^| = -000 8. 

Also ^ = 36,300. 

d0 
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Thus at 100° C, 

Cp - a = 373 X 000 8 X 36,300. 
But from Regnault's formula, we obtain at 100" C. 

Cp = l'OlSJ. 
Hence C=J(1 -013 - '000 2 6). 

It therefore appears that G and Cp are so nearly equal 
that no important error can have been introduced by 
taking them to be identical. 

109. For Carbon Bisulphide (CSa), Regnault finds 
i + f Cpdd = J(90 + -146 01^' - 000 412 3 ff% 

J 278 

Cpdd = J (-235 23d' + 000 0815^0 ; 

278 

whence we obtain 

i = J-(90 - -089 22^' - -000 4938^^)^ 
and 

c' = -14601 - -000 8246^' - 90 -08922^ -OOP 4938^^ 
We then easily calculate the values of c' as below : 

6' 



J2 






50 100 


150 


- -1837 


- -16001 - -1406 


- -1325 



For Chloroform (CH CI3), Regnault finds 

L+j Cpde = J(67 + -1375^, 
./27s 






Cpdd = J (-232 35^+000 050 72^»): 

27S 

and therefore 

L = J(67- 09485^ - -000 050 72^') 

A ' _ 1 9T - 67 - -09485^ - -000 050 72^ 
and c - -1^70 273 + 0' 
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whence the following values of d are deduced : 

e' I 50 I 100 150 



-•0153 



+ •0155 



- -1079 I - -0549 

For Ether (C4H10O), 

i + f ^ C^dO = J(94 + -45^' - -000 555 66^0, 

J 273 



/, 



9 



273 

and therefore 



CM = J(529^+ -000 29587^'') ; 



i = J (94 - 079^' - 000 85143 0'% 

94 - -079^- -000 85143^'^ 



and 

c' = 45 -001 111 12^'- 
from which we find 



273 + ^ 



0' 50 


100 


150 


c' + -1057 + -1222 


+ •1309 


+ ^1344 



110. The fact that the specific heat of saturated 
steam is negative was discovered by Clausius and Ran- 
kine, independently, early in 1850. It shows that when 
saturated steam is compressed adiabatically it becomes 
superheated, and that when it expands it is partially con- 
densed. In steam-engines the condensation is often pre- 
vented by means of a 'steam-jacket' surrounding the 
cylinder. 

All the conclusions we have arrived at as to the 
specific heats of saturated vapours have been verified 
by the experiments of Him and Cazin. By employing 
a metal cylinder fitted with glass at the ends, the be- 
haviour of the vapour was made visible to the eye. 
Bisulphide of carbon vapour and steam both formed 



i 



p^pp 
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a cloud during expansion but remained clear during 
compression. Ether, on the contrary, formed a cloud 
during compression and remained clear during expansion. 
In the case of chloroform vapour, we have seen that 
the specific heat changes sign. Cazin calculates it to be 
zero at 123° '48 0. In accordance with this theoretical 
result, clouds were formed during expansion up to 123° C, 
but above 145° C. the vapour remained perfectly clear. 
Between 123° C. and 145° C. the conditions depended 
on the degree of expansion. With a small degree of 
expansion, there was no cloud ; but with more expansion, 
a cloud appeared towards the end of the experiment, 
evidently depending on the temperature being reduced 
by expansion below 123° '48 0. 

111. Experiments on latent heat or on the volume of 
saturated steam are somewhat uncertain, on account of the 
diflSculty of ascertaining when the vapour is exactly in the 
saturated state and neither partially condensed nor super- 
heated. But assuming Regnault's experimental results 
we have calculated the following table referring to satu- 
rated steam in which all the quantities are expressed in 
the C.G.s. system of absolute units. 

The last three columns refer to one gramme of steam. 
To find 8, we simply add a to u, since u^s — a. 

The values of ^ enable us to see the deviations of 

saturated steam firom the state of perfect gas for which -— 
is constant. 

The values of ^ are obtained from Clausius. 
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' 


•1 


Lsteiit Lent 


• 


1 





6,134-40 


120,021 


25193,860000 


209,910 


4,717,000 


6 


8,713-62 


166,696 


25048,660000 


160,270 


4,710,000 


10 


12,222-1 


229,373 


24905,070000 


108,680 


4,689,000 


16 


16,934-9 


312,054 


24760,580000 


79,347 


4,667,000 


20 


23,192-0 


420,073 


24616,030000 


68,699 




25 


31,405-6 


667,431 


24471,400000 


43,900 


4,627,000 


30 


42,071-3 


732,128 


24326,680000 


33,227 


4,614,000 


36 


65,779-1 


852,166 


24 IP 1,860000 


25,397 


4.600,000 


40 


73,220-8 


1,225,660 


340)2,780000 


19,610 


4,588,000 


46 


96,203-3 


1,661,610 


23891,890000 


16,300 


4,681,000 


60 


122,661 


1,973,680 


23746,720000 


12,032 


4.570,000 


55 


166,661 


2,471,100 


236(11,^-20000 


9,561-4 


4,562,000 


60 


198,416 


3,068,640 


23J 55.970000 


7,844fl 


4,66^000 


65 


249,294 


3,781,990 


23310,370000 


6,163-6 


4,547,000 


70 


310,830 


4,626,140 23164,610000 


6,007-1 


4,638,000 


76 


384,734 


6,618,310 23018,670000 


4,097-1 


4,633,000 


80 


472,904 


6,777,180 22872,560000 


3,374-9 


4,521,000 


85 


677,437 


8,121,400 


22726,250000 


2,798-3 


4,516,000 


90 


700,645 


9,684,360 


22579,740000 


2,331-6 


4,502,000 


96 


845,070 


11,479,300 


22433.020000 


1,954-2 


4,486,000 


100 


1,013,610 


13,530,400 


222e6,080<"XX) 


1,647-1 


4,478,000 


106 


1,208,760 


16,863,400 


22138,910000 


1,396-5 


4,469,000 


110 


1,434,080 


18,499,200 


21991,610000 


1,188-8 


4,456,000 


116 


1,692,840 


21,473,100 


21843,860000 


1,017-3 


4,443,000 


12t) 


1,988,720 


24,816,300 


21G95.950000 


874-3 


4,430,000 


126 


2,325,680 


28,551,700 


215-47,780000 


754-7 


4,416,000 


130 


2,707,510 


32,716,400 


21399,330000 


664-1 


4,401,000 


136 


3,138,860 


37,335,900 


21250,590000 


5691 


4,387,000 


140 


3,624,140 


42,444,700 


21101,670000 


497-1 


4,372,000 


146 


4,166,130 


48,072,400 


20952,200000 


435-8 


4,368,000 


160 


4,776,810 


54,249,500 


20802,590000 


383-5 


4,343,000 


155 


5,452,370 


61,020,000 


20652,630000 


338-5 


4,330,000 


160 


6,203,240 


68,402,600 


2{M02,330000 


299-7 


4,310,000 


165 


7,033,960 


76,436,000 


20351.690000 


266-3 


4,300,000 


170 


7,950,270 


85,156,200 


20200,410000 


237-2 


4,280,000 


176 


8,958,140 


94,696,200 


20049,360000 


211-9 


4,260,000 


180 


10,063,600 


104,766,000 


19897,650rKX) 


189-9 


4,260,000 


185 


11,272,900 


115,725,000 


19745,550000 


170-6 


4,230,000 


190 


12,692,500 


127,496,000 


19593,070000 


163-7 


4,220,000 


195 


14,028,600 


140,094,000 


19440,190000 


138-8 


4,200,000 


200 


16,688,000 


153,566,000 


1 9286,91 WK)0 


125-6 


4,180,000 
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112. We will now obtain Clausius' expression for the 
energy and entropy of a substance of mass m, existing in 
a state of stable equilibrium, partly as liquid and partly as 
vapour. 

Let us denote by Uq and ^o the energy and entropy 
which the substance possesses when entirely in the liquid 
state at a given temperature 0o and a pressure equal to 
that of its saturated vapour at the same temperature. 
Also let U and <f> be the energy and entropy when the 
temperature is and the mass of vapour x. 

We may bring the substance from the first state to the 
second by the following reversible operations : — 

(1) Let the temperature be gradually raised from Bq 
to ^vithout evaporating any of the liquid, the pressure 
being varied with the temperature in such a way that at 
every instant it is exactly equal to that of the saturated 
vapour. 

The heat absorbed will be m I Cd0; the increase of 

J On 

entropy, ml 3 ^^ > *^d the work done by the expansion 

of the liquid, m\ p-^d0; where G and a- have the 
same meanings as before. 

(2) Then let the mass x of vapour be formed at 
constant temperature and pressure. The increase of 

xL 
entropy will be -5- and the increase of energy 

x(L—pu). 



or 
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Hence 
<f> = <l>o + m j -ffde + -^ , 

and U= Uo-^mj^ [C-p ^dd + xiL-pi), ^...(lOO). 

The equation dQ = dd<f> then gives 

dQ = mCde + dd(^) (101). 

The last result may also be obtained thus. The 
volume V of the substance at the temperature 6 is 

V = (m — a?) o" + a?5, 

= ma + xu. 

Hence in a small reversible change of state, the work done 
on the substance is 

dW=—pdv 

= — mp -T^d0 "pd {ecu). 

The equation dU^dQ + dW then gives 

dQ = mCdd 4- d (xL) — amdp 

= mCd0 + d{xL)-'^d0, 

u 

= mCdO + ^d ( -^ j , as before. 

113. If we suppose the substance, when partly liquid 
and partly saturated vapour, to expand adiabatically, we 
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can easily calculate by means of the preceding formulae 
the change in the relative proportions of the liquid and 
gaseous portions of the substance, the change in volume, 
and the work done, in terms of the initial and final 
temperatures. 

Since the entropy remains constant, we have, dis- 
tinguishing the initial and final states by the suffixes (i> 
and (2), 



r>^^^-r>- 



xjj 



2 



or, since G is practically constant, 

^C'log| 4-^^^ = mClog| +^^^ 

Thus ^^ = r TiT "^^l^g^-) (102)- 

If V be the total volume of the substance, 

t; = (m — a?) cr + xs 
= ma + xii 

xL 

= ma + ^T' • 

Hence v^ = ma^ "*■ T" ( "^ ^ ~ ^^ ^^^'Sl '" (103). 

dd. 

It has already been shown that the work, dW, done on 
a substance in an indefinitely small change of state is not 
generally a complete diflferential, and that, in consequence, 
the work W, done in a finite change of state, generally 
depends on the manner in which the change is eflfected. 
In the present case, however, we have the condition that 
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the liquid and its saturated vapour are always in stable 
equilibrium together. The path being specified, the 
temperature may be considered as the only independent 
variable and the expression for dW becomes a complete 
differential. Thus 

dW^—pdv = ^pd {ma) —pd (osu), 

or, since the small quantity ma- is sensibly constant, 

dW = —pd(xu) 

= — d (amp) + (mi-^d0. 

Substituting jfrom equation (99), this becomes 

xL 

dW = - d{xup) + -^ dd. 

But, since is constant, we have from equation (100) or 
(101), 

mCde + ed (y ) = 0, 

and therefore 

'^d0 = mCde + ^ ixL) dd. 

J 

Hence dW = — d (xup) + mCdd + ^^ (xL) dd. 

Integrating and remembering that C is practically con- 
stant, we obtain 

TF = - ^2 (^2^2 - L2) + Xi (ujPi - Li) + mC (0^ — ^1) 

+mC(e,-e,) (104). 

As an illustmtion of equations (102), (103), and (104), 
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the following table has been calculated by Clausius, work 
being reckoned in gramme-centimetres. 
It is supposed that initially m grammes of saturated 
steam are contained at 150^ C. in a cylinder impervious to 
heat, and that the piston is then slowly draMm out so that 
the temperature fells and the steam partially condenses. 
In our formulae, we must put a?i = m. 
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m 

m 

H 

H 
W 



(980. 868) w 



150 
1 


125 


100 


75 


50 

1 


•956 


•911 


•866 


•821 





•044 


•089 


•134 


•179 


1 


1^88 


3^90 


9^23 


25-7 





1,130,000 


2,320,000 


3,590,000 


4,930,000 



25 



•776 



•224 



88^7 



114. When the liquid and gaseous states exist in 
stable equilibrium together, it is obvious to the most 
casual observer that there is a relation between the 
pressure and the temperature ; but this is not so easy to 
see, without the assistance of theory, in the case of the 
solid and liquid states. In fact, the question whether the 
melting point depends on the pressure does not seem 
to have been asked before it was answered by Prof. 
J. Thomson in 1849, by the following train of reasoning. 

For the sake of fixing the ideas, let the substance 
considered be water, which contracts in passing from the 
solid to the liquid state ; and suppose the melting point 
independent of the pressure. Let a large quantity of it, 
partly in the liquid and partly in the solid state, at 
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temperature and pressure p, be made to undergo the 
following cycle of reversible operations during which 
temperature is kept constantly equal to 0, 

(1) Compress the mixture slowly until the pressure 
rises to p + dp, without causing all the water to be fix)zen. 
If our hjTpothesis be correct, this will be possible ; for we 
have assumed that at a given temperature the liquid and 
the solid states may exist together at all pressures. 

(2) Then by slowly abstracting heat, let a finite 
quantity of the water be frozen at constant temperature 
and constant pressure p + dp, 

(3) Slowly reduce the pressure from p-\- dp to jp, 
without melting so much ice as was fonried in the second 
operation. 

(4) Lastly, let heat be imparted to the mixture so as 
to melt some of the ice at the constant temperature and 
constant pressure p, until the original state of the mixture 
is restored. 

By drawing an indicator diagram, it will be seen that 
there is a gain of mechanical work in the cycle, which, by 
the principle of the equivalence of heat and work, must 

P 
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have been transformed out of the heat supplied to the 
substance. But this is contrary to Camot's axiom, for all 
the heat gained or lost by conduction or radiation may 
have been obtained from or given to bodies whose tempe- 
rature is uniform and constantly equal to ft 

We conclude therefore that the assumption that the 
melting point is independent of the pressure, must be 
incorrect, and we infer that there is a relation between p 
and when the solid and liquid forms are in stable 
equilibrium together. In like manner it may be shown 
that there is a relation between p and 6 when the solid 
and gaseous states are in stable equilibrium together. 

If we take two rectangular axes as axes of pressure 
and temperature, the relations between p and will be 
represented by three curved lines, of which that which 
refers to the solid and liquid states is called by Prof. J. 



O ^273 

Thomson, the *ice line* ; that which refers to the solid and 
gaseous states, the * hoar-frost line ;* and that which refers 
to the liquid and gaseous states, the 'steam line.* The 
term 'steam line* is also used in a different sense, as we 
have already seen, as the name of the curve on the indi- 
cator diagram which represents the relation between the 
pressure and the volume of unit mass of saturated vapour. 
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115. The relation between the melting point and 
the pressure is given by an equation exactly similar 
to (99), viz., 

where L is the latent heat of fusion (of one gramme) in 
ergs, u the difference between the volumes of one gramme 
of the substance, when just at the melting point, first in 

the liquid and then in the solid state, and --& refers to 

the ice line. 

Hence, since L is always positive, if the substance 
expand in melting, like most of the bodies which compose 

the crust of the earth, ^y. will be positive, or the melting 

point will be raised by increasing the pressure. In popu- 
lar language, we may say that the greater pressure 
renders the increase of volume more difficult and that in 
consequence, a higher temperature is required for fusion 
than when the pressure is less. 

The temperature of the earth increases rapidly as we 
descend, and at a moderate depth must be sufficient to 
melt every substance with which we are acquainted when 
the pressure to which they are subjected is only the same 
£is that of the atmosphere. But it does not follow that 
the interior of the earth is in the liquid state, because the 
enormous pressure which must exist there may be more 
than sufficient to prevent liquefaction. 

There are a few substances, like water and cast-iron, 
which contract in bulk when fusion takes place, so that 

u and ~ will be negative. An increase of pressure will 
then lower the melting point, or assist the fusion. 
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In the case of water at 0° C. and at the pressure of one 

atmo, we can easily find the value of ^. For the latent 

heat is 79*25 calories, and the volumes of one gramme of 
water and of one gramme of ice are 1*000116 and 1*087 
cubic centimetres, respectively. We therefore have 

de ^ 273 X *086884 

dp 79*25 X 41,539,759-8 ' 

If dp' be the pressure dp measured in atmos, 

dp = 1,013,510 dp\ 

and therefore j-, = 1,01 3,5 1 y- 

dp dp 

273 X 086884 x 1,013,510 
79*25 X 41,539,759*8 
= •0073025. 

This theoretical result was verified experimentally by 
Sir W. Thomson in 1850 in a very accurate manner. He 
placed a quantity of water and lumps of clear ice in an 
Oersted press which was fitted with an ordinary air-gauge 
to show the pressure. In order to be able to measure 
small diflferences of temperature correctly, he constructed 
a thermometer filled with ether-sulphide and enclosed it 
in a larger glass tube hermetically sealed to protect it 
from the pressure. On screwing down the press, the 
temperature was at once seen to fall, but the thermometer 
returned to its original reading when the pressure wa& 
taken off. The results obtained are given below. 



Pressure. 



FaUof temperature of melting point. 



Observed. 



'OW C. 
•129'* C. 



8*1 atmos 
16*8 „ 

P. 19 



Calculated. 



•059° C. 
•1227" C. 
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The small diflference between theory and observation when 
the pressure is 16*8 atmos may be due entirely to the fact 
that the theoretical equations refer only to indefinitely 
small changes of pressure. 

The preceding conclusions with respect to ice have 
been applied to explain two phenomena which formerly 
occasioned much difficulty. 

(1) When two pieces of ice at the melting point are 
pressed together, there will be a fall of temperature and 
some of the ice will be melted. For since at a tempera- 
ture below the melting point, ice expands by heat at 
constant pressure, it follows from equation (70), that 
until the melting point is reached, an adiabatic increase 
of pressure will be attended by a rise of temperature. 
Hence, as may also be inferred from equation (102), when 
ice at the melting point is slightly compressed without 
loss or gain of heat, a small portion of it will be converted 
into water and there will be a very slight fall of tempera- 
ture such that the water and ice may coexist at the 
higher pressure and lower temperature. The greater part 
of the water thus formed escapes, so that the two pieces 
of ice are left nearly dry. If the pressure be then dimin- 
ished, the temperature will rise and the two pieces of ice 
will be frozen together, there being enough moisture left 
for this purpose. 

This phenomenon is known as Eegelation. 

(2) It was noticed by Forbes in 1842 that a glacier 
descends along its bed with a motion like that of a very 
viscous fluid, such as tar. His observations were summed 
up in the words: 'A glacier is an imperfect fluid, or a 
viscous body, which is urged down slopes of a certain 
inclination by the mutual pressure of its parts.' 



APPLICATIONS OF CARNOT*S PRINCIPLE. 



291 



This is easily explained by means of the principles 
which we have already laid down; for a glacier being a 
very porous mass of ice, the pressure will vary greatly 
jfrom point to point; and the temperature being always 
about 0° C, the ice will melt at the places where the stress 
is most severe. The glacier will consequently be able to 
take new forms without exhibiting any visible rupture. 

The behaviour of substances which expand during 
fusion, like wax and sulphur, was first examined experi- 
mentally by Bunsen by means of a very simple and 
ingenious apparatus. He took a glass tube, heated the 
ends, drew them out, and bent one of them round, as in 
the figure. The thick part By of the tube was filled with 
mercury, the substance to be experimented upon intro- 
duced into the bent part 0, and then both ends of the 





apparatus were hermetically sealed and the tube fastened 
to a board. The temperature of the bent part G could be 
varied at will by plunging it into water of a known 
temperature. On sinking the apparatus still deeper in 
the water, the mercury in B was heated and expanded, 

19—2 



292 ELEMENTARY THERMODYNAMICS. 

causing a great increase of pressure, the magnitude of 
which depended, of course, on the depth to which the 
part B was immersed in the water. It was capable of 
rising to above 100 atmos and was very accurately mea- 
sured by the volume of the air in the fine tube A, 

The method of making the experiment consisted in 
melting the substance in C and then, on allowing the 
water to cool, observing the temperature and the pressure 
at which solidification took place. In order to show 
simultaneously the behaviour of the substance under a 
pressure of about one atmo, another apparatus was con- 
structed similar to the first, but with the end A open, and 
fastened on the same board. 

The two substances examined by Bunsen were sper- 
maceti and paraffin, and the results obtained, which are 
given below, showed that the melting point was raised by 
increasing the pressure. Unfortunately, we do not possess 
sufficient data to make an accurate theoretical calculation 
of the effects of pressure on the melting point. 

Spermaceti. 



Pressure. 


Melting point. 


1 atmo 


47-7° C. 


29 atmos 


48-3° C. 


96 „ 


49-7° C. 


141 „ 


50-5° C. 


156 „ 


50-9° C. 



Paraffin. 



Pressure. 



1 atmo 
85 atmos 
100 „ 



Melting point. 



46-3° C. 
48-9" C. 
49-9° C. 
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116. The latent heat of fusion depends on the tempe- 
rature of fusion in the same way as the latent heat of 
evaporation depends on the temperature of evaporation ; 
the relation between the latent heat of fusion and the 
temperature being of the same form as equation (98), viz., 

where G and C are the specific heats (in ergs) of the 
solid and liquid, respectively, when the pressure varies 
with the temperature so as to keep the solid on the point 
of melting and the liquid on the point of solidifying. 
To find G and C we have the equation 

dQ^Gj^de-e^dp, 

and therefore (7 or C = Cp — 0-^ -tL , 

Cp and ^ referring, in the first case, to the solid state, in 

the other, to the liquid, and ^ to the ice line in both 

cases. 

If the substance considered be water at O^'C. and at the 

pressure of one atmo, the value of Jj. may be taken from 

Art. 115, thus: 

r, rv n 7925 X 41,539,759-8 (Lv 
GovU^Op+ :^ggg3^ ^. 

Hence if c, c', Cp be the equivalents of 0, C^ Gp, in calories, 

corc' = Cp + 912^. 

Now the coeflBcient of cubical dilatation by heat at 0°C. 
and at the pressure of one atmo, is — *000 061 for water 
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and '000153 for ice. Hence, since the volume of one 
gramme of water in cubic centimetres is 1*000116 and the 
volume of one gramme of ice 1'087, we obtain 

^=-•000061 for water, 
au 

and ^^!'= -000166 for ice. 

ad 

Therefore c = '48 + 1514 = '6314, 

c'=l- -0556 = -9444. 

Consequently, if I be the latent heat of fusion of ice 
at 0° C, in calories, we obtain 

dl /79-25 



M-m*-^-^^^^) 



= -290 + -313 
= -603. 

For the relation between the latent heat and the pressure, 

we have 

dL dL dO 

dp dd dp 

= - -603 X -2993 
= - 1804779. 
If dp' be the pressure dp expressed in atmos, 

dp = 1,013,510 X dp', 
dL dL dp 



and therefore 



or 



dp dp dp' 

= 1,013,510^, 

dl 1,013,510 dL 
dp ■" 41,539,759-8 dp 

= - -0044. 
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If dp" be the pressure dp in grammes per square centi- 

df = 1033-279 X dp\ 

, dl _ dl dp 

^""^ dy " d^' dp" 

= - -000 004 26. 

117. The change jfrom the solid to the gaseous state 
resembles the change from the solid to the liquid, or from 
the liquid to the gaseous state, and gives rise to equations 
exactly similar; but owing to the want of experimental 
data, they do not possess much interest. There is, how- 
ever, one general point of great importance, which we will 
now explain. 

Suppose a quantity of vapour at a high temperature 
contained in a vessel of constant volume and let the tem- 
perature be slowly reduced. After a time, the vapour 
will begin to condense into the liquid state, and as the 
fall of temperature goes on, the amount of vapour will 
become less and less. At length, the liquid will begin to 
freeze and the three different states of aggregation will be 
in stable equilibrium with one another. We see, then, 
that the three thermal lines, the steam line, the ice line, 
and the hoar-frost line, meet in a point which is con- 
sequently called the Triple Point. 

The three thermal lines and the triple point X, for 
water, are shown in the accompanying diagram in which 
the abscissa of a point is proportional to ^ — 273, and the 
ordinate to p ; OP representing a pressure of one atmo. 

Since the ice line is nearly parallel to Op, the equation 

^,= - '0073025, which, by Art. 115, holds for the ice line 
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at the point P, shows that the temperature of the triple 
point X lies between 0°C. and '01 °C. 

We shall find it convenient to distinguish the solid 
state by the suflSxd), the liquid by the suflBx^), and the 




Hoar- frost line, 
(13). 



Steam line, 
(23). 



d-273 



gaseous by the 8uflSx(8). The steam line may then be 
distinguished by the suffix (a), the ice line by da), and 
the hoar-j5x)st line bydj). With this notation, we have, 
at the triple point Z, but nowhere else, 

and tti3 = Ui2 + 1*28- 

But if 00 be the temperature of the triple point X, the 
equations 






give us at X, 



de 



18 



dOnst* 



23 



Ap ^Ap = L (-^ « ^\ 

d0is d02S 00 \^3 Ui^J 



Here, since at the triple point X, u^2 is so small in 
comparison with Uis and u^s that we may take 1^3 and Wj, 
to be equal, we have, at X, 

dp dp _ ii2 



d0is d023 0o^i3 
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Consequently, since L^ is very approximately 

79-245 X 41,539,759-8, 
we have at X, 

dp dp ^ 79-245 x 41,539,759-8 
cWis dd^ 273 X 209400 

= 57-578. 
If dp' be the pressure dp expressed in atjnos, 

dp = 1,013,510 X dp\ 
and therefore at X 

^-^^ = •000 056 8. 

If dp" be the pressure dp in grammes per squai« centi- 

metre, 

dp = 980-868 X dp'\ 

and at X, ^P^ - ^' = '0587. 

Now the value of ^ is -447 at -O'C. and -608 at 5°C. It 

ac/23 

may therefore be taken to be -448 at the triple point. At 

this point, then, we shall have j^ = -5067. 

dUis 



PART III. 

118. Many solid substances, such as the metal plati- 
num, have the power of absorbing gases to an appreciable 
extent within their pores. The absorptive powers of char- 
coal are so great that the gases absorbed must often be in 
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as dense a condition as when they are liquefied by enormous 
pressure and intense cold. Many liquids, too, possess the 
power of absorbing gases ; and, as in the case of solid ab- 
sorbents, there are a few exceptional instances in which 
the absorptive powers are very great; the most notable 
example being the absorption of ammonia by water. The 
increase of volume of a liquid due to the absorption of 
gases is generally small in comparison with the volume of 
the gases themselves : in the case of solid substances, the 
increase of volume is mostly imperceptible. 

Again, if a piece of salt or a quantity of sulphuric acid 
be thrown into a liquid, it will generally be dissolved and 
the liquid will again become homogeneous. As more and 
more salt or acid is added, the solution will get stronger 
and stronger, until a certain state is reached depending on 
the pressure and temperature and then, however much 
salt or acid is thrown in, it will be unaffected by the 
liquid, which is then said to be * saturated.' At any 
given pressure and temperature, there is therefore a 
maximum limit to the strength of the solution. On the 
other hand, if we begin with a quantity of salt or sulphuric 
acid, we may add as much water and, consequently, make 
the solution as weak as we please. Lastly, the vapour 
emitted by the solution is found to be of the same 
composition as the vapour of the liquid used in forming 
the solution, and its density, when in stable equilibrium 
with the solution, is found to depend on the temperature 
and on the strength of the solution. 

Suppose now that a cylinder fitted with an air-tight 
piston, contains a system of uniform temperature 6, com- 
posed of a given absorbing mass M and a given mass m of 
some other substance, as a gas, a salt, a liquid or its vapour. 
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and suppose that a mass x of this substance is absorbed by 
M, Also let the pressure p be such that the contents of 
the cylinder are in a state of stable equilibrium. Then if 

we put -jrz. = h,we may obviously take any two of the three 

quantities 0, p, h, as independent variables to define the 
state of the system within the cylinder. On drawing out 
the piston, the unabsorbed mass m—x will generally in- 
crease. If, at the same time, the temperature be kept 
constant, it will be necessary to impart a quantity of heat 
to the system, depending on (1) the absorbing part M-i-x, 
(2) the unabsorbed mass m — x. To distinguish between 
these two quantities, we will suppose the whole mass m to 
be originally absorbed, or take x = m. 
Let this system be made to undergo the following 
cycle of reversible operations. 

(1) Let the piston be slowly drawn out, at the same 
time imparting or abstracting sufiicient heat to keep the 
temperature constant, until a small quantity of the sub- 
stance absorbed is set free ; and denote the heat imparted 
by dQ and the consequent increase of volume by dv. 

(2) Let the system expand adiabatically until the 
temperature falls to 6 — r, where r is indefinitely small. 

(3) Let the piston be forced in at the constant tem- 
perature ^ — T by such a distance that the original state 
may be restored by a second adiabatic process. 

Representing the cycle on an indicator diagram by the 
small parallelogram ABGD, let the isothermal CD be con- 
tinued to a point Q which represents the state of the system 
at the temperature ^ — r when it first ceases to be homo- 
geneous. Then, since we can always vary the second 
operation so as to make r positive or negative at will. 
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we may always suppose Q to He to the left of the vertical 
line AP, The continuous curve CDQ will therefore always 



P 



B-r 




e 



P' Q' 



meet AP in some point P ; and, since the projection of AB 
on the axis of v represents dv, the work done on the system 
in the cycle will be proportional to AP dv. 
Again, when the pressure varies with the temperature 
in such a way as just to prevent the system from becoming 
heterogeneous, the coefficient of cubical dilatation by heat 
will generally be exceedingly small The point Q and P 
will therefore practically coincide and the ratio of AN to 
AP may be taken to be unity, QN being perpendicular to 
AP. But the ordinate of A is proportional to p and that 

of Q to ^ — T -^ : hence AN^ or AP, will be proportional 
^^ , and the work done on the system during the 



cycle will be 



-t*- 
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Camot's principle then gives 



dd^' T 



or dQ=e^dv (105). 

If we put dQ = Ldx, and dv = udx, where dx is the mass of 
the substance set free in the first operation, we get 

L = n0^ (106). 

When the substance absorbed is a gas, the volume of 
the small quantity dx will usually be enormous in com- 
parison with the change of volume of the rest of the system, 
and may, without sensible error, be supposed equal to dv, 

119. Again, suppose we have a pipe in which there is 
a plug of charcoal, and let a steady stream of gas or liquid 
be flowing slowly through it. Also let the temperature of 
every part of the plug be kept constant; the end A, at 
which the stream enters, being kept at a uniform constant 
temperature 0, and the other end j5 at a slightly different 
uniform constant temperature + d0. 



:^ > A (i^) B(e+de) 



• • • 5i?r'tt;'' 




■TTC- 



p+dp 



When one gramme of the gas or liquid passes through 
the plug, let the heat evolved at the end A of the plug be 
i, and the heat absorbed at the end B, L + dL. Also let 
the heat absorbed in the middle part of the plug exceed 
the quantity that would have been absorbed in the same 
time if the stream had not been flowing, by q. 
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Then dQ, the total quantity of heat absorbed by the 
unit mass of the stream in passing through the plug, will be 

and if JO be the pressure of the entering stream and p + dp 
of the emergent stream, the increase of energy, dU, will be 

dU^^dQ-dipv). 

Also since the passage of the stream through the plug may 
be considered reversible, the increase of entropy of the unit 
mass in passing through the middle of the plug will be 

^, and d<l>, the total increase of entropy, will be 

^ JL L q L + dL 



(^.) 



Therefore dU-dd^ = -d (pv) + ^de (107). 

Now if the substance which passes through the plug 
be water, which is practically incompressible, we shall have 

d (pv) = 0, 
and consequently dU— 6d<f> = z ^^ (108). 

Again, by Art. 112, we have for water 

dU^Gde 

so that dU'-0d(l> = O (109). 
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Comparing equations (108) and (109), we obtain 

i = 0. 

If the substance which passes through the plug be air, 
or any of the perfect gases, pv = Rd and equation (107) 
becomes 

dU''0d<l> = (-R + ^)d0 (110). 

But for a perfect gas, 

dU^C^dd 

J. ^ d6 V, 
d<l>=^Gp-^''^dp 

and therefore dU - 0d<l> = - RdO + vdp (HI). 

Hence, by equations (110) and (111), 

^=-4 ^112). 

Comparing equation (112) with equation (106), and 
remembering that when a gas is absorbed by charcoal, 
the change in the volume of the charcoal is practically zero, 

we see that ^ , which refers to the difference of pressure 

on the two sides of the plug, is equal to -^ . The meaning 

of this result, which has only been proved for an infinitesi- 
mal difference of temperature between the two ends of the 
plug, is that the mass of gas absorbed in each gramme of 
charcoal is the same in the hotter as in the colder part of 
the plug, 

120. In 1858 an important formula was obtained by 
Kirchhoff which enables us to calculate the heat evolved 
on diluting a solution with water. The experiments of 
Thomsen on the heat evolved in the dilution of sulphuric 
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acid and the observajbions of Babo on the pressure of the 
vapour emitted by dilute sulphuric acid, furnished results 
by means of which the formula was shown to be true. 

KirchhoflTs formula may be easily deduced from equa- 
tion (106) as follows. Let there be two cylinders fitted 
with air-tight pistons and joined by a narrow pipe which 




can be closed by a stop-cock ; and suppose the solution 
contained in X and a small quantity of water dw in F, 
both at the pressure of one atmo. Then let the same 
change of state be effected in the contents of the cylinders 
in two different ways during which the temperature of the 
whole system is kept constantly equal to 0, 

(a) 

Open the stopcock and let the water in Y be forced 
into X at the constant pressure of one atmo. Let the heat 
absorbed be denoted by dQ,, 

(1) Let the pressures in X and Y be reduced to p and 
P, respectively, so that the vapour is just on the point of 
forming in both cylinders. Let the increase of energy be 
called 6i. 
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Since it is Found by experiment that the pressure of 
the saturated vapour emitted by an aqueous solution is 
less than the pressure of saturated steam at the same 
temperature (it clearly could not be greater), it follows 
that P is greater than p. 

(2) Let the water in F be evaporated at the constant 

ffP 
pressure P. The heat absorbed will be uO t^ dw, which 

may be written dQi, and the work done by the vapour on 

the piston is Pudw. Since the error committed by putting 

Pu = R0 is negligible at low temperatures in comparison 

1 dP 
with dQi, we obtain, very nearly, dQi = Bd^ ^-j^dw, and 

the increase of energy becomes dQi — Rddw. 

(3) Let the saturated steam in T expand slowly at 
constant temperature until its pressure is equal to p. 
Since, at low temperatures, steam behaves somewhat 
approximately as a perfect gas, the increase of energy 
in this operation will be very small compared with dQi, 
and may be omitted altogether. 

(4) Next open the stopcock and then force the vapour 

in Y slowly into X at constant temperature. Since the 

R9 
volume of the vapour is originally — dw, the heat evolved 

during the operation will be — 7^^^' which may be 

more briefly written dQa; and since the pressure never 
differs from p by more than an infinitesimal quantity, the 
work done on the system will be ROdw, 

(5) Lastly, let the pressure be slowly increased to one 
atmo, and denote the corresponding increase of energy 
by et, 

p. 20 
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The total increase of energy in (6) will be 

dQi-dQ^ + ei + e^y 
or, since d is negative and both d and 6% very small in 

comparison with dQ, 

dQi - dQ^. 

Again, the increase of energy in (a) will practically be dQy 
since the work done may be neglected. Hence 

dQ^dQ.-dQ, (113). 

Substituting for dQi and dQ^ their values, this becomes 

— Jtfl'^(log|)<J«> (lU). 

121. We will now give some numerical illustrations 
of equation (106), depending on the following elementary 
proposition. Let there be two cylinders, as before, of 
which X contains a solution indefinitely near the point 
of saturation, and T a small quantity dm of the substance 
absorbed, both at the same temperature and pressure 
p ; and let the following change of state be brought about 
in the two following different ways at the constant 
temperature 0. 

(a) 

Open the stopcock and let the small mass dm be forced 
at constant pressure out of the cylinder Finto the solution 
X. Let the heat absorbed be denoted by dQ and the work 
done on the system by dW. 

H) 

(1) Let the pressures on the pistons be slightly 
reduced until the stopcock can be opened without break- 
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ing the equilibrium, and denote the increase of energy 
by e^. 

(2) Open the stopcock and then slowly force the mass 
dm into the solution, and let the heat absorbed be dQ and 
the work done on the system dW. 

(3) Lastly, let the pressure on the piston of X be 
brought to its original value, the increase of energy being 
denoted by e^. 

Hence, by the principle of energy, 

But dW,dW\ Bi, and ^2, are small quantities of the second 

order. Thus 

dQ=dQ^. 

From this we see that when a small quantity of a sub- 
stance is forced, at constant pressure and temperature, into 
an absorbing solution indefinitely near the point of satura- 
tion, the heat absorbed (or evolved) is the same as if the 
same substance had been forced at the same constant 
temperature into a large solution already saturated at the 
same pressure and temperature. 

In the first place, consider the solution of carbonic acid 
by water. From experiment it appears that when the 
temperature remains the same, the amount of gas dissolved 
is very nearly proportional to the pressure, up to a pressure 
of 4 or 5 atmos ; also that if a saturated solution be taken 
at the temperature 0°C. and at a pressure of one atmo, the 

1*7207 
quantity of gas dissolved is diminished in the ratio ^ ,j ^ 

by raising the temperature to 1°0. without altering the 
pressure. In order, therefore, to preserve the strength of 
the solution constant when the temperature rises fi-om 0°C. 

20—2 
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to 1°C., the pressure must be increased in the ratio 

1*7967 
.ly/votT = 1*044284. Thus at 0°C. and a pressure of one 

atmo, we have 

(9^ = 273 X 044284 x 1013510. 

The volume of one gramme of carbonic acid at 0°C. and a 

pressure of one atmo being ^ ,q.^>ja cubic centimetres, we 

see that when one gramme of carbonic acid at 0°C. and a 
pressure of one atmo is absorbed at this pressure and tem- 
perature by a large and nearly saturated aqueous solution 
of the same gas, the heat evolved, in calories, will be 

273 X 44-284 x 1013510 ^ ^ 

1-9774 X 41539759-8 "" ^ 

Again, the masses of equal volumes of water and car- 
bonic acid, at 0°0. and a pressure of one atmo, are as 1000 
to 1*9774, and therefore when one volume of carbonic acid 
is absorbed as before, the heat evolved is sufficient to raise 
the temperature of one volume of water by 

149-17 X 1-9774 

1000 " 

degrees Centigrade. 

We now easily calculate that the heat evolved on forc- 
ing into solution at 0°C. and a pressure of one atmo, 
1*7967 volumes of carbonic acid — the quantity required to 
saturate one volume of water at 0°C. — is sufficient to raise 
the temperature of one volume of water by 52''C. 

At 0°C. and a pressure of one atmo, carbonic acid may 
be considered a perfect gas, and it will be seen that the 
result we have obtained relating to the absorption of one 
gramme of gas, is practically true at any smaller pressure ; 



APPLICATIONS OF CARNOT'S PRINCIPLE. 309 

for example, when a vessel of water absorbs carbonic acid 
from the air. In this case, the term 'pressure,' as we have 
used it, refers to the pressure of the carbonic acid alone, 
not to the sum of the pressures of the carbonic acid and 
the air. 

Secondly, let us take the absorption of ammonia by 
water. In this case, at a pressure of one atmo, the 
quantity of gas absorbed by one gramme of water is 
•875 gramme at 0°C. and -833 gramme at 2°C., giving 
a diflference of '042 gramme. Also at 0°C., the quantity 
of ammonia absorbed by one gramme of water is •875 

gramme at a pressure of one atmo and '906 gramme 

20 
at 800 millimetres of mercury, or y^ atmos. Thus the 

addition of ^k atmo to the pressure increases the amount 

absorbed by '031 gramme, and therefore, if we suppose 
that when the pressure does not differ much from one 

atmo, the quantity of gas absorbed is proportional to the 

1 42 

pressure, the addition of y^ x ^ atmo to the pressure will 

increase the amount by '042 gramme. Hence 

^dkp _273 42 X 1013510 
d0 2 ^ 19x31 • 

Now the volume of one gramme of ammonia at 0°C. and a 

pressure of one atmo, is ,^ ■ cubic centimetres. We see 

then that the heat evolved by the absorption of one 
gramme of ammonia, at 0°C. and a pressure of one atmo, 
by a large and nearly saturated solution of the same gas, is 

273 42x1013510 1000 1 of^a i - 

^ ^ 19 X 31 ^ '7697 ^ 41539759 8 ^ ^^^ ^^^"^^^' 
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From this result we deduce that when '875 gramme of 
ammonia — the quantity required to saturate one gramme 
of water at 0°C. and a pressure of one atmo — ^is forced, as 
before, into a large saturated solution at this temperature 
and pressure, the heat evolved is 270 calories. 

The experimental facts just made use of may be found 
in Storer's 'Dictionary of Solubilities,' or in Roscoe and 
Schorlemmer's ' Chemistry.' 

Lastly, let us consider the solution of a salt in water. 
In several cases, this is necessarily an irreversible process. 
Thus if a vessel contain a saturated aqueous solution of 
chloride of barium or sulphate of magnesium together 
with an excess of the anhydrous salt, a rise of tempera- 
ture will cause part of the free salt to be dissolved ; but 
the process cannot be reversed, however slow the rise of 
temperature may be; for on reducing the temperature, 
the solution deposits a hydrate which falls peaceably 
among the free anhydrous salt. Still, when the rise (or 
fall) of temperature is slow enough, the system will be in 
equilibrium during the process, and all the properties of 
reversibility will be applicable. 

In the case of the solution of common salt by water, 
at a pressure of one atmo, 100 parts by weight of water 
dissolve 36*7 parts of salt at 0° C. and 1*8 parts more at 
100° C, the increase being practically uniform. Also a 
solution containing 75 gi*ammes of water and 25 grammes 
of salt is of specific gravity 1*192, and therefore its 

volume is TTTKa > ^^ 83*89, cubic centimetres. Taking the 

specific gravity of the anhydrous salt as 2*15, the sum of 

the volumes of the water and salt separately would be 

25 . . 

75 + s^r^= 86*62 cubic centimetres. The total diminu- 
2*1d 
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tion of volume is therefore a little greater than ^ the 
volume of the salt added. Now it appears from experi- 
ment that when a small piece of salt is thrown into an 
unsaturated solution, the total diminution of volume is 
nearly independent of the strength of the solution. It is 
therefore always equal to ^ the volume of the salt added. 

Again, when one gramme of salt is thrown into a 
large and nearly saturated solution, the heat that must be 
imparted to keep the temperature constant is known to 
be 8*5 caloriea 

Hence, writing equation (105) in the more convenient 
form 



dQ=^^d. = -i^pd., 



d0 ~ p^djk 
h dp 
we find 

jp defe _ 273 X 100 1-8 1013510 1 

A dp ~ 36-7 ^ 100 ^ 5 X 215 ^ 85 x 415397598 

= -00364. 

Putting dp = op, so that a is small, we get 

\djk^ -00354 au 
n 

Hence, if fl" be the amoimt of salt dissolved in a satu- 
rated solution at 0°C. and a pressure of one atmo, the 
amount dissolved at the same temperature but at a 
pressure of 1 + a atmos, where a is small, will be 

H(l+ 00354 a). 

122. The remainder of this chapter will be devoted 
to capillary phenomena. The systems studied will be 
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supposed SO small in mass that the mutual gravitation 
of their parts may be neglected, but so considerable in 
altitude that the attraction of the earth can no longer be 
left out of account. 

If we take a glass tube of ordinary bore, and, after 
heating the middle, draw it out, we shall obtain a tube of 
small bore, known as a 'capillary tube/ On plunging 
this into water, it will be seen that the liquid rises in the 
tube above its proper level. On the other band, if the 
tube be plunged into a trough of mercury, the mercury 
will stand at a lower level in the tube than elsewhere. 
This will explain the reluctance of mercury to enter a 
fine tube, which, it will be remembered, formed a diffi- 
culty to be overcome in making a thermometer. 

When a liquid is elevated or depressed in a capillary 
tube whose bore is of any form and either uniform or 
variable, it will often be possible, by means of a slight 
touch or shake by which no appreciable amount of work 
is done, to cause the liquid to alter its level in the tube. 
Let us therefore suppose our system, consisting of liquid, 
capillary tube, and a considerable portion of the atmo- 
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sphere, is enclosed in a large metallic vessel whose thick- 
ness is so great that its exterior surface always remains 
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at the same uniform temperature 0y whatever actions may 
be going on inside. Then when the vessel and its con- 
tents are in a state of equilibrium at the uniform tem- 
perature 6, let a slight shake, by which no work is done, 
cause the liquid to change its level from P to Q, where 
PQ is either finite or infinitesimal. Afterwards let a 
second shake be given, and suppose, if possible, that the 
liquid in the tube returns to its original height P.- 
Lastly, let the temperature throughout the vessel be 
made the same as at first without any further change in 
the height of the liquid in the tube. 
Then the change in the energy of the vessel and its 
contents is zero, and therefore, since no work is done on 
it, the heat absorbed will also be zero. But by Camot's 
principle, since the cycle is irreversible and the tempera- 
ture of the exterior of the vessel always uniform and 
equal to 5, if Q be the heat absorbed by the vessel from 

without, ^ will be negative, so that Q must be negative. 

Hence the supposition that the liquid in the tube can be 
thus made to return from Q to P, is absurd. 

From the preceding argument it will be seen that if 
a slight shake causes the liquid to rise fi-om P to Q, it 
will be impossible, by a second slight shake, to cause it to 
descend below Q, Thence it may be inferred that there 
is some point 0, above Q, to which successive slight 
shakes will cause the liquid to approach nearer and 
nearer. If the liquid stand originally above the point 0, 
a slight shake will evidently cause it to descend; and 
when the level once coincides with 0, no shaking will 
cause any further change. The point is therefore a 
position of stable equilibrium at the temperature 0, 
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It might perhaps be supposed that at a given tempera- 
ture and a given pressure of the atmosphere, there are 
several positions of stable equilibrium, 0, 0', 0",.... If 
this were the case, there would be a point A be- 
tween two consecutive positions (0, 0') of stable 
equilibrium such that if the liquid stood a little 
above A^ a slight shake would make it rise still 
higher, and if it stood a little lower, a slight shake 
would cause it to descend. However it is easy to show, 
by experiment, that there is but one position of stable 
equilibrium ; and in the rest of our discussions, we shall 
confine ourselves to the properties of this position. 

123. Let a tube be constructed having its bore in its 
lower part very fine, but in the upper part considerable. 
Then if we plunge this tube into a liquid which rises in it, 
like water in a fine glass tube, it will be impossible for 
the liquid to rise into the wider part of the tube so long 
as that part is above the proper level of the liquid. For, 
if possible, let the liquid ascend into the wide part of the 
tube when that part of the tube is above the proper level 







.W^ 



of the liquid, and let the bottom of the wide part be pro- 
vided with a spout, like that of a pump, so that the 
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liquid may run out, as in the figure. Then if a sufficient 
number of these self-acting pumps were employed, they 
would raise enough liquid to turn a small water-wheel 
which might be made to do mechanical work for us, in 
the usual way, by means of a pulley. This ideal contri- 
vance might be in accordance with the principle of energy, 
for there might be enough heat absorbed to account for 
the mechanical work given out; but we can easily show 
that it cannot satisfy both the principle of energy and 
Camot's principle. For let such an ideal system be con- 
structed and let the whole of it, except the shaft and 
pulley by which the mechanical work is carried oflf, be 
enclosed in a large thick metallic vessel, the exterior 
surface of which is always at the same uniform tempera- 
ture. Also let the capillary tubes be fitted with stopcocks 
so that the mechanism can be stopped or set in motion at 
will, without doing work or imparting or abstracting heat. 
Then when the vessel and its contents are in equilibrium 
at the uniform temperature 0, let the stopcocks be 
opened, and, affcer allowing the mechanism to work for a 
time, close them all again and let the system return to 
exactly the same state as before. Then since the change 
of energy is zero, if W be the work done on the vessel 
and its contents and Q the heat absorbed during the 
process, the principle of energy gives 

Also since the conception of entropy is applicable to the 
initial and final states, we have, by Carnot's principle, 



!<»• 



SO that Q is negative. 
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We therefore have W positive. But, by hypothesis, there 
is a gain of mechanical work during the process, or TT is 
negative. We therefore conclude that the original sup- 
position in accordance with which the machine was to be 
constructed, is absurd. 

We may vary the preceding proof by dispensing with 
the water-wheel and allowing the liquid raised by the 
self-acting pumps to fall back into the pool from which 
it was raised without doing mechanical work. We should 

then have the irreconcilable equations Q = and ^<0, 

from which we may draw the same conclusion as before. 

Any ideal process, such as we have described, which is 
in contradiction to the principle of energy, or to Carnot's 
principle, or to both principles at once, is known as a 
' perpetual motion.' 

If we take a second tube the bore of which is every- 




where fine and plunge it in a vessel of water or any other 
liquid which rises in the tube, then the height of the 
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point P to which the liquid rises in the tube, will be 
independent of the form and bore of the lower part of the 
tube. For let AB be the upper part of the tube and let 
us take another capillary tube the upper part A'E of 
which is exactly similar and equal to AB ; and suppose, if 
possible, that when this tube is plunged into the same 
vessel of liquid as the other with the part A'B' placed 
parallel to and on the same level as AB^ the point P\ to 
which the liquid rises in A^B\ is not in the same hori- 
zontal plane as P. Let there be a stopcock at A and 
another at A\ which can be turned without doing work 
or imparting or abstracting heat, and let these stopcocks 
be so constructed that they afford the means of closing 
the downward communication of the capillary tubes AB, 
A'B\ and of causing these tubes to connect with one 
another by means of a tube AA' of any kind. Lastly, let 
the whole sjrstem be enclosed in a metallic vessel, as 
before, so that heat can only be absorbed or evolved at 
the uniform constant temperature 0, Then when the 
system is in equilibrium at the uniform temperature 9 
with the tubes AB, A'B' communicating downwards, let 
the stopcocks be turned until the tubes communicate 
only with one another, through the pipe AA\ This 
will evidently cause the liquid to assume the same level 
in AB as in A'B\ and there will therefore be a flow 
through the pipe AA\ which may either be used as a 
source of mechanical work, or be allowed to expend itself 
wholly in fiiction. After a sufficient time, let the cocks 
be turned back so that the system returns exactly to its 
initial state. Then we have the contradictory equations 

Tr+Q = 0, Tr<0,^<0,or else Q = and|<0. From 
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either set of equations we conclude that the points P 
and P' must be on the same level 

Again, if we take a tube the bore of which is every- 
where fine, except in the middle (as in the figure), and 
then plunge it deep enough in a liquid which it depresses 




with the wide part entirely below the surface, it is clear 
that the liquid will fill the wide part of the tube and rise 
into the capillary part above it. It may also be shown 
that the depth of the surface of the liquid column in the 
capillary part of the tube is unaffected by the form of the 
lower part of the tube. 

It will now be seen that the force by which the 
liquid is caused to rise, or is depressed, in the capillary 
tube, must be sought for at the surface of the liquid 
column in the tube. Also since it appears from experi- 
ment that the action of a solid on a liquid is insensible at 
measurable distances, we are forced to conclude that the 
surface of the liquid column in the tube must be in a 
state of tension and merely held to the tube at its circum- 
ference. From this inference we may anticipate the form 
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of the sur&ce, which, in the case of water in a glass tube, 



is concave upwards, but in the case of mercury in a glass 
tube, convex upwards. 

124. Let us take a capillary tube whose bore is uni- 
form and in the form of a small circular cylinder of diameter 
d, and let this tube be immersed vertically in a liquid 
which rises so high or is depressed so low, that the 
curvature of the top of the liquid column in the tube 
may be neglected in comparison. Also let the system 
be enclosed in a large metallic vessel so that heat can 
only be absorbed or evolved at the constant uniform 
temperature d. Then if we assume that the action of 
the tube on the liquid extends only to an exceeding 
small distance from their common surface, it is obvious 
that when the system is in a state of equilibrium, stable 
or unstable, with the liquid in the tube at a height z 
above its proper level, with the temperature uniform 
throughout the vessel and equal to 0, and with the 
practically uniform pressure of the air contained within 
the vessel equal to p^ we shall have 



U^ Uo + irdzF, (0, p) + irdF^ {0,p)) 

)) 



.(115), 



<A = *o + -^dzf, (0, p) + irdf, (0, p)\ 
where ITo and ^o are independent of Zy and the four 
quantities {F^, -^s'/i'/a) depend only on the natures and 
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physical states of the tube and liquid so that they are 
independent of both z and d. 

Now if a slight shake be given to the vessel, by which 
the liquid is caused to rise in the tube to the height 
z + dzy we shall have, if p be the density of the liquid and 
g the attraction of the earth in dynes on a mass of one 
gramme, 

dV^-'^d^gpzdz'^-dQ, 

and dQ - Qd^ < 0. 

Therefore d J7 - ^# + ^ d^gpzdz < 0, 

so that, if the temperature be allowed to regain its former 
uniform value, the expression 

U-0<l> + '^d'gpz^ (116) 

will have decreased during the operation. 

Hence, since it is obvious that the expression must 
have a minimum value, when that value is reached the 
system will be in a state of stable equilibrium. To find 
the position of stable equilibrium at temperature we 
have therefore only to take the variation of the expression 
(116) on the supposition that is constant, and then 
equate the variation to zero. 

This result may also be obtained thus. When the 
system is in a state of stable equilibrium at the uniform 
temperature 0, let z + dz be the height of the liquid in 
the tube above its proper level; and suppose that when 
the liquid is in a state of equilibrium at the uniform 
btemperature with the liquid only at the height z above 
fereiBToper level, the vessel is carefully lifted up from the 
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ground, or let down a pit, so that g slightly changes until 
the equilibrium becomes stable. Then let the vessel be 
brought to its original position in such a way that the 
liquid is caused to rise in the tube in a reversible manner 
to the height z + dz. Then since g only changes by an 
infinitesimal amoimt during the operation, the work done 

on the vessel and its contents will be — 2; d^gpzdzy and 
therefore 

dU=^-'!^d^gpzdz-\'dq. 

Also, since the operation is reversible, 

dQ - 0d^ = 0. 

Hence, as before, if 6 remain constant and the equilibrium 
be stable, 

diU-e^^'^d^gpz^^O. 

Thus if H be the value of z in the state of stable equi- 
librium at the temperature 0, 

or 4i(F,-0f,) + dgpH==O (117). 

Consequently, since ^1 and/i depend only on the natures 
and physical states of the tube and liquid, if we have 
tubes of the same substance in the same physical state 
but of different uniform bores, immersed in the same kind 
of liquid, dH will have the same value for all. 

The force by which the liquid is raised or depressed iu 
the capillary tube, reckoned positive when it acts upwards, 

is ^ d'^gpH, 

P. 21 
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or, by equation (117), 

which is equal to a force of — (Fi — ^i) per centimetre of 
the circumference of the bore of the tube. 

If two plates of the same nature as the tube just 
described, be placed parallel to one another at a distance 
d, and immersed vertically in the same kind of fluid as 
the tube ; then if we consider only so much of the system 
as lies between two ideal vertical planes at right angles to 
the plates and at a distance of one centimetre apart, we 
shall have, when the system is in a state of equilibrium 
at the uniform temperature with the liquid standing 
between the plates at a height z above its proper level, 

J7= J7o' + 2zF, (0, p) + 2F, (0, p) 
<l> = <l>o' + 2zf,{0,p) + 2f,{0,p) 

where Uq and ^o' are independent of z and d, and the 
functions (^i, F^, /i, /a) are the same as before. Also 
when the equilibrium is stable, 

dU— 0d<l> + dgpzdz = 0; 
so that if h be the value of -s^ in that case, 

2(F,^0f,) + dgph = O (119). 

Comparing equations (117) and (119), we see that 

H=2h, 

or that the liquid is raised or depressed between the two 
plates exactly half as much as in the tube. 

125. The earliest application of thermodynamics to 
capillary phenomena was made by Sir W. Thomson in 
1870. 



\ (118), 
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If a fine glass tube A, open at both ends, be plunged 
with its lower extremity in a sheet of water, the water 
will be seen at once to ascend the tube, and it is obvious 
that in the state of stable equilibrium, the equilibrium 
will not be disturbed by closing the lower end of the tube. 
Hence we infer that if a second tube 5, exactly similar 
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and equal to -4, but with its lower end closed, be held 
parallel to and on the same level, as A, equilibrium will 
not be completely established, if there is any vapour in 
the air, until the water is at the same level in 5 as in -4. 
The tube B must therefore have the power of condensing 
the aqueous vapour of the atmosphere. As this process 
goes on, the quantity of water inside the tube B will 
increase and the density of the vapour on its top become 
less and less, until at last the state of equilibrium is 
attained. 

If p be the pressure and p the density of the vapour 
in the air just over the level sheet of water, and p the 
pressure of the vapour at the height h of the water 
column, we have 

p=^p-gpK 

since the variations of the density in the height h are 
small in comparison with />. 

21—2 
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Hence P'=p{'^-^f)' 

Now if the temperature be 10° C, p = 12,222 and 

1 
^ "" 108,581 • 

Thus, since we may take ^=981, we obtain, at 10° C, 



P^P[^ 1,352,800J* 



Also in a tube whose radius is the thousandth of a 
millimetre, it is calculated that water would rise to a 
height of about 13 metres above the plane level. Con- 
sequently the equilibrium pressure of the aqueous vapour 
in the tube will be less than just over the plane surface of 
the water by about the thousandth part. 

Sir W. Thomson thinks it probable that the moisture 
which vegetable substances, such as flannel, cotton, etc., 
acquire from the air at temperatures far above the ' dew- 
point ' — that is, far above the temperature at which, in a 
given state of the air, vapour begins to be deposited on 
plane surfaces — may be accounted for by the condensation 
of vapour in the minute cells of the substance. 

This article will also help us to understand the fact, 
which we have already noticed, that when the bulb of a 
thermometer is wrapped with flannel and then breathed 
upon, the temperature of the bulb rises so much above 
that of the breath. 



CHAPTER V. 

THE THERMODYNAMIC POTENTIAL. 

126. The object of the present chapter is to find 
a simple method, corresponding to the method of the 
Potential in Statics, which shall determine whether the 
equilibrium of a system is stable or unstable, and give 
the properties of stable equilibrium. 

The first attempt of this kind was made by Berthelot. 
The rule which he proposed under the name of the 
' principle of maximum work ' was very simple. 
Thus if a system be in a state of equilibrium, the tempera- 
ture will be uniform throughout. If now, without any 
interference from other systems, any disturbance or chemi- 
cal reaction takes place, the temperature will be rendered 
variable but ultimately it will again become uniform. 
Berthelot then supposes that the final temperature is 
higher than the first, and that, consequently, if the 
temperature fall to its original value by conduction or 
radiation, the system must give out a positive quantity of 
heat. This assumption may be more simply expressed by 
saying that every chemical reaction tends to make the 
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system assume that state in the production of which it 
liberates most heat. Or again, since the system is not 
at liberty to receive or lose energy except in the form of 
heat, we may say that the energy of the system tends 
to a minimum value. 

Berthelot's rule can be easily applied and its results 
are often in satisfactory agreement with experiment. 
There are, however, a few common cases in which it 
altogether fails. For example, if salt and snow be mixed 
together, there is a considerable fall of temperature, and 
if the original temperature be restored, there will be an 
absorption of heat and an increase of energy. 

A correct test of stability is afforded by the theory of 
entropy. We have already seen that when any material 
system is prevented from receiving or losing heat, its 
entropy is constantly increasing except when the system 
is in a state of stable or unstable equilibrium. The 
equilibrium will therefore be stable when the entropy 
of the system is a maximum. For instance, if the system 
be in equilibrium in a state P for which the entropy is a 
maximum, it will be impossible for the system to pass 
from the state P to any neighbouring state Q, because 
this would require the entropy to be greater in the state 
Q than in the state P, since the path from P to Q can 
never be strictly reversible or non-frictional. 

The method of entropy is not of much practical value, 
on account of the difficulty of making the calculations. 
A different test of stability is therefore used which is 
much simpler in application, because it supposes the 
temperature constant. The properties of the functions 
which are employed for this purpose appear to have been 
first investigated by Massieu in 1869, but he did not 
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examine whether they furnished a test of stability. This 
was done independently by Prof. W. Gibbs in 1875 and 
by Dr Helmholtz in 1882. It is worthy of notice that 
the earlier Thermodynamicists have had no part in dis- 
covering the method. 

For the sake of simplicity, we shall suppose every part 
of the bodies or systems which we consider to be readily 
permeable to heat, so that, in a state of equilibrium, the 
temperature will be uniform throughout. When such a 
body or system undergoes a small reversible modification, 
we have 

dQ = 0d(f} 
and therefore dW — dU — 6d<f>, 

Hence, if the temperature remain constant during the 

process, 

dW=^d{U-e<\>). 

If we put y" for U—6<f>, the preceding equation becomes 

We see then that if a body undergoes a reversible opera- 
tion during which the temperature is kept constant, the 
function SF, which depends only on the state of the body, 
will be increased by the amount of work done on the 
body, or decreased by the amount of work done by the 
body. For this reason, the function SF is called by Helm- 
holtz the 'free energy,' being that part of the energy 
which is convertible into mechanical work at the constant 
temperature 6. In like manner, 0^ is called the ' bound 
energy,' because it is not convertible into work. No 
further reference will be made to this nomenclature, and 
it should be noticed that it has no connection whatever. 
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beyond a similarity of sound, with our conceptions of free 
and bound etherial energy; the names of which have 
been suggested to us by reading Lodge's * Modem views 
of Electricity.' 

When the only external forces to which the body is 
subjected consist of a uniform and constant normal 
pressure, p, on the surface, dW=^pdv, so that if we 
write <^ for 7"+^, or U—d(f>+pVy the preceding result 
becomes 

If, under these conditions, v be also constant, then 

Let us now suppose that the system is in equilibrium 
in any state A at any uniform temperature 0. Then the 
equilibrium in the state A will be unstable if a slight 
shake or touch, by which no perceptible change is made 
in the system, causes the equilibrium to be broken in 
consequence of which the system rushes into some other 
state P. Hence clearly the equilibrium in the state A 
will be stable if every spontaneous change of state, like 
AP, is impossible. 

In order to express this condition mathematically, let 
us suppose the system enclosed in a vessel which is so 
rigid that no mechanical work can be obtained from it, 
and so slow a conductor of heat, especially at its inner 
surface, that the temperature of its exterior surface is 
always uniform and equal to 0, whatever processes may 
be going on inside. Let us further suppose the vessel to 
be such that the same external forces act on the system 
when it is inside the vessel as when the vessel is not 
employed. Also let the whole of the vessel as well as its 
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contents be originally at the uniform temperature ^, and 
after the spontaneous change of state from ^ to P, let us 
wait till the vessel and its contents are of the same uni- 
form temperature as before, and call the new state of the 
system within the vessel B. 

Then since there is no change in the state of the contain- 
ing vessel, and since the total quantity of heat absorbed 
by it during the interval is zero, the heat absorbed by 
the system within the vessel will be equal to the heat 
absorbed by the vessel at its exterior surface. Hence if 
AQ be the heat absorbed by the system during the change 
of state AB, the magnitude of which may be finite, and 
A^ the increase of entropy, we shall have 

A 



i: 



^<A<^, 



or AQ<^A<^. 

But if AZ7 be the increase of energy of the system and 
AW the work done on it, the principle of energy gives 

A?7 = AF + AQ. 

Hence AU-AW<0A(f>, 

or AU-eA<l><AW. 

Thus since has the same values in both of the states 

A,B, 

A(U-0(l>)<AW, 

that is, A5^-ATr<0. 

Now if the external conditions be such that ATT is a 
complete differential, the value of AF" — A TT will depend 
only on the states A and -B, and we shall be able to draw 
some remarkable conclusions. This will happen in two 
very simple and important cases to which we shall 
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restrict ourselves for the future in discussing questions 
of stability. In both of these cases, the external force 
is a uniform normal pressure on the surfiEice: in the 
first case, the volume is also constant, and in the second, 
the surface pressure is constant as well ss uniform. 
When the volume is constant, A 17=0, and therefore 
ASF must always be negative. When the pressure is con- 
stant, A TT = — pAt; = — A (pv\ and therefore A (^ + p;), 
or A<^, must always be negative. Hence when the 
function SF, or the function <^, attains a minimum value 
corresponding to any given temperature, the change of 
state fi*om A to B will cease to be possible, and conse- 
quently also, the spontaneous change fi*om A to P. In 
other words, A will be a state of stable equilibrium. 

This may also be shown in a different way. For it 
will be possible, by violating the conditions of volume or 
pressure, to bring the system from -4. to -B by a reversible 
operation during which the temperature is constantly 
uniform and equal to ft If in this case, AQ' be the 
amount of heat absorbed, we shall have 

AQ' = 0A(f>. 
Hence, when the volume is kept constant, 

A^=AU-0A(f> 
= AQ-M^ 
= AQ - AQ\ 
and when the pressure is kept constant, 

A* = AQ - AQ'. 

Now when Ay B are states of unstable equilibrium near 
together, the amount of work done on the system during 
the reversible path will clearly differ by a finite quantity 
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from the work actually done when the system passes of 
itself from A to B under the given conditions of volume 
or pressure. The heat absorbed will therefore di£Fer by a 
finite quantity in the two cases and the variations of y" 
and <E> will consequently be finite. But when A, B are 
states of stable equilibrium, the (difference in the work 
done or in the heat absorbed, will be a small quantity of 
the second order, which may be neglected. A state of 
stable equilibrium will therefore make d3^ = when the 
volume is constant, and d<^ = when the pressure is 
constant, the temperature being supposed constant in effect- 
ing the differentiation. 

Since U and <f> both contain an arbitrary constant, the 
functions SF and <^ will each contain an arbitrary term of 
the form a + ^6^ where a and ^ are constants. But this 
does not affect the condition of stability, because the 
temperature remains constant in taking the variations of 
y and ^. 

On account of the important properties just obtained, 
which include the ' energy test ' of stability in advanced 
abstract dynamics, the function SF is called by Duhem the 
' Thermodynamic Potential at constant volume,* and <^ the 
' Thermodynamic Potential at constant pressure.* 

127. To obtain the formulae of M. Massieu, let us 
suppose the state of the substance to be completely 
defined in equilibrium by the temperature and volume, so 
that 6 and v may be taken as independent variables. 
Then for a change from the state {6, v) to the state 
{6 + rf^, v + dv)y we have 

d3^=dU^0d(f>^(f>d0. 

This result will not be true if and v are not sufficient 
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to define completely the state of the system ; for if the 
change of (f> corresponding to d0 and dv were finite, the 
increment of 6^ would not be ^A^ + <f>dd. If the pressure 
on the surface during the change of state be uniform and 
equal to p, we have 

dU= dQ—pdv, 

and therefore d^ = dQ — dd<\> — (f>d0 — pdv. 

Now the preceding process will not generally be reversible, 
but if the equilibrium be stable, the same small change of 
state may be brought about at constant temperature by 
a reversible process in which the work done on the system 
only differs {rom— pdv by a small quantity of the second 
order. We shall therefore have dQ = 6d<f>, 

and consequently, d^ = — <\>d6 — pdv^ 

d3^ 
or ^A^-'t' 

dW ^ (120). 

By means of these results we can easily express every 
quantity referring to the substance in terms of {6, v, ^) 
and the differential coefficients of 3- with respect to and 
V. Thus we have 

U = 3^ + 0(f> 

= ^-^f (121). 

Also (7.= ^=^.^ (122), 

and since dQ = C^0 + -^^ dv, 
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we obtain Cp = Cv + d -^ 4^ 

(. Add) 

dv 

(d'fV 

-"^'W^^^^ ^^^^^• 

Again, if Kg be the isothermal compressibility and e 
the coefficient of cubical dilatation by heat at constant 
pressure, 

1 deV 1 



9 



V dp ^dep 
dv 



dK 



(124), 



^ dv^ 

dvp 
1 dpV d6 

V dd dep 

dv 

d'^ 



dddv 

V 



(125). 



d'i^ 

When 6 and p can be taken as independent variables, 
we have 

d^ = dU- 0d<l> - (f>d0 +pdv + vdp, 
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or, since dU^dQ — pdv and in a state of stable equili- 
brium dQ = 0d(f>, 

d4) = - fj^dd + vdp, 



and therefore 



Hence also 



and 



Again 



d^ 
dp 



= v 






= -0 



dd' 






ck) 



= Gj, + d 



\dd 



dp 



fd?^V 



dff' 



df 



K, = -- 



1 dfV 



e 



V dp 

dp' 

dp 



(126). 



.(127), 



(128). 



.(129). 



(130). 
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and e= - 



1 dj/D 



V de 

d^ 

dvde 



-W (131)- 



dp 

128. As an illustration, we will find 3^ and <!> for unit 
mass of ideal perfect gas satisfying the relation py = R0, 

Since we have dU= C^0 \ 

dU^^dQ-pdv]' 

we find a9 = ^i> -Z'+^~» 

,. ri d6 . -ndv 
or a<p = 0« -rp + ii — . 

Hence CT- E7o = a(^-^o), 

6 V 

and - <^o = C^Jog 5- + iJ log - 

e 



Vq Po 



since 



Vo 00 P' 



Thus 
'F^U''0<i> 

= Uo-CA-0<f>o + C,0{l'-log^yR0log^^ 
^=U-0(l>+pv <132). 

= Uo'CA-0<f>oHOv+R)0{i-loglyR0log^J 
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From these equations, taking 6 and v as independent 
variables, we get 

Taking 6 and p as independent variables, 

f=-{<^o+(a+i2)iog|^-ieiog^]=-<^, 

dp p 

Now the equation pv = Bd shows that at a given 
temperature and pressure, the value of R for diflferent 
perfect gases is proportional to v. Hence if D be the 
density of the gas, that is, the mass contained in a unit of 
volume, at a given temperature and pressure, say at 0° C. 
and at a pressure of one atmo, we have 

where A; is a constant which has the same value for all 
perfect gases. Equations (132) therefore become 

r = u,-CA-0<t>o+c,0(i-hg I) - ^ log ^ 

* = cr, - OA - e«^. + (a + ^) e (^1 -log |.) +^ log I 

(133). 

129. The methods of entropy and of the thermo- 
dynamic potential are combined in a beautiful geometrical 
construction due to Prof. W. Gibbs, which does not seem 
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to haye obtained the attention it appears to deserve. 
This, no doubt, is owing to the fact that W. Gibbs' works 
are practically inaccessible to European readers, the only 
abstract with which we are acquainted — in addition, of 
course, to the very brief notice in Maxwell's 'Theory of 
Heat ' — being given in Diihem's treatise on the Thermo- 
dynamic Potential. 

In Gibbs' geometrical method, which supposes the 
substance to be acted on by no external forces except a 
pressure on the surface which becomes uniform in a state 

U 








of equilibrium, we take three rectangular axes : the axis of 
X representing the entropy, the axis of y the volume and 
the axis of z the energy. The different states of equili- 
brium of the substance will then be represented by a surface. 
Now at any point (a?, y, z) of the surface, the direction- 
cosines of the normal are known to be proportional to 

dy' V' 



that is, to 



t dyZ 

d^ 
d(f> ' dv 



( 



,-i). 



p. 



22 
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But since any line drawn on the surfoce represents 
reversible, or, at least, an equilibrium path, we have 

df,U= df,Q = 0df,(f>] 
d4,U——pdv 



a 



■}• 



Thus ^=eand%^=-;). 

a<l> dv ^ 

The direction-cosines of the normal are therefore propor- 
tional to (6, —p, — 1). Hence any two points of the surface 
at which the tangent planes are parallel correspond to two 
states in which the substance is in equilibrium at the 
same temperature and pressure. 

We are now prepared to examine whether a state of 
equilibrium is stable. For let the substance to be con- 
sidered be contained in a cylinder fitted with a smooth 
air-tight piston and placed within a closed vessel of 



/^ 



^ 





immense size, of invariable form and volume, covered with 
the best kind of non-conducting material. Then let the 
large vessel be filled with some fluid or gas whose state of 
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equilibrium is always stable. If the fluid be light and 
compressible, like air, we shall have the case of the 
thermodynamic potential at constant pressure: if the 
fluid be incompressible, we obtain the case of the thermo- 
dynamic potential at constant volume. In what follows, 
we suppose the fluid to be air. 

If, under these conditions, the substance can exist in 
any two dilBFerent states of equilibrium whatever, it is 
obvious that the volume and the energy of the whole 
system will have the same value in both cases : also, on 
account of the immense size of the larger vessel, that the 
pressure and the temperature will have the same uniform 
values in both states. 

The equilibrium in a state A will be stable, under the 
given conditions of pressure, if the system is unable, of 
itself, to pass into any other state P. Now the tempe- 
rature in the state P will not generally be the same, at 
first, as in the state A ; but by allowing the system to 
stand long enough and, if necessary, removing part of the 
non-conducting covering of the cylinder, it will always be 
possible, without violating the conditions of the system, to 
bring the system' to a third state B in which the tempe- 
rature has its original uniform value. We have, therefore, 
only to determine whether the system is able, of itself, to 
pass from the state A to any other state B at the same 
temperature and pressure as A, 

Since the system is unable to receive or lose heat on 
account of the non-conducting covering, the substance 
will be unable, of itself, to pass from J. to 5 if the 
entropy of the whole system be greater in the state A 
than in the state B. To exhibit this condition geo- 
metrically, let the entropy, volume and energy of the fluid 

22—2 
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which surrounds the cylinder be represented by three 
rectangular axes drawn in opposite directions to the 
former set of axes. Then since the quantity of fluid is 
very great, all its states of equilibrium will be represented 
by a plane surface. Also, if we choose the origins of 
coordinates such that when the substance within the 
cyclinder is in equilibrium with the surrounding fluid at 
any given pressure and temperature, the corresponding 
states are represented by two points lying on a line 
parallel to 0<f>, it is clear that any other state of equilibrium 
will be represented by two points also lying on a line 
parallel to 0^. 

The accompanying figure is supposed to be a view of 
the surface as seen by an observer at a great distance on 



U 




the axis Ov, The plane which represents the states of 
the external fluid is intersected in the points X, F, by 
lines through A and B parallel to Ocj) ; and AM, XN are 
planes parallel to the plane UOv. 

The increase of the entropy of the substance within 
the cylinder will therefore be proportional to BM and the 
decrease of the entropy of the rest of the system to ^F. 
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The total increase of entropy is therefore proportional to 
MB'']SrY = MB + MY-'JSrM=BY''AX = BL. 

If, therefore, the point L be to the right of the point 
By the substance will be unable to pass from the state A 
to the state B and the point A represents a stable con- 



u 




o <t> 

dition of the substance within the cylinder. On the other 
hand, if L be to the left of B, the point A will represent 
a state of the substance which, if possible for an instant, is 
essentially unstable and cannot be permanent. 

Instances of unstable states occur ' when a liquid not 
in presence of its vapour is heated above its boiling point, 
and also when a liquid is cooled below its jfreezing point, 
or when a solution of a salt or a gas becomes super- 
saturated. 

In the first of these cases, the contact of the smallest 
quantity of vapour will produce an explosive evaporation ; 
in the second, the contact of ice will produce explosive 
freezing; in the third, a crystal of the salt will produce 
explosive crystallization; and in the fourth, a bubble of 
any gas will produce explosive effervescence/ 

Again, when the surface touches a tangent plane in 
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two points A, By and is to the left of it everywhere else, 
portions of the substance can permanently coexist at the 

A 




same temperature and pressure in the two states corre- 
sponding to the points A, B, and it will be possible to 
pass jfrom one state to the other by a reversible operation 
during which the temperature and pressure remain con- 
stant. 

If a mass x in the state A be in equilibrium with a 
mass 1 — a? in the state B, the corresponding point in the 
diagram will be a point in the line AB, coinciding with 
the centre of gravity of a mass x placed at A and a mass 
1 — a? placed at B. Hence, since x may have all possible 
values between and 1, every point in the limited line 
AB represents a condition of the substance when it is 
partly in the state A and partly in the state B, If now 
the tangent plane roll on the 'primitive' surface repre- 
senting the state of the substance when homogeneous, 
the locus of the line AB will be another surface, called 
the 'secondary' surface, which represents the condition of 
the substance when part is in one state and part in 
another. 

For the sake of fixing the ideas, let the points A, B, 
belong to the liquid and gaseous states, respectively. 
Then there will be two other rolling planes corresponding 
to the coexistence of the solid with the liquid, and of the 
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solid with the gaseous, states. If the first of these touch 
the surface in the same point Aq as the rolling plane AB, 
the two planes will then coincide, since the surface is 
known to be continuous and to possess only one tangent 
plane, at Aq, The tangent plane which touches the 
surface in the point Aq will therefore touch in two other 
points Bq, Cq. In this case, the three rolling planes 
coincide: the physical interpretation being that the 
substance can then exist simultaneously in the three 
forms of solid, liquid and gaseous. 

The three developable surfaces obtained by means of 
the three rolling planes, together with the plane triangle 
AoBqCq, which corresponds to the 'triple point,' constitute 
what Prof. Gibbs calls the * Surface of Dissipated Energy.* 



CHAPTER VL 

APPLICATIONS OF THE THERMODYNAMIC POTENTIAL. 

A. Change of state of aggregation. 

130. The questions which we now proceed to discuss 
were first examined by elementary methods. Some of the 
results have been already given. The rest are chiefly due 
to M. Moutier. The thermodjniamic potential was first 
applied to the questions by Duhem in 1886, and they will 
be found to afford very simple illustrations of its use. 

We suppose that two portions of the substance can 
coexist in stable equilibrium in two dijBferent states at the 
same temperature and pressure, and that, consequently, 
it is possible to pass jfrom one state to the other by a 
reversible operation during which the temperature and 
pressure remain constant. There will also be states of 
unstable equilibrium which may be obtained thus. Be- 
ginning with a state of stable equilibrium and keeping 
the pressure constant, we endeavour to raise or lower the 
temperature ; or, keeping the temperature constant, we 
endeavour to increase or diminish the pressure, without 
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causing the substance to pass jfrom one state to the other. 
We then wish to be able to distinguish between stable 
and unstable states of equilibrium when the system is 
contained in a vessel of any kind and subjected to no 
external forces but a uniform and constant normal surface 
pressure. For this purpose it seems natural to employ 
the thermodynamic potential at constant pressure. The 
fact that we are unable to take 9 and p as independent 
variables to define the state of the system makes no 
difference to the two principal properties of the thermo- 
dynamic potential — that its variation is always negative 
and that, when it becomes a small quantity of the second 
order, the equilibrium is stable. 

Let the system to be considered consist of a mass w in 
the state (w) and a mass s in the state (s), at the same 
temperature and pressure p. Also let the thermo- 
djrnamic potential at constant pressure of unit mass of the 
substance in the first state be <I>,^ and in the second state 
^8 ' ^w and 4>, both being functions of p and 0. Then if 
<I> be the thermodynamic potential at constant pressure of 
the whole system, we shall have 

If a mass ds pass from the state (w) to the state (s) by 
any path whatever in which the external pressure is 
constantly equal to p and if the temperature be the same 
at the end of the process as at the beginning, we have, 
since 4>^ and 4>g are unaltered, 

d^ = (4>g - <!>«,) ds. 

Now d4> must be negative. Hence if 4>g be greater than 
4>^, the system will be unable to pass from the state (w) 
to the state (5), but it may pass from (s) to (w). If ^g be 



346 ELEMENTARY THERMODYNAMICS. 

less than 4>«„ the system will only be able to pass from 
the state (w) to the state (s). If ^^ be equal to 4>«„ the 
equilibrium will be stable, the system being unable to 
pass either from (w) to (s) or from (s) to (w). 

From the equation ^8 = ^wf we see that p will be a 
ftmction of when the two states of the substance are in 
stable equilibrium together at the same temperature and 
pressure. This conclusion has already been drawn in the 
case of the solid and liquid states, and might have been 
proved in the same way in other cases. 

If (p + dp, + d0) be consecutive values of {p, 0) 
satisfjdng the equation <!>« = 4>«„ we obtain 

^dp^^d0^-^dp+-^d0. 

But we may take and p as independent variables when 
the substance is entirely in one state. Hence if the 
volume and entropy of unit mass in the two states be 
denoted by the symbols (v^, <f>w) and (Vg, ^«), respectively, 
we get 

Vgdp — (l>^0 = Vy^'P — <f>'u4fff 

and therefore ^^ — ^^ = (vg — Vy,) -4L , 

-JL being found from the equation 4>g = ^y,. 

If L be the latent heat of transition from the state (w) 
to the state («), we have 

^= ^8— ^WJ 

and thence 

L = 6(v,-v^)^^ (134). 
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Also if we take two rectangular axes, and measure 
temperature along Ox and pressure along Oy, the equation 
<I>, = <I>,|, will represent a curve on opposite sides of which 
<I>, — <!>«, will have different signs. 

For if a straight line be drawn parallel to 06, cutting the 
curve in a point P whose coordinates are {6, jt>), the 

P 




O B 

coordinates of a point Q a little to the left may be written 
(0 — dd,p)y and 

^,(0 - d0, p) - <^„(0 - de, p)= <!>. -dd^^- <E>„+ de^^ 

= d0 (<f>, - ^„) 
_ d£L 

~ e ' 

The coordinates of a point a little to the right will be 
{6 + d0,p), and 

4>. (0 + d0,p) - <E>„ (^ + d0,p) = 4>. + d^^' - «i>„ - d^ ^ 



W 



-^^(t-t) 



d0L 
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The equation d<t> = (<t>« — <!>«,) ds then becomes 

ddLds 



in the first case, and 



d4> = 



d* = - 



e 

dOLds 

e 



in the second. 

Hence we conclude that the only event possible on 
the right of the curve is that which absorbs heat ; and on 
the left of the curve, that by which heat is evolved. For 
example, if a vessel contain water and saturated steam, 
and we can manage to raise the temperature Avithout 
altering the external pressure or causing the water to 
evaporate, the only phenomena possible will be evapo- 
ration of the water and consequent absorption of heat. 
But if the temperature be reduced, the only phenomena 
possible will be condensation of steam and evolution of 
heat. 

Again, if a line be drawn through P parallel to OP, 
the coordinates of a point, B, a little above P may be 
written {6, p + op), and 

<I), (^,^ + dp) -<!>«, (^,p + dp) = 4>^ + dp ^- <!>«,- dp "^ 



dp 
= K — v>^) dp- 



dp 



P 




e 



APPLICATIONS OF THE THERMODYNAMIC POTENTIAL. 349 

The coordinates of a point, R\ a little below P will be 
{6, p — dp), and 

= - (t^fi - Vy,) dp. 

Hence at all points above the .curve, the only event 
possible is a change to the state of smaller volume ; below 
the curve, to the state of greater volume. Thus if a 
vessel contain water and saturated steam, and we succeed 
in increasing the pressure without altering the tempe- 
rature or causing the steam to condense, the water will be 
unable to evaporate but the steam will be in danger of 
liquefying. If we reduce the pressure without altering 
the temperature or causing the water to evaporate, the 
steam will be unable to condense and the water will be in 
danger of explosive evaporation. 

131. If the substance which can exist in two different 
states is contained in a vessel of given volume, we must 
use the thermodynamic potential at constant volume. 

The thermodjniamic potential at constant volume of 
unit mass in the state (w) will be a function of & and Vtp 
which may be denoted by 3^^, (0, v^). In like manner, the 
thermodynamic potential at constant volume of unit mass 
in the state (s), at the same temperature 0, may be written 
^8 (^1 %)' Thus, if 3^ be the thermodynamic potential at 
constant volume of the whole system, 

Hence, if a mass ds pass jfrom the state (w) to the 
state (s) by any path whatever during which the volume 
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is constant, and if the temperature be the same at the 
end of the process as at the beginning, we shall have 

dW = (?^a— 3^«,) cfo+5 -7-^ dVi + w -j-^ dvp,. 



dvo dv 



w 



Now in a state of stable equilibrium, we have d^=^0: 

also -f-^ = -7—^ = — »• Thus 
dVg avy, ^ 

(y « — 3^w) ds — ^ {sdva + wdv^ = 0. 

But since sv^ + wvy, and 8-\-w are both constant, we have 

sdvg + wdvw = — (t^« — Vw) ds. 

Hence in a state of stable equilibrium, 

^8 - ^v> +p {Vs - v^) = 0, 

or, since 4>« = ?^« + pVa and 4>«, ='?^w +i>Vw> 

which is the very same equation as was found to hold 
when the external pressure was constant. The conditions 
and properties of stable equilibrium are therefore the 
same whether the pressure or the volume be invariable. 

132. If the substance can exist in a third state (i), 
the condition that the state (s) may be in stable equili- 
brium with the state (i) is <I>, = <I>i. Hence when the 
same values (p\ ff) of (p, 0) satisfy the two equations 
4),=:4>^ and 4>8 = <I>i, we have 

4>, {p\ 6') = 4>«, (/, ff)\ 
From these two equations, we obtain 

«>«, ip', ff) = *i (p'. ff). 
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We therefore see that the two states (w) and {%) can also 
exist permanently together at the pressure p and tempe- 
rature ff, which thus constitutes a triple point. 

If we take two rectangular axes to denote temperature 
and pressure, we shall have three curves corresponding to 
the three equations 

These curves are such that if any point be common to 
two of them, the third will also pass through the same 
point. But we know that, in general, there is but one 
such point. The relative position of the three curves will 
therefore be known if we are able to determine their 
distribution in the neighbourhood of this, the triple, point. 
At any given temperature 0, let us suppose that the 
equations to the three curves give the values (pi, Jt>2ii>8)> 
respectively, for p. Then when 6 is very near to ffy we 
obtain 

*.(Pi, ^) = <!>«, (i>i,e), 

^.iP.e)HP.-p.)'^^ 

^' ^^1 diH dp, . 
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If the volumes of unit mas3 in the three states b^ denoted 
at the triple point by (i;/, vj, v/), respectively, we get, by 
rejecting small quantities of the second order, 

(P2 - Pi) « - v/) = (P3- Pi) (vw - Vi). 
Similarly, 

(Pb - P2) (vj - Vi) = (^1 - Pa) (vj - VsX 

(Pi - P») W -• Vj) = (p2 - Ps) (Vs - Vi), 

In the case of water in the three forms of steam, water 
and ice, the volumes arranged in order of magnitude are 
known to be (Vg, Vi, v^). 
Also at a temperature a little below ^, the greatest pres- 




Hoar-JrostJ^ 



Steam line. 
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sure is known to be p^. The three pressures arranged in 
order of magnitude are therefore (pa? PuPs)- 

More generally, if a line be drawn parallel to Op, 
intersecting the curves in three points, the middle point 
will belong to that curve which corresponds to the greatest 
change of volume. 
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B. Saline Solutions, 

133. The vapour emitted by dilute sulphuric acid, or 
an aqueous solution of a salt, is known to be pure aqueous 
vapour. We also know that a solution can be in equi- 
librium with the salt but not with water so that there 
is a maximum but not a minimum Hmit to the strength 
of the solution. We now propose to examine some of the 
properties of solutions. The methods of the thermo- 
dynamic potential were first employed for this purpose by 
Helmholtz in some memoirs on electrical subjects which 
have been translated by the Physical Society. A compre- 
hensive and simple investigation has also appeared in 
Duhem's work on the * Thermodynamic Potential '. 

The systems to be considered are supposed to be sub- 
jected to no external forces but a uniform and constant 
normal surface pressure, and we therefore make use of 
the thermodynamic potential at constant pressure. 

Let a homogeneous solution in a state of equilibrium 
be composed of a mass s of salt and a mass w of water. 
Also let the constant surface pressure be p and the uni- 
form temperature of the solution 0, Then <!>««„ the 
thermodynamic potential at constant pressure of the 
solution will be a function of the four variables 

(0, p, 8, w). 

Now if \ be any positive quantity, and we take a 
second homogeneous solution at the same pressure and 
temperature and of the same composition as the first but 
X times as great, its thermodynamic potential at constant 
pressure will evidently be X^«i,« Thus when we multiply 

P. 23 
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both s and w by the same factor \ without altering 
or p, we also multiply 4>^ by X. We therefore conclude 
that as far as the variables 8 and w a,te concerned, 4>^ 
is a homogeneous function of the first degree. Hence if 
we put 



8W 



= F, 



Wi 



ds ' dw 

we obtain, by Euler's theorem of homogeneous functions, 

^sw = sF, + wFy, (135). 

The functions Fg and F^, being evidently homogeneous 

and of the degree in « and w, we have again by Euler's 

theorem, 

dFs^ dFs ^^ 



8 



or, smce 



ds 

dFy, 
ds 

dFs^ 
dw 

dFs 
ds 

dK 
dw 



+ w 



d/tv 
dFy, 



= 



dw 
dFy, d^^. 



J 



8W 



ds dsdw* 



8 



s 



+ w 



+ w 



dF.^ 



w 



ds 
dFy, 
dw 



= 



= 



.(136). 



134. If a system be composed of the homogeneous 
saline solution just considered together with a mass fig 
of free salt at the bottom of the solution and a mass fjuy, 
of water- vapour above it, in equilibrium at the pressure p 
and temperature 0, the thermodjnaamic potential at con- 
stant pressure of the system will be 

^ = SFs + WFy, + /X,,^, -h fl^-^y, , 

where ^« and ^y, are the thermodynamic potentials at 
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constant pressure of unit masses of salt and water-vapour, 
respectively, at the pressure p and temperature 0, 

If a SQiall change of state occur in consequence of 
which 8 increases by ds, fig will at the same time decrease 
by ds. Thus ii 0, p and w are not aflfected by the change 
of state, we have, by equation (110), 

d^^(Fs'-%)ds+(8'^ + w'^]ds 

^(Fs-%)ds. 

Hence, when the solution is ia stable equilibrium with 
salt, in which case it is said to be ' saturated ', 

i; = ^a (137). 

If we write A for — , the 'strength' of the solution, this 

result becomes a relation between (0, p, h) which shows 
that the strength of a saturated solution depends only on 
the temperature and pressure. 

In like manner, when the solution is in equilibrium 
with aqueous vapour, we find 

F^ = ^^a (138), 

jfrom which we conclude that the pressure of the aqueous 
vapour which is in stable equilibrium with a solution 
depends only on the temperature and on the strength of 
the solution. 

135. Now suppose that, at a given pressure p and 
temperature 0, we have two solutions, the first of which is 
formed by dissolving a mass 8 + ds of salt in a mass w of 
water, and the second by dissolving a mass « — cfe of salt 
in another mass w of water: also suppose the pressure 
and temperature to be such that the solutions can give 

23—2 
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up neither salt nor steam. Then, on mixing the two 
solutions together, we get a new solution composed of a 
mass 2^ of salt dissolved in a mass 2w of water. 

The thermodynamic potential at constant pressure of 
the two solutions, before being mixed, is 

^ (^, p,s + ds, w) + ^ (9, p,s — d8, w\ 

and after mixing, if the temperature and pressure be the 
same as before, 

^ {6, p, 2s, w)y or 2^ {6, p, s, w). 

The operation being irreversible, the thermodynamic po- 
tential will have decreased. Hence 

2^ (0, p, s,w) <^ (0, p,8 + ds,w) + ^ (0, p,S'-ds, w\ 



or 



If we remember that -r- = Fg, this inequality shows that 

-~ is positive. But since Fg is a function of (0, p, h) 

1 7 s , dFg 1 dFg TT dFg . ... 

where A = — , we have -^ = 77- . Hence -yr is positive 

w as w dk art '^ 

and Fg continually increases with the strength of the 

solution. 

In like manner we may prove that -^-^ is positive; 



dFy, ^ 8 dF>ii 
dw "" w^ dh * 



and since —^ = ^ — tt^ . we conclude that Fy, con- 
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tinually decreases as the strength of the solution increases. 
This result may also be deduced from the former, for, by 
equation (136), we have 

ds ds ' 
and therefore h-^ + —rf = 0. Hence if -jj^ be positive, 

-^ must be negative. 

If we take two rectangular axes to denote temperature 
and pressure, equation (138) will give a series of curves 
for difiFerent values of h representing the relation between 
the vapour-pressure and the temperature and no two of 
these curves will intersect. For, if possible, let the curves 
belonging to two different values of h intersect in the 
point {0, p). Then, by equation (138) we have 

Fv,{0,p,K) = ^y,{e,p)\ 

so that Fy, (0, p, h) = F^, (0, p, h'). 

But Fy, continually decreases as h increases and therefore 
cannot have the same value for two different values 
of h. 

Hence if a curve be drawn to express the relation between 
the pressure and temperature of saturated steam, which 
will coincide with the curve F^ (0, p, h) = '*'«, (0, p) when 
h is zero, the whole series of curves will lie entirely on 
one side of it, further and further away as h increases 
from zero. To determine their relative positions it will 
therefore be sufificient to know the position of the curve 
for which h is very small with respect to the curve for 
which h is zero. To find this, we may proceed as follows. 
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Diflferentiating equation (138) on the supposition that 6 
is constant, we get 

dFy, dFy, dfiP _ dfi^'y, dfip 

dh dp dh ^ dp dh ' 

But if Vy, be the volume of unit mass of aqueous vapour 
in stable equilibrium with the solution, we have 

dp ^"^"^ 

Now in obtaining the formula which gives the volume in 
a state of stable equilibrium in terms of the thermo- 
dynamic potential at constant pressure in the form 

vdp = ^(p + dp) — ^(p), 

we made no supposition except that the temperature 
remains constant and that a small change of p occasions 
only a small change of state. Thus, if Vg be the volume 
of unit mass of the solution, we have 

(s + w) v4p = d (sFs + wFy,), 

where, on the right hand side, we may either take h 
constant or variable. If we wish to take h variable, let a 
small arbitrary quantity of vapour, d/jby,, be formed, in 
consequence of which w becomes w — d/t«,. Then 

d {sFs + wFy,) = J- (sFs + wF^) dp 

dFa dF^ 

-[8 



(*^'+-^)^'^"-(^»-^»)'^^ 



= ^ (sF, + wF„) dp, 
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by equations (136) and (138). Therefore 

dF, dF„ 

dp dp 

^ dF. dF„ 

!p dp 



(k+l)v, = h-_ 



Thus as h tends to zero. 



dp 



will approximate to the 



volume of unit mass of water. This being less than v„, 
we see from equation (139), that when h is small, -j^ 

and -5v- are of the same sign, so that -4^ is negative. 
Hence the curves all He below the curve for which h = 0, 




and therefore at any given temperature the vapour- 
pressure continually decreases as the strength of the 
solution i 



136. If a solution contained in a vessel in a state of 
stable equilibrium be subjected to such a pressure that 
the vapour is just on the point of forming, and if, by 
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slowly diminishing the pressure, a small amount of vapour 
dfju^y be formed in a reversible manner, a small quantity 
of heat which may be written Ldfiy,, will be required to 
keep the temperature constant during the process. This 
quantity satisfies the equation 

where the sufifixes refer to the two states of the system. 
But when the pressure is kept constant and a small change 
of temperature can only produce a small change of state, 
we have, when the pressure remains constant, 

- <f)d0 = d^. 

If, for convenience, we suppose 6 to be the only quantity 

that varies, this result takes the simple form — ^ = 37, . 

TTpnPP Ldfiy, dFs(0,p, 8, w) dF^(0,p, s, w) 
iience ~g--« ^ +^ ^ 

* 
^ dF, (0, p,s,w- d/i^) , , .dF„{e,p,s,w-dii„) 



— djM 



de ^ '^' de 



^ de 

and therefore 



L_d_{ 

e~de\ 



^ dF.(0,_p,s,w} ^ JF^(0^p,s.w) ^^^^^^^^^^^^ 



-^t.(^,iJ) 



= -jh(Fy,- 'V^), by equation (136). 



dd 

Also by differentiating the equation Fy, = 'Vy,, we get 

d^/rr ^ x_ d {Fy, - '^^) dhp 
d^^^^"^^^""" dp W 
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Thus finally L=e (v^-^) ^| (140). 

Since — r-^ will be small in comparison with t;«„ we obtain 
approximately 

137. Korchhoff's formula may be easily deduced by 
means of the thermodynamic potential. For when the 
pressure is constant, the equation 

dU=dQ—pdv 

becomes dQ = d(U+pv) (141) 

Now we have ^ = Z7— ^^ + pt;, 

and in a state of stable equilibrium 

d^ 

Hence ^-0-j^=U+pv, 

and equation (141) becomes 

d^ 



dQ=^d{^--e^) (142). 



If the operation consist of adding a quantity d/A«, of water 
to a solution formed of a mass s of salt dissolved in a mass 
w of water, and if ;^ {0, p) be the thermodynamic potential 
at constant pressure of unit mass of water, 

'^^ ^ (* dw ■'"^ dw) '^'^ "*" ^^" ~ "^ '^f^'=(^>o- X) ^/*u,- 
Therefore ^ = J-^-^^-^^l^p), 
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and thence — (^] = ^- ^-^^ 

dh \dfiy,) dh dhdO ' 

Now since a liquid is very little affected by pressure, the 

value of —j^ will be practically independent of p. But 

when the pressure is equal to that of the vapour of the 
solution, we have approximately, by equation (139), 

dF^ __ d^p 
dh dh 

and the vapour is generally so near the state of the ideal 
perfect gas that we shall introduce no serious error by 
putting pv„ =; R0, where JS is a constant. Hence 

dF^ _ ltd dep 
dh p dh 

-^^—dhT' 

and consequently 

dh \dfiy,J dhdO 

If the pressure of saturated steam at the temperature 
be denoted by P, Kirchhoff's formula for the heat 
absorbed is obtained on integration: thus 

^-^mhi) <^*^> 

138. The principles of thermod)mamics were first 
applied to the freezing of saline solutions in 1886 by 
Duhem in his work on the Thermodynamic Potential. 
His investigations may be easily completed by aid of 
Dr Guthrie's beautiful experimental researches which 
may be seen in the Philosophical Magazine, 1875 — 1876. 
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When an aqueous solution of a salt is slowly reduced 
in temperature, it is supposed that the ice which freezes 
out is perfectly pure. This appears to be strictly estab- 
lished by experiment when the solution contains no floating 
impurities and the cooling is so slow that the liquid solu- 
tion does not become entangled among the ice. 

Let a system in a state of equilibrium be composed of 
a homogeneous solution formed of a mass s of salt dissolved 
in a mass w of water, together with a mass fii of pure ice 
and a mass /a« of free salt, not in contact with each other 
or with the solution. Also let the thermodynamic potential 
at constant pressure of unit mass of pure ice be ^^ (0, p). 
Then the thermodynamic potential at constant pressure of 
the whole system, at the same temperature 6 and pressure 

Pi is 

If a small quantity of ice fall into the solution in 
consequence of which w increases to w-\-dWy fii will at 
the same time decrease by dw. The temperature being 
brought to its original value and 8 remaining constant, it 
is easily shown that 

This is always negative. Hence the only phenomenon 
possible will be the formation of ice when F^^—'^i is 
positive, and the disappearance of ice when F^ — ^i is 
negative; The condition that the system may be in stable 
equilibrium when the ice is in contact with the solution is 

F^{0,p,h)-^i(0,p)==O (144), 

an equation which admits but one real value of h when 
and p are given, since when and p are constant, Fy, 
continually decreases as h increases. 
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In like manner, if s increase to 8 + ds, and (0, pt w) be 
unchanged, we have 

and therefore the condition that the solution may be in 
stable equilibrium when the solution and free salt are in 
contact, is 

which is easily seen to have but one real root in A. 

Again, it is well known that at ordinary temperatures, 
when salt and ice or salt and snow are mixed together, a 
violent chemical action ensues by which the temperature 
is greatly reduced and a liquid solution formed. The 
thermodynamic potential at constant pressure of a solution 
will therefore be less than the sum of the thermodynamic 
potentials of the salt and ice from which it is formed. 
Thus 

Hence, when i^^ — "^^ = 0, F^ — "^^ is negative. As h 
decreases from this value, Fg — '^8 becomes negative and 
Fw — "^i continually increases. It therefore follows that 
the value of h which makes ^«, — '^'i = is less than that 
which makes ^^ — "^^ = 0. Also for any value of h between 
these two limits, Fg — "^s and F^ — 'V'i are both negative. 
The solution is then capable of dissolving either salt or 
ice, and is stable if neither salt nor ice be present. 

139. If we take two rectangular axes of 6 and p, 
equation (144) will give a series of curves for different 
values of h which show how the pressure must vary with 
the temperature when the solution is in stable equilibrium 
with pure ice to keep the concentration of the solution 
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constant. No two of these curves can intersect, for if the 
curves belonging to two different values of h could pass 
through the same point (^, p), we should have 

which is impossible, since F^ continually decreases as h 
increases. 

The curves will therefore all lie on one side of that for 
which h is zero. To find their relative dispositions, we 
differentiate equation (144) on the supposition that is 
constant: thus 

dF^ 



+ 



\dp dp ) dh 



dh 
But if Vi be the volume of unit mass of ice, we have 

TT dF^ ( dF^\ dep 

Also when we restrict ourselves to a curve for which h is 
indefinitely small, the equation 



/L • fx I dFg dF^i 



dp dp 
shows that -r-^ is equal to the volume of unit mass of the 

solution, which is the same as Vy,, the volume of unit mass 
of water. Thus 

dFw _/ \dep 

dh -V^*"^^'^ dh • 

The factor Vi — v^, being positive, because water expands 
in freezing, we see that when h is small, -^^ is negative. 
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All the curves therefore lie below the curve of .fusion of 
pure ice, that is, below the ' ice line.' Hence when the 




pressure is ^ven, the temperature at which ice begins to 
separate out of a solution is lower for a strong than for 
a weaker solution. 

When a salt is dissolved in a liquid, like acetic acid, 
which contracts in freezing, «(- ' ' ''-* " 



a negative, ~~ is also 



negative, as before, and therefore when h = 0, -~ is positive. 
In this case, the curves corresponding to different values 
of k all lie above the curve for which K = 0. But on this 
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curve, unlike the curve for water, 6 and p increase together. 
Hence, as before, when the pressure is given, the tempera- 
ture at which the pure frozen liquid, begins to appear, is 
lower for a strong than for a weaker solution. 

Thus in all cases, the presence of a salt retards the 

formation of ice from a liquid by cold, or -^ is always 

negative for the stable solution of minimum strength. 

140. If we suppose that every liquid can be reduced 
to the solid state by applying a suflScient degree of cold, 
it will follow that salt and ice are neutral to one another 
when the temperature is low enough. If a solution can 
then exist, it must be in stable equilibrium with both salt 
and ice simultaneously. The temperature at which this 
FIRST takes place and the strength of the corresponding 
solution, are given by the equations 

Fs(0,p,h)^%{0,p)]' 
If we take two rectangular axes to represent and A, 

h 



F. =*.. 




=*^ 



e 



these equations will give two curves for each value of p, 
intersecting in a point C whose coordinates represent the 
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temperature at which ice and salt first become neutral for 
that value o{p, and the strength of the only stable solution 
which can then exist. 

Let us take a mixture of ice and salt at the highest 
temperature at which they are neutral to one another, 
and then, by the application of heat, let a liquid solution 
be formed without altering either the temperature or the 
pressure. The operation, though an equilibrium operation, 
will be irreversible, for it is found that if we attempt to 
reduce the temperature, we do not dissociate the solution 
into its original salt and ice — what really occurs will be 
seen presently. If the solution be formed of a mass s of 
salt dissolved in a mass w of water, its thermodynamic 
potential at constant pressure, ^, will be 



or, smce 






The thermodynamic potential is therefore unaltered by 
the process. But in any finite change of state in which 
the temperature and pressure remain constant, we have 

A* = AQ - 0A(f>. 

The equation I ~^ = 4>b~'4^a^ ^^^^ proved to be true for 
this particular irreversible process. 

141. It will now be necessary to introduce some 
additional experimental results, all of which are due to 
Dr Guthrie. They have only yet been shown to hold at 
atmospheric pressure, but we shall suppose them to be 
true at any pressure. 
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It is found that if we take a stable saline solution of 
any possible strength and subject it to reduction of 
temperature, the only solids which the solution gives up 
are pure ice or the anhydrous salt or a hydrate, until a 
certain definite temperature is reached which depends 
only on the nature of the salt and liquid which compose 
the solution, and not on their relative proportions. The 
solution then freezes, without further reduction of tem- 
perature, into a solid homogeneous brine. The tempera- 
ture at which this takes place is found by Dr Guthrie to 
be the same as that at which ice and salt first become 
neutral to one another. Thence we infer that the final 
solution thus obtained, which Dr Guthrie calls a *cryo- 
hydrate,' is of the same strength whatever may have been 
the strength of the solution with which we started, and 
that the lowest temperature attainable by means of a 
* cryogen,' that is, a freezing mixture of salt and ice, is the 
freezing point of the corresponding cryohydrate. 

These experimental conclusions lead to a very interest- 
ing irreversible non-firictional cycle which may be studied 
by means of strictly elementary methoda 

Let the system consist originally of pure ice and a 
salt, such as nitrate of silver or chlorate of potassium, 
whose solution does not deposit a hydrate ; or of ice and 
the hydrate of a salt like sulphate of magnesium. Also 
let the temperature Bq and pressure p^ be such that ^o is 
the freezing point of the cryohydrate at the pressure po> 
and Pq the pressure of the saturated vapour of ice at the 
temperature Oq, Then, the materials being mixed together, 
the system may be made to undergo the following cyclical 
process at the constant temperature 0q and the constant 
pressure p^, 

P. 24 
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(1) By slowly imparting heat, let a liquid cryohydrate 
be formed. Call the initial state of system A and the 
state at the end of this operation B : also denote the heat 
absorbed in the operation by Qj. 

The path AB is evidently irreversible, for by slowly 
abstracting heat, we should not dissociate the cryohydrate 
— ^we should simply cause it to freeze. 

(2) By slowly increasing the volume, let the cryo- 
hydrate be evaporated at constant priessure and tempera- 
ture, giving the saturated vapour of ice and the original 
salt or hydrate. 

(3) Let the vapour be separated from the salt or 
hydrate, and then reduce it to ice. 

The operations (2) and (3) are clearly reversible : hence 
if Qa be the heat absorbed during these processes, we have 

But since the pressure is constant throughout the 
cycle, the total quantity of work done on the system 
during the cycle, and therefore also the total quantity of 
heat absorbed, is zero. Thus 

Hence, for the irreversible path AB, in which the 
temperature is constantly equal to 0o, 

Ql = ^0 (<I>B — <f>A)' 

142. The subject we are stud3dng may be simplified 
by means of a diagram. Take three rectangular axes, and 
let the axis of so denote the temperature, the axis of z the 
pressure, and the axis of y the strength of the solution. 
Then the weakest and strongest stable solutions will be 
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represented in the diagram by two surfaces, given by the 
equations 

which meet along the freezing line of the cryohydrate, and 
all other stable solutions will be represented by points 
lying between these two surfaces. 

The solutions which are in stable equilibrium with 





6 



their own vapour will be represented by a surface close 
to the plane 0Oh, whose equation is 

Every point below this surface represents a solution which 
is in danger of explosive evaporation. 
The curve in which the surface y^ss*^^ meets the surface 
^w = '^i> evidently refers to those solutions which are 
simultaneously in stable equilibrium with their own vapour 

24—2 
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and with pure ice. Its projection, AB, on the plane 0Op, 
therefore denotes the relation between the temperature 
and the pressure of the saturated vapour of ice : in other 
words, it is the ' hoar-frost Une ' of water. 

Again, if we draw another curve, -40, in the plane 
OOpj to represent the relation between the temperature 
and pressure when ice and water can exist in stable 
equilibrium together, the surface 

will clearly meet the plane 0Op in the curve AG and will 
there terminate, since h cannot be negative. 

The freezing line of the cryohydrate may be called a 
'quadruple line,' for four substances are in stable equi- 
librium with one another on it — pure ice, the anhydrous 
salt, the liquid cryohydrate and the solid cryohydrate. If 
the saturated solution yields a hydrate on being cooled, 
we must add a fifth to the list, viz., crystals of the 
hydrate. 

The freezing line of the cryohydrate terminates in the 
point in which it meets the surface 7^«, = '^,|,. This point 
will always be a ' quintuple point,' and when the solution 
gives a hydrate, it will be a ' sextuple point.' 

It will be noticed that since A is the ' triple point ' of 
water, the curve AD in which ?"«, = ^«, meets the plane 
BOpy makes a finite angle with the projection on 0Op of 
the curve of intersection of y ^ = ^^ with 7"^ = ^^ : but 
it should be remembered that there is no discontinuity or 
irregularity on the surface 7^^ = '^«, itself. 

143. We have strong reasons for believing that h is 
constant along the freezing line of the cryohydrate. For, 
if possible, let the strength of the cryohydrate be greater 
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at a point Q than at another point P of this line. Let 
the liquid cryohydrate belonging to P be frozen and then 
travel to the point Q by any path not Ijdng between the 
surfaces 

If the cryohydrate does not melt before the point Q is 
reached, it will then melt into two distinct parts, one of 
which is a liquid cryohydrate and the other pure solid 
ice. If it could melt before we get to Q, we should obtain 
a solution in the liquid form at a temperature below the 
freezing point of the cryohydrate at the same pressure. 
Both of these results are very improbable and, conse- 
quently, we conclude that h cannot have different values 
at two different points P, Q, of the freezing line of the 
cryohydrate. 

A cryohydrate must therefore be regarded as a body 
of definite chemical composition (as was foreseen clearly by 
Dr Guthrie himself), and not as a mere solution in which 
the proportions of salt and ice depend on various acci- 
dents. 

144. Any two consecutive points on the surface 

3'w (0, i), h) = ^i (0, p) 
satisfy the relation 

where the differential coefl&cients -?- and -^ are to be 

dp du 

found from the equation ^^ (0, p, h) = ^i (0, p). 
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If the two points also lie on the freezing line of the 
cryohydrate, we have dA = 0, and therefore, along this 
line, 

Now we have already shown that when the salt is 
dissolved in a liquid which expands in the act of freezing, 

like water, the equation y"«, (Q, p, h) = ^^ {6, p) makes -j- 

negative. If, however, the solution is formed by dissolving 
the salt in a liquid, like acetic acid, which contracts whilst 

freezing, then -r— is positive. Also in both cases, -^ is 

negative. 

Hence along the freezing line of the cryohydrate, -^ 

is negative in the former case and positive in the latter. 
Thus the freezing point of the cryohydrate is depressed or 
raised by pressure according as the liquid employed ex- 
pands or contracts in the act of freezing. In other words, 
when the liquid employed in forming the* solution is such 
that its freezing point is lowered by pressure, the freezing 
point of the cryohydrate is also lowered by pressure ; and 
when the liquid employed is such that its freezing point 
is raised by pressure, the freezing point of the cryohydrate 
is also raised by pressure. 

Again, let us suppose that at any point (0, p) on the 
freezing line of the cryohydrate, the volume, energy, 
entropy and thermodynamic potential at constant pressure 
of unit mass of the cryohydrate are represented in the 
liquid state by the symbols {v\ IT, <f>\ <!)'), and in the solid 
state by {v'\ U'\ <f>\ ^"), respectively : also let (v, U, (f>, *) 
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be respectively the sums of the volumes, energies, entropies 
and thermodynamic potentials at the same temperature 
and pressure of the salt and ice of which the cryohydrate 
is composed. Then by Art. 140 we have 

Also since the freezing of a cryohydrate is a reversible 
process performed at constant temperature and pressure. 

Thus, at the point (0, p). 

At a consecutive point (0 + d0, p + dp), we have 

that is, vdp - (f)d0 = v'dp - (f)'d0 = v''dp - (f>''d0. 



Hence 






dp 



where -^ refers to the freezing line of the cryohydrate. 

But if ii be the heat absorbed in the formation of unit 
mass of the liquid cryohydrate from salt and ice at con- 
stant temperature and pressure, then Li = (^' — (pi) : also 
if ia be the heat evolved in the freezing of the cryo- 
hydrate, L^ = ((f)' - ip"). Thus finally 



A = 



«(/-.)* 



A = -^(.''-.0| 



.(145), 



Li and L^ both being positive. 
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An equation similar to the first of these will hold 
when the liquid solution is formed by the melting of ice 
with a hydrate. 

Now when the liquid employed expands in freezing, 

like water, -^ is negative along the freezing line of the 

cryohydrate: hence, by equations (145), the cryohydrate 
also expands in freezing, and when we form the liquid 
cryohydrate from solid ice and salt, or from solid ice and 
a hydrate, at constant temperature and pressure, there 
will be a contraction of volume. On the contrary, when 
the liquid employed is one which shrinks in freezing, the 
cryohydrate will also shrink in freezing, and when it is 
formed at constant temperature and pressure from solid 
ice and salt, or from solid ice and hydrate, there will be 
an increase of volume. 

145. The foregoing investigations enable us to describe 
the behaviour of a saline solution under various circum- 
stances. This will be made clear by the following ex- 
amples. 

Let the solution be constantly in a state of stable 
equilibrium: also suppose that initially it is neither 
saturated with salt nor with ice and that the pressure is 
so great that there is no danger of evaporation. 

Then we may diminish 6 without altering p or h until 
the right line, parallel to 00, which represents the suc- 
cessive conditions of the solution, meets one of the 
surfaces 

At that instant a sudden discontinuity occurs. If, for 
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example, the straight line meets both surfaces on the 
freezing line of the cryohydrate, it will still be possible 
to diminish 6 without altering p or h, but the solution 
will be frozen. In any other case when we diminish 6, 
it will be necessary to vary one or both of the other 
quantities (p, A). Thus if we wish to keep p constant, it 
has already been proved that any decrease of 6 on the 
surface ?"«, = "^i will make h increase by the freezing out 
of pure ice until the freezing line of the cryohydrate is 
reached : on the surface y^ = "^g, it appears from experi- 
ment that when 6 is diminished, the solution generally 
deposits the anhydrous salt or a hydrate, so that h 
decreases. If while 6 diminishes, we keep h constant and 
vary p, we shall never arrive at the freezing line of the 
cryohydrate, because along that line h has a dijfferent 
constant value. 

If we begin by keeping 6 and h constant and diminish 
p, the successive conditions of the solution will be repre- 
sented by a straight line parallel to Op until we come to 
one of the three surfaces 




It will be sufl&cient to indicate by an illustration what 
may happen after we get to the surface y^ = '^^ For 
simplicity, let us suppose that there is some vapour present 
with the liquid solution. 

Then, since -^ has been shown to be positive on the 

surface 5F^ = '^^, we must diminish h at the same time 
as ^ in order to keep p constant. This may be done by 
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causing the volume to decrease so that some of the vapour 
is condensed. 

On the curve of intersection of 5F^ = "^^ with y «,=^^-, 
pure ice wiU first appear ; and on the curve of intersection 
with y^rs"^,, the solution will begin to deposit the salt 
or a hydrate and may be dissociated by evaporation at 
constant temperature and pressure. 



NOTE A. 

It is often supposed that to every action there is 
simultaneously an equal and opposite reaction, whether 
these actions be contact-forces or actions at a distance. 
We have assumed this to be the case with contact-forces, 
and it is likewise undoubtedly true for the simpler actions 
at a distance, such as the gravitational and electro-statical 
and magneto-statical forces between bodies at rest in an 
unvarying state. For example, consider the mutual gravi- 
tational influence of two distant bodies A, B, which are 
devoid of electric and magnetic properties. If both A 
and B be at rest, it is quite reasonable to suppose that 
their mutual influence consists of a set of elementary 
forces which are strictly equal and opposite in pairs. If, 
however, while B is kept at rest, A be suddenly moved 
nearer or further away with great velocity, it is clear that 
the gravitational force on A will at once begin to alter, 
while that on B will remain unchanged until the ejffect of 
the motion of A has had time to cross the space AB — 
unless, indeed, we can conceive the gravitational force 
which acts on B capable of foreseeing the intentions of 
the machine by which the body A is moved. 

If we assume, as is usually done, that when the two 
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bodies have been held at rest for a sufficient time in an 
unvarying state at a given distance apart and in a given 
relative position, the energy of the system of the two 
bodies is independent of the previous history of the 
system, we shall be led to some important conclusions. 
For let the system be brought from any such condition 
(1) to any other such condition, (2) in two dififerent ways, 
one of which is practically reversible and the other very 
rapid. Also suppose the machines by which the two 
bodies are held incapable of doing any but mechanical 
work. Then since the change of energy is the same in 
the two different methods and the mechanical work 
obtained from the system is different, it follows that 
different thermal processes must have taken place in the 
two operations, and clearly the difference can only be due 
to radiation. 

Again, let A, B be two small distant bodies of any the 
same uniform temperature 0, which may possess any 
electric and magnetic properties but cannot gain or lose 
electric energy, and let them be in such an unvarjdng 
state and position that the energy of the system which 
they compose is independent of the previous history of 
the system. Let this system be rotated like a rigid body, 
in a reversible manner, without varying the temperature, 
about an axis passing through A. Then if Q be the heat 
absorbed and W the mechanical work done on the system, 
we have clearly 

Q+Tr=o, 

and ^ ~ ^* 

Hence Tr= 0, and therefore the action at a distance 
exerted by -4 on jB must act in the line AB, 
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Similarly, the action at a distance exerted by -B on -4 
must act in the same straight line AB. 
Again, if the distance AB be increased or diminished by 
a given amount in two isothermal reversible ways, first, 
by moving A along the line AB while B is kept at rest, 
and secondly, by moving B along AB while A is kept at 
rest, and if we make the reasonable supposition that the 
changes of energy and entropy are the same in both ways, 
it follows that the actions at a distance between A and B, 
which, we have seen, act in the same straight line AB, 
are equal and opposite. 

If the two bodies A, B can gain or lose electric energy, 
the actions at a distance between them are not necessarily 
equal and opposite; but since it is always immaterial 
whether A be moved in one direction or B an equal 
distance with the same velocity in an opposite parallel 
direction, it is easily seen that the actions at a distance 
are equal and in opposite parallel directions. 



NOTE B. 

We have already noticed a point in which the nomen- 
clature of Thennodjniamics diflfers from that which is 
unfortunately adopted in books on Rigid Dynamics. We 
now propose to consider briefly the chief problem dis- 
cussed in these books. 

It has been shown that if a body which possesses 
angular momentum be left to itself, it cannot move as 
rigid unless the axis of rotation through Q, the centre of 
mass, be fixed in the body and coincide with the axis of 
resultant angular momentum through G, which is a line 
whose directions are fixed in space. Nevertheless many 
bodies are so hard and unyielding that we may often 
suppose, without serious error, that, for a longer or shorter 
time, they move as rigid whatever be their axes of rotation. 
This case of motion alone is considered in books on Rigid 
Dynamics. 

We have seen that when any body which possesses 
angular momentum is left to itself, it will ultimately 
move as rigid and that the ultimate axis of rotation 
through the centre of mass will be fixed in the body and 
coincide with the axis of resultant angular momentum 
through G, or be a principal axis at G. This is true 
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whether the body be hard or soft; only in the former 
case, the principal axis will be practically ready-made, 
while in the latter, it will be formed to a greater or less 
extent by the motion of the body itself. But since we 
can always conceive a hard and nearly rigid body having 
its mass distributed in exactly the same way as any given 
soft body, it is clear that a principal axis always exists 
ready-made at Q, however soft or mobile the body may be. 
Suppose Oz to be a principal axis at O and let it be 
perpendicular to the plane of the paper. Also let Ox, Qy 
be any two rectangular axes in the plane of the paper. 
Then if (a?, y, £) be the coordinates of any particle, m, 
of the body, with respect to these axes, the necessary and 
sufficient condition that Qz should be a principal axis, is 

Xmzx^Xmzy^^. 
Now if Ga?', Gy' be any other pair of rectangular axes in 




the plane of the paper, making an angle Q with the first 
pair, we shall have 

a;' = a? cos ^ + y sin d\ 
y' = y cos ^ — a? sin ^ j ' 
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and therefore 

^moa'y' = cos 20Xmxy - sin cos 0Sm (a^ — j/^). 

Thus whatever l>mxy and ^m{a?-'y^) may be, we can 
always choose two rectangular axes Ox\ Gi/y such that 
%mafy' = 0. In this case, the three rectangular axes 
Qafy Gy^y Oz will all be principal axes. 

Now let Oz' be at any instant the axis of rotation and 
G) the angular velocity, of a body which is moving as rigid, 
and let Oz be any other axis through making an angle 
with Gz\ Take Ox\ Ox in the plane sfOz, at right angles 
to Oz\ 0^2^, respectively, and let Gy be perpendicular to 
this plane. Then since the angular momentum about Oxf 
is ft)2m {x^ + y'% and about Oaf, — (ei%mz'x\ the angular 
momentum about Oz will be 

G) cos 0%m (a?'2 + ^2) + G) sin 0%mz'x\ 




But since z =xsm0 ■\- z cos ff 

X =x cos — zmi0)' 

this becomes cd cos ^2m {a^ cos^ -^r z'^ sin^ + y '2) 

+ (» sin2 ^ cos elm {a^ - £^2) 

+ 61) {— 2 sin cos^ + sin cos 20} Sma?^:, 

or ft) cos d2m (ic^ + y^) — <» sin 0%7rixz, 
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If G^;8r be a principal axis at (?, Xtoxz = 0, and the angulai- 
momentum about Gz reduces to co cos OXm {oc^ + y^). This 
result will appear to be very simple as soon as we have 
proved that angular rotations may be resolved and 
compounded like forces, so that to cos may be called the 
resolved angular velocity about Oz. 

Suppose that angular velocities exist in succession for 
the same short time t about two straight lines 08, T, 
passing through a fixed point 0, and let them be repre- 
sented in magnitude and direction by the lengths OA, OB. 
Complete the parallelogram AOB, and from any point P 
in the diagonal OC drop perpendiculars PM, PN on 08 




and OT. Then an angular velocity about 08 proportional 
to OA will cause the point P to move in a short time t 
perpendicular to the plane 80T a distance proportional to 
OA.PM.T. If, after the time t, the angular rotation 
about OS cease, and a new angular velocity proportional 
to OB begin about the new position of OT, the point P 
will, in the short time t, be brought back perpendiculai* 
to the plane of the paper a distance proportional to 
OB . PN . T. Now if Cm, Cn be the perpendiculars from 
C on 08 and OT, we have PM:PN=Cm:Cn, and 
therefore OA . PM : OB , PN ^ OA , Cm : OB . Cn= 1 :l, 
since the triangles CO A, COB are equal. Hence the 
point P is brought back to its original position by the 

P. 25 
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second rotation, and therefore, since any displacement of a 
rigid body with one point, 0, fixed, can be effected by a 
rotation about an axis through 0, the two rotations OA, 
OB, are equivalent to a single rotation about the diagonal 
OC, or angular velocities are compounded according to the 
parallelogramic law. 

Again, let a body be moving as rigid and take three 
principal axes Q^, Orj, G^f, fixed in the body, as rectangular 
axes of coordinates. Let the moments of inertia of the 
body about these axes be denoted by il, J5, C, which will, 
of course, be constant quantities however the axes may 
move about in space. Then if, at any instant, (fi>i, g>2, ©s) 
be the resolved angular velocities about these axes, 
(Aa)ij Ba>2y Ows) will be the resolved angular momenta. 
Hence if (a, )8, 7) be the angles the axis of rotation makes 
with the axes of coordinates, the resolved angular mo- 
mentum about the axis of rotation will be 

Aa)i cos a + Bw^ cos y8 + Gq>3 cos 7. 
To get the mechanical kinetic energy of rotation, we 
multiply this by ^eo. It is therefore equal to 

i (Aco,' + Bmi + C(o,^). 

If t be the time at which the angular velocities are 
(a>i, ft)2, ©3), then at the consecutive instant t-\-dty the body 

will have angular velocities a>i H- — ^-^ dty &c., &c., about the 

new positions of 0^, Grj, G^y and angular momenta 



A (ft)i + -77^ dt] , &c., &c. 



If we denote the position of the axes at the time t by (r^, 
Grj, Gf, and at the time t + dt, by G^\ Gr}\ G^, the angles 

between G^ and Gr)\ G^\ will be practically ^ + (o^dt and 
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^ — (o^t Hence the angular momentum of the body at 
the time ^ + d^ about 0^ will be 

A f ©1 + -^ dn - (J5 - 0) (a^^dt, 




so that if, at the time t, L be the moment of the external 
forces about 0^, we shall have 

Similarly, if M, N be the moments of the forces about the 
other axes at the time t, 



and 






25—2 



! 



dt^ 


\ 

=p 


dy 
dt^ 


= Q 


dH 
dt^ ' 


= R 
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These three equatioDS are due to Euler, and are known 
as Euler's equations. 

If we take three rectangular axes Ox, Oy, Oz, fixed in 
space, and denote the sums of the resolved parts parallel 
to these axes of the external forces which act on the body 
hy P, 0, -B, and the coordinates of Q by (a?, y, z\ we also 
have 

M 



JH 



JH 

where JH is the mass of the body. 

When i, M and N are zero, we obtain, by multiplying 
Euler's equations by ©i, cwg, ft>8> respectively, adding, and 
integrating, 

\ {Aio^ -f- B(ai + 6W) = constant, 

or the mechanical kinetic energy of rotation is constant. 

When P, Q and iZ are zero, we find in a similar 
manner, 

or the mechanical kinetic energy of translation is constant. 

When there are no external forces at all, the total 
mechanical kinetic energy is constant. 

Now we have seen that when a body of which no part 
of the energy can vary but the mechanical kinetic energ}% 
is left to itself, the mechanical kinetic energy continually 
decreases, except when the axis of rotation is a principal 
axis. The results which have been just obtained cannot 
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therefore be strictly true except when the axis of rotation 
is a principal axis, or two of the three quantities (©i, ©2, ©s) 
zero. Still they may often be very close approximations 
for a short time. 

To find the mechanical work done by the external 
forces, we take account only of the mechanical displace- 
ments of the points of application. As in books on Eigid 
Dynamics, we shall restrict ourselves to the case in which 
the rods &c. by which the external forces are applied, do 
not slip on the surface of the body — a very simple restric- 
tion which is usually expressed in mysterious unphysical 
language. The mechanical displacement of the point of 
application of any one of the forces will then be the same 
as that of some point of the body itself. 
Through draw three fixed rectangular axes Oa/, Oy', Oz, 
parallel to the moving axes 0^, Chj, 0^ at the time t 
Then if (x\ y\ z) be the coordinates of at the time t 
with respect to these axes, and (f, 17, f) the coordinates of 
a point of the body with respect to the moving axes, the 
mechanical displacement of this point in the short time dt 
will have a resolved part parallel to Ox^ equal to 



\~di +(®2f"®8^)[*- 



Hence since the mechanical work done by a force is equal 
to the sum of the mechanical works done by its com- 
ponents, if (X\ Y, Z') be the resolved parts, parallel to 
Ox\ Oy\ Osf, of the force which acts at (f, 17, f), the 
mechanical work which this force does in the time dt bears 
to db the ratio 

x g' + F ^ + ^' ^ + «, (Z', - F'r) + <o, (Z'r- ^f) 

+<»,(r'f-z'i7). 
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Thus, since 2 (^T^ - Ff) = i 

2(Ff-Z'i7)=JV 

the mechanical work done in the time dt by all the forces 
will be 

dte'SX' + dy"! F + d/XZ' + (Lto, + Ma>, + Nto,) dt, 

which is clearly equal to 

Pdx + Qdy + Rdz + (La}i + M(02+N(0s)dt 

Substituting for P, Q, R, L, M, N", their values as already 
found, the expression for the elementary mechanical work 
becomes 

'd^x dx , \ jx f A deoi 



M 



df dt 



+ ... +...J d^+ fil -^a)i + ... + ...jrf^, 



or simply dT, 

where T is the mechanical kinetic energy. 

Denoting the elementary mechanical work by dW, we 

have 

dT^dW, 

and we see that the mechanical work done on the body in 
any finite time is equal to the corresponding increase of 
the mechanical kinetic energy. This is the only case of 
the principle of energy which is considered in books on 
Rigid Dynamics and it is, in general, only a near approxi- 
mation. 

This result, which has been obtained as a deduction 
from the laws of motion, is obvious if we assume the 
general principle of energy. For since the only part of 
the energy of the body which can vary is the mechanical 
kinetic energy, the increase of energy in any short interval 
is dT, and since the only kind of work done on the body 
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is mechanical work, the total work done on it in the short 
interval is dW, Hence, as before, dT=dW. 

It will be readily understood that dW need not be a 
perfect diflferential ; nevertheless the impression generally 
produced by the ordinary books on Rigid Djmamics is that 
the principle of energy requires that dW should always be 
a perfect dififerential. All that is meant is the following. 
The given body is supposed to form part of one system 
with the rods, bars, &c., and external gravitating masses, 
to which the external forces are due. The new system is 
supposed to have no external forces acting on it, nor to 
receive or lose heat, and it is further supposed that the 
only parts of its energy which can vary are the mechanical 
kinetic energy of the given body and the mutual potential 
energy, V, of the given body and the rest of the system. 
The principle of energy then gives 

T+ F= constant, 

so that dW ia the complete diflferential of the function 
-F. 

As we have already said, the books on Rigid Djmamics 
unfortunately call V the potential energy of the given 
body, instead of the mutual potential energy of the given 
body and the rest of the system. 
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Densities of Gases, 

(In the last two columns, the pressure is supposed to be 
one atmo and the temperature 0° C.) 



Air 

Oxygen (0) 
Hydrogen (H) 
Nitrogen (N) 
Carbonic Oxide (CO) 
Carbonic Acid (COo) 
Chlorine (CI) 
Cyanogen (NCo) 
Marsh Gas (CH.) 
defiant Gas (C0H4) 
Ammonia (NH3) 



Relative 
densities. 


Relative 

specific 

voliimes. 


Mass of a 

litre in 

grammes. 


1 


1 


1-2932 


1-10563 


-90446 


1-4298 


•06926 


14-4383 


•08957 


•97136 


1-02945 


1^25615 


•9645 


1-0476 


1^2344 


1-52907 


•6540 


1^9774 


2-4222 


•4128 


3-1328 


1-8019 


-5550 


2-3302 


-662 


1-779 


-727 


•982 


1-018 


1-270 


-5952 


1-6801 


•7697 



Volume of a 

gramme in 

litres. 



•7733 
•6994 
11^16445 
•7961 
•8101 
•5057 
•3192 
•4291 

1-376 
-787 

1-2992 



Specific Heats of Gases, 





At constant pressure 


At constant volume 














Ratio of 




In calories. 


Compared 




Compared 


the specific 




(By experi- 
ment) 


with an eaual 
vol. of air. 


In calories. 


with an equal 
voL of air. 


heats, or k. 


Air 


•2375 


1 


•1684 


1 


1-410 


Oxygen 


-21751 


1-012 


•15501 


1-018 


1-403 


Hy<&ogen 
Nitrogen 


3-40900 


•994 


2^4114 


•992 


1^414 


•24380 


•997 


•17266 


•996 


1^412 


Carbonic Oxide 


•2450 


•985 


•1728 


•978 


1-418 


Carbonic Acid 


•2169 


1-396 


•1717 


1659 


1-263 


Chlorine 


•12099 


1-234 


•0925 


1330 


1^308 


Marsh Gas 


•5929 


1-403 


-4700 


1-568 


1^260 


defiant Gas 


•4040 


1-670 


•3337 


1-946 


1^211 


Ammonia 


•5084 


1-274 


-3923 


1-386 


1-296 
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Water at a pressure of one atmo. 

(Everett's * Units and Physical Constants/ also * Encyclopedia 

Britannica'.) 



Mass of one 


cubic centimetre in 


Volume of one gramme in cubic centi- 
metres, or of one kilogramme in 


grammes, or 


of one cubic ded- 


metre in kilogrammes. 1 


cubic dedmetres. 


Temperature 
in degrees 










Temperature. 




centi^ade. 








0° 


•999,884 


0° 


1-000,116 


4° 


1-000,013 


4° 


-999,987 


5° 


1-000,003 


5° 


•999,997 


10° 


•999,760 


10° 


1^000,240 


15° 


•999,173 


15° 


1 •000,828 


20° 


-998,272 


20° 


1001,731 


25° 


•997,108 


25° 


1-002,900 


30° 


•995,778 


30° 


1-004,240 


35° 


•994,69 


35° 


1-005,34 


40° 


•992,36 


40° 


1-007,70 


45° 


•990,38 


45° 


1-009,71 


50° 


•988,21 


50° 


1-011,93 


55° 


•985,83 


55° 


1-014,37 


60° 


•983,39 


60° 


1^016,89 


65° 


•980,75 


65° 


1019,63 


70° 


•977,95 


70° 


1^022,55 


75° 


•974,99 


75° 


1^025,65 


80° 


•971,95 


80° 


1^028,86 


85° 


•968,80 


85° 


1-032,20 


90° 


•965,57 


90° 


1-035,66 


95° 


•962,09 


95° 


1-039,40 


100° 


•958,66 


100° 


1-043,12 



According to Regnault, the specific heat of water (in calo- 
ries) is as follows : 



at 


0°C. 


1-0000 


at 


10°,, 


1-0005 


at 


20°,, 


1-0012 


at 


30°,, 


1-0020 
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Ice at the pressure of one atmo and at 0° C. 

Mass of one cubic centimetre = '920 gramme. 
Volume of one gramme = 1 '087 cubic centimetres. 
Coefficient of cubical dilatation by heat at constant pres- 
sure = -000153. 
Specific heat (in calories) at constant pressure = '48. 

(Person.) 

M&rcv/ry at a pressv/re of one atmo (or less). 

It has been found (Everett's * Units') that the density of 
mercury at 0° C. is 13-5956 times that of water at V C. It is 
therefore 13*595 776 74 grammes per cubic centimetre. Hence 
the pressure produced (at Paris) by a column of mercury at 
0° C. and one millimetre high, whose top is acted on by no 
force but the insignificant pressure of its own saturated vapour, 
is 1333-5662 dynes per square centimetre. Also an atmo, or 
the pressure produced (at Paris) by a column of mercury at 
0* O. and 760 millimetres high, is 1,013,510-3356 dynes, or 
1033-279 grammes, per square centimetre. 

Melting Points and Latent Heats of Fusion {in calories) 
of Solids at a pressure of one atmo. 

(From Watt's * Dictionary of Chemistry.') 





Melting-points (C). 


Latent Heats. 


Mercury 
Phosphorus 
Sulphm* 
lodme 


-39° 

44°-2 
115° 
107° 


2-82 
5-0 
9-4 
11-7 


Lead 

Tin 

Silver 

Zinc 

Bismuth 


332° 

235° 

1000° 

433° 

270° 


5-4 
14-25 
211 
281 
12-6 


Nitrate of Potassiimi 
Nitrate of Sodium 


339° 
310°-5 


47-4 
63-0 
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Boiling Points and Heats of Vaporisation at a pressure 

of one atnio, 

(Everett's * Units'.) 



also 

Sulphurous Acid 

Concentrated ) 

Sulphuric Acid ] 



- lO^-OS 
325" 





Boiling-points (C). 


Intent Heat of 
Vaporisation. 


Observer. 


Alcohol 


IT'^ 


202-4 


Andrews 


Bisulphide of ) 
Carbon ] 


46"-2 


86-7 


>> 


Bromine 


58" 


45-6 


» 


Ether 


34"-9 


90-4 


j» 


Mercury 


350" (?) 


62 


Person 


Sulphur 


316" (?) 


362 


» 



Temperatwres and Pressures of Critical Points, 

(Cagniard de la Tour.) 



Bisulphide of Carbon 

Ether 

Alcohol 

Water 



Critical Temperature. 



262-5" C. 
187-5" C. 
258-7" C. 
411-7" C. 



Pressure in atmos. 



66-5 
37-5 
119 
? 



In the case of water, Maxwell estimates the Critical Tem- 
perature to be about 434° C, the Critical Pressure about 
378 atmos, and the Critical Volume about 2*52 cubic centi- 
metres per gramme. 

Pressure of the saturated vapour of WcUer 
(calculated from Regnault). 

[When the pressure is measured by a column of mercury, 
the mercury is supposed to be contained in a wide (non- 
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capillary) tube at Paris, at 0° C, and subjected to no surface 
pressure beyond the negligible pressure of its own vapour.] 

Pressures. 



Tempera- 
tures (C). 


In millimetres 
of mercury. 


In grammes (at 

Pans) per square 

centimetre. 


In dynes 
per square 
centimetre. 


In atmos. 


In pounds 
per sq. incli 
(atLondon). 


-30" 


•4 


•54 


529-7 




-008 


-25" 


•6 


-82 


804-3 




-012 


-20" 


•9 


1-22 


1,196-7 


-001 


•017 


-15" 


1-4 


1-90 


1,863-6 


. -002 


•027 


-10" 


2-1 


2-85 


2,795-5 


•003 


•041 


- 5" 


31 


4-21 


4,129-4 


•004 


•059 


0" 


4-600 


6-254 


6,134-40 


-006 


•089 


5" 


6-534 


8-883 


8,713-52 


•0086 


•126 


10" 


9-165 


12-460 


12,222-1 


-0120 


•177 


15" 


12-699 


17-265 


16,934-9 


-0168 


•246 


20" 


17-391 


23-644 


23,192-0 


-0229 


•336 


25" 


23-550 


32-018 


31,405-5 


•0309 


•455 


30" 


31-548 


42-892 


42,071-3 


-0415 


•610 


35" 


41-827 


56-867 


55,779-1 


-0550 


•809 


40" 


54-906 


74-649 


73,220-8 


-0722 


1-062 


45" 


71-390 


97060 


95,203-3 


•0939 


1-380 


50" 


91-980 


125-054 


122,661 


•1210 


1-779 


55" 


117-475 


159-716 


156,661 


•1545 


2^27 


60" 


148-786 


202-262 


198,416 


•1957 


2-88 


65" 


186-938 


254-247 


249,294 


•246 


3-61 


70" 


233-082 


316-893 


310,830 


•306 


4-51 


75" 


288-500 


392-238 


384,734 


-379 


5-58 


80" 


354-616 


482-128 


472,904 


•467 


6-86 


85" 


433-002 


588-700 


577,437 


•570 


8-37 


90" 


525-392 


714-311 


700,645 


-704 


10-16 


95" 


633-692 


861-553 


845,070 


-833 


12-25 


100" 


760 


1033-279 


1,013,510 


1 


14-697 


105" 


906-41 


1232-33 


1,208,760 


1-19 


17-53 


110" 


1075-37 


1462-05 


1,434,080 


1-41 


20-80 


115" 


1269-41 


1725-86 


1,692,840 


1-67 


2455 


120" 


1491-28 


2027-51 


1,988,720 


1-96 


28^84 


125" 


1743-88 


2370-94 


2,325,580 


2-29 


3372 


130" 


2030-28 


2760-32 


2,707,510 


2-67 


3926 


135" 


2353-73 


320008 


3,138,850 


3-09 


45-5 


140" 


2717-63 


3694-83 


3,624,140 


3-57 


52-6 


145" 


3125-55 


4249-43 


4,168,130 


4-11 


60^4 


150" 


3581-23 


4868-97 


4,775,810 


4-71 


69^3 


155" 


4088-56 


5558-71 


5,452,370 


5-38 


791 
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Tempera- 
tures (C). 


In millimetres 
of mercury. 


In grammes (at 

Paris) per square 

centimetre. 


In dynes 
per square 
centimetre. 


In atmos. 
6-12 


In pounds 
per sq. indi 
(atLondon). 


160° 


4651-62 


6324-24 


6,203,240 


90-0 


165° 


5274-64 


7171-15 


7,033,950 


6-94 


102-0 


170° 


5961-66 


8105-34 


7,960,270 


7-84 


115-3 


175° 


6717-43 


9132-87 


8,968,140 


8-84 


129-9 


180° 


7546-39 


10259-9 


10,063,600 


9-93 


146-9 


186° 


8453-23 


11492-8 


11,272,900 


1112 


163-5 


190° 


9442-70 


128371 


12,592,500 


12-42 


182-6 


195° 


10519-63 


14302-2 


14,028,600 


13-84 


203-4 


200° 


11688-96 


158920 


16,688,000 


15-38 


226-0 


205° 


12955-7 


17614-3 


17,277,300 


17-0 


260-5 


210° 


14324-8 


19475-7 


19,103,100 


18-8 


277-0 


215° 


15801-3 


21483-1 


21,072,100 


20-8 


305-6 


220° 


17390-4 


23643-6 


23,191,200 


22-9 


336-3 


225° 


19097 


25963-8 


22,800,000 


251 


369-3 


230° 


20926-4 


284511 


27,906,700 


27-5 


404-7 



Pressure of saturated vapour of Mercury (in mUlifnetres 

of Tiiercury), 

(From the 'Encyclop. Brit.') 



Temperatures 
(C). 


Pressures. 
-02 


Temperatures 
(C). 


Pressures. 


Temperatures 
(C). 


Pressures. 


0° 


180° 


11 


360° 


797^7 


10° 


•03 


190° 


14^8 


370° 


954-6 


20° 


•04 


200° 


19^9 


380° 


1139-6 


30° 


•05 


210° 


263 


390° 


1346-7 


40° 


•08 


220° 


347 


400° 


1588 


50° 


•11 


230° 


45-3 


410° 


1863-7 


60° 


•16 


240° 


58-8 


420° 


2177-6 


70° 


•24 


250° 


75-7 


430° 


2533 


80° 


•35 


260° 


96^7 


440° 


2934 


90° 


•51 


270° 


123 


450° 


3384-4 


100° 


•75 


280° 


155-2 


460° 


3888-1 


110° 


1-07 


290° 


194-5 


470° 


4449-4 


120° 


1-53 


300° 


242-2 


480° 


5072-4 


130° 


2-18 


310° 


299-7 


490° 


5761-3 


140° 


306 


320° 


368-7 


500° 


6520-3 


150° 


4-27 


330° 


450-9 


510° 


7253-4 


160° 


5-90 


340° 


548-3 


520° 


8265 


170° 


8-09 


350° 


663-2 
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Pressure of saturated vapour of Sulphur (m miUi/metres 

of mercury), 
(*Encyclop. Brit.') 



Temps. (C.) 


Pressures. 


Temps. (C.) 


Pressures. 

912-7 


Temps. (C.) 


Pressures. 


390° 


272-3 


460° 


520° 


2133-3 


400° 


329 


470° 


1063-2 


530° 


2422 


410° 


395-2 


480° 


1232-7 


540° 


2739-2 


420° 


472-1 


490° 


1422-9 


550° 


3086-5 


430° 


561 


500° 


1635-3 


560° 


3465-3 


440° 


6631 


510° 


1871-6 


570° 


3877-1 


450" 


779-9 











Pressures of saturated vapours (in millimetres of mercv/ry), 

(*Encyclop. Brit.') 



Temps. 



empa 
(C.) 



Ammonia. 
(NHa). 



30° 


866-1 


25° 


1104-3 


•20° 


1392-1 


15° 


1736-6 


•10° 


2144-6 


- 5° 


2624-2 


0° 


3183-3 


5° 


3830-3 


10° 


4574 


15° 


5423-4 


20° 


6387-8 


25° 


7477 


30° 


, 8701 


35° 


; 10070-2 


40° 


11595-3 


45° 


13287-3 


50° 


; 15158-3 


65° 


17219-8 


60° 


1 194821 


66° 


21965-1 


70° 


24675-5 


75° 


27630 


80° 


30843-1 


85° 


34330-9 


90° 


38109-2 


95° 


42195-7 


100° 


46608-2 



Sulphuretted 
Hydrogen. (HaS). 



3749-3 

4438-5 

5196-5 

6084-6 

7066 

8206-3 

9490-8 

10896-3 

12447-9 

14151-5 

16012-4 

18035-3 

20224-3 

22582-5 

24954-3 

27814-8 

30690-7 

33740-2 

36961-5 

40353-2 



Carbonic Acid. 
(COjj). 



13007 

15142-4 

17582-5 

20340-2 

23441-3 

26906-6 

30753-8 

34998-6 

39646-9 

44716-6 

50207-3 

56119 

62447-3 

69184-4 

76314-6 



Nitrous Oxide. 
(NjjO). 



15694-9 

17586-6 

19684-3 

22008 

24579-2 

27421 

30558-6 

34019-1 

37831-7 

42027-9 

46641-4 

51708-5 

57268-1 

63359-8 
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Pressures of saturated vapours {in millimetres of mercury). 

('Encyclop. Brit.') 



Tempe. 


Essence of 

Turpentine. 

(cfoHe). 


Chlorofonn. 


Carbon 


Sulphurous 
Add. (SOj). 


(CUCls). 


Hisulphide. (CSs). 


-30" 








287-5 


-25" 








373-8 


-20" 






47-3 


479-5 


-15" 






61-6 


607-9 


-10" 






79-4 


762-5 


- 5" 






101-3 


946-9 


0" 


2-1 




127-9 


11651 


5" 






160 


1421-1 


10" 


2-9 




198-5 


1719-5 


15" 






2441 


2064-9 


20" 


4-4 


160-5 


298 


2462 


25" 




200-2 


36M 


2916 


30" 


6-9 


247-5 


434-6 


3431-8 


35" 




303-5 


519-7 


4014-8 


40" 


10-8 


369-3 


617-5 


4670-2 


45" 




446 


729-5 


5403-5 


50" 


17 


535 


857-1 


6220 


55" 




637-7 


1001-6 


7125 


60" 


26-5 


755-4 


1164-5 


8123-8 


65" 




889-7 


1347-5 


9221-4 


70" 


40-6 


1042-1 


15521 




75" 




1214-2 


1779-9 




80" 


61-3 


1407-6 


2032-5 




85" 




1624-1 


2311-7 




90" 


90-6 


1865-2 


2619-1 




95" 




2132-8 


2966-3 




100" 


1311 


2428-5 


33251 




105" 




2754 


3727-2 




110" 


186 


3111 


4164-1 




115" 




3501 


4637-4 




120" 


257 


3925-7 


5148-8 




125" 




4386-6 


5699-7 




130" 


349 


4885-1 


6291-6 




135" 




5422-5 


6925-9 




140" 


464 


6000-2 


7604 




145° 




6619-2 


8326-9 




150" 


605 


7280-6 


9095-9 




155" 


686 


7985-3 






160" 


775 


8734-2 






165" 




9527-8 
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Solution of Gaaea in Water, 
(From Roscoe and Schorlemmer's * Chemistry'.) 

The number of volumes of gas (reduced to 0" C. and one 
atmo) absorbed by one volume of water, is called the 'coefficient 
of solubility ' of the gas. 

Oxygen (O). 

The coefficient of solubility (7, at the temperature tf*C., is 
given by 

C = -04115 - -0010899 + -000022563 e\ 

Hydrogen (H). 

Unlike most other gases, Hydrogen is equally soluble for 
all temperatures between O'C. and 20" C, the coefficient of 
solubility being -0193. 

Nitrogen (N). 
The coefficient of solubility is 

C = -020346 - -00053887 + -00001156 e\ 

Sulphuretted Hydrogen (H^S). 

Between 0*0. and 40*0., the coefficient of solubility is 

= 4-3706 - -083687^ + -0005213(9'. 

Carbonic Acid (OOj). 

Specific gravity of liquid Carbonic Acid is -9951 at —10*0., 
•9470 at 0*0., and -8266 at 20* C. It is thus very expansible 
by heat. 

The boiling point under a pressure of one atmo is -78-2*0. 
For the coefficient of solubility we have the formula 

P. 26 
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G = 1-7967 -07761 tf + •0016424^^ 
or 

at 0\ (7=1-7967^ 
„ 5% (7=1-4497 
„ 10^ (7=M848 
„ 15% (7=10020 
,,20% (7= -9014; 

When the pressure is much smaller than that of the atmo- 
sphere, the quantity of gas absorbed at a given temperature is 
proportional to the pressure. 

Chlorine (CI). 

The coefficient of solubility between 10** C. and 40* C. is 
given by the formula 

C = 30361 - -046196^ + -0001107 e\ 

Hence 

at 10°, C = 2-5852 
„ 20% (7 = 2-1565 
„ 30% (7=1-7499 
„ 40% (7=1-3654 

Ammonia (NHg). 

The coefficient of dilatation by heat of liquid ammonia at 
0°C. is -00204: the specific gravity at the same temperature 
compared with water is -6234. 

It has been found by Roscoe and Dittmar that the quantity 
of ammonia absorbed at a given temperature is not proportional 
to the pressure; but the deviations diminish as the temperature 
increases. 

The solubility of ammonia at difierent temperatures under 
a pressure of one atmo is shown in the following table, due to 
Roscoe and Dittmar. 
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Temps. (C) 


Grammes of gas 
absorbed by one 
gramme of water. 


Temps. (C.) 


Grammes of gas 
absorbed by one 
gramme of water. 


0° 


•875 


30° 


•403 


2° 


•833 


32° 


•383 


4° 


•792 


34° 


•362 


6° 


•751 


36° 


•343 


8° 


•713 


38° 


•324 


10° 


•679 


40° 


•307 


12° 


•645 


42° 


•290 


14° 


•612 


44° 


•275 


16° 


•582 


46° 


•259 


18° 


•554 


48° 


•244 


20° 


•526 


50° 


•229 


22° 


•499 


52° 


•214 


24° 


•474 


54° 


•200 


26° 


•449 


56° 


•186 


28° 


•426 







Hydrochloric Acid (HOI). 

Hydrochloric Acid is very soluble in water, and the solu- 
tion is frequently called * muriatic acid.' The quantity of gas 
dissolved at a given temperature is not proportional to the 
pressure. 

The mass of hydrochloric acid absorbed under the pressure 
of one atmo by one gramme of water at different temperatures 
is given by the following table. 



Temps. (C.) 


Grammes of HCL 


Temps, (a) 


Grammes of HCL 


0° 


•825 


32° 


•665 


4° 


•804 


36° 


•649 


8° 


•783 


40° 


•633 


12° 


•762 


44° 


•618 


16° 


•742 


48° 


•603 


^ 20° 


•721 


52° 


•589 


^Stf 


•700 


56° 


•575 


¥^ 


•682 


60° 


. ^fii 
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Dilution of Sulphuric Acid (HgS04) with water. 

When Sulphuric Acid is mixed with water, there is a con- 
traction of volume and a considerable evolution of heat. The 
quantity of heat that must be carried off to keep the tempera- 
ture constant has been determined by Thomsen, from whose 
results the following table is derived. We suppose that there 
is originally one gramme of (HCl) and that a solution is formed 
by adding x molecules of (H^O) to each molecule of (HCl), 

18a; 
that is, by adding -^ grammes of (HgO). 



Values 


Heat evolTed 


Values 


Heat 


of X. 


(in calories). 


of or. 


evolved. 


1 


64 


49 


170 


2 


96 


99 


172 


3 


113 


199 


174 


5 


133 


499 


175 


9 


152 


799 


180 


19 


166 


1599 


182 



Solution of Salts in water. 

The accompanying table exhibits some fundamental proper- 
ties of salts : 

(1) The amount of heat that must be imparted to keep 
the temperature constant when one gramme of salt is thrown 
into a large quantity of water. (Favre and Silberman in 
* Watt's Dictionary of Chemistry.') 

(2) The Specific Heats of salts. (Regnault in 'Watt's 
"^'--Monary of Chemistry.') 

(3) 'n^ft "r)proximate Specific Gravities from 'Clarke's 
Constants of l^ature.' 
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Name of Salt 



Heat 
absorbed. 



Sixlphate of Potassium 

Sodium 



n 
n 
ff 
n 



Calcium 



n 
n 

f, Ammonium 
„ Zinc 



„ „ Lead 
Chloride of Sodiiun 

Calcium (CaClg) 

Potassium 

Magnesium (HgClj) 

Zinc 

Lead 



n 
n 
» 



>9 
9> 



35-3 
491 
24-7 
IM 

14-8 

8-9 
15-5 
51-9 



^^. '> 



» 



Kitrate of Sodium 
Calciiun 
Potassium 

Carbonate of Sodium 

„ Potassium 



99 



99 

99 



45-5 
271 

52-7 



99 



Spedflc 
heat 


Spedflc 


gravity. 




2-6 




2-65 


•19656 




•08723 


6^25 


•21401 


2-15 


•16420 


2-25 


•17295 


1-98 


•19460 




•13618 




•06641 




•27821 


2-25 


•23875 


2 


•23115 


2-45 


•19010 


2-21 



Salts may be divided into two classes: (1) those whose 
solution deposits the anhydrous salt ; (2) those which deposit 
a hydrate. 

To the first class belong : — 

Sulphate of Ammonium \ 
Chlorate of Potassium 
Chloride of Ammonium 
Nitrate of Potassium y 
Lead 



9> 



»» 



99 



99 



Silver 



Iodide of Potassium 

To the second class belong ; — 

Sulphate of Ammonium ^ 
Magnesium 



99 



99 



99 



99 



Zinc 



>•. 



Chloride of Sodium 
Barium 



99 



99 
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A saturated saline solution always boils at a temperature 
above 100" C. But the excess of the boiling point above 
100* C. is not proportional to the amount of salt dissolved. 
Thus 



Chloride of Sodium 
Nitrate of Potassium 
Carbonate of Potassium 
Iodide of Potassium 



Boiling-point 



109" C. 
114° C. 
135° C. 
118° C. 



100 parts of water 
dissolve. 



38-7 
327-4 
205-0 
223-0 



The vapour-pressure of an aqueous solution of a salt is 
always less than the pressure of saturated steam at the same 
temperature, the difference at any given temperature being 
roughly proportional to the percentage of salt in the solution. 
Thus at 51 -8*0., the vapour-pressures of aqueous solutions of 
chloride of sodium, expressed in millimetres of mercury, were 
found by Wiillner to be : — 

(HgO) (NaCl) millims. 

100 100 

90 10 94 

80 20 88 

Wiillner has also found that the diminution of the vapour- 
pressure due to the presence of a given percentage of any salt 
increases with the temperature. 

Table shewing the temperatures at which a solid first 
appears on cooling solutions of chloride of sodium of different 
strengths. (Dr Guthrie in Phil. Mag,^ May, 1876.) 



NaCl per cent 


UpO per cent, 
by weight. 


Temperature (C.) at 


Nature of 


by weight 


which a solid formed. 


Solid. 


1 


99 


- -3° 


Ice 


2 


98 


- -9° 


» 


3 


97 


- 1-5° 


j> 


4 


96 


- 2-2° 


)} 


7 


1 93 


- 4-2° 


» 
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Table {continued). 



NaCl per cent 


H«0 per cent 
by weight 


by weight. 


10 


90 


13 


87 


15 


85 


16 


84 


19 


81 


20 


80 


22 


78 


23-6 


76-4 


25 


75 


26-27 


73-73 


26-6 


73-5 


26-8 


73-2 



Temperature (C.) at 
which a solid formed. 



Nature of 
Solid. 



- 6-6° 


Ice 


- 9-1° 




-11° 




-11-9° 




- 15-5° 




-17° 




-20° 




-22° 


Cryohydrate 
Binydrate 

(NaCl+2H20) 


-12° 




0° 


j> 


+25° 


» 


+40° 


» 



Some of the principal results of Dr Guthrie's experiments 
on the freezing of saline solutions are given below; showing 
(1) the lowest temperature which he obtained by means of the 
cryogen, (2) the freezing point of the cryohydrate (under a 
pressure of one atmo), (3) the ' water- worth ' of the cryo- 
hydrate — that is, the number of molecules of water to each 
molecule of the salt. {PhiL Mag^ April, 1875.) 



Salt 



Bromide of Sodium (NaRr) 
Iodide of Anmionium (NH4I) 
Iodide of Sodium (Nal) 
Iodide of Potassium (KI) 
Chloride of Sodium (NaCl) 
Chloride of Strontium (SrCL+eHgO) 
Sulphate of Ammonium (NH^04) 
Bromide of Ammonium (NH^Br) 
Nitrate of Ammonium (NH4NO3) 
Nitrate of Sodium (NaNO,) 
Chloride of Ammonium (!NH4C1) 
Bromide of Potassium (K Br) 



Temp, of 

cryogen 

(C.) 


Temp, of 

soUdiflcation 

of cryohydrate 

(a) 


Water- 
worth of 

cryo- 
hydrate. 


-28° 


-24° 


8-1 


-27° 


- 27-5° 


6-4 


- 26-5° 




5-8 


-22° 


-22° 


8-5 


-22° 


-22° 


10-5 


! -18° 


-17° 


22-9 


-17-5° 


-17° 


10-2 


-17° 


-17° 


11-1 


-17° 


- 17-2° 


5-72 


- 16-5° 


, -17-5° 


8-13 


, -16° 


-15° 


12-4 


1 -13° 


-13° 


13-94 
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Table (continued). 



Salt 



Chloride of Potassium (K CI) 
Chromate of Potassium (K2Cr04) 
Chloride of Barium (BaClg+SHgO) 
Nitrate of Lead {Pb2(N0o)} 
Nitrate of Strontium (SroNOg) 
Sulphate of Magnesium ORIgSO.+THgO) 
Sulphate of Zinc (ZnSO^THgO) 
Nitrate of Potassimn (KNOg) 
(Na^jCOg) 

Sulphate of Copper (CUSO4+5H2O) 
Sulphate of Iron {FeBO^IUfi) 
Sulphate of Potassium (KgSO/) 
Bichromate of Potassium (K2Cr07) 
Nitrate of Barium {Ba2(N0g)} 
Crystallized Sulphate of Soda (Na2S04 

H-lOHgO) 
Chlorate of Potassium (KCIO,) 
Ammonium Alum {AljNH^ 2(804) 

+I2H2O} 
Perchloride of Mercury (HgCl2) 
Nitrate of Silver (AgNOg) 
Anhydrous Sulphate of Soda (NanSOJ 
Anhydrous Sulphate of Copper (CUSO4) 
Nitrate of Calcium {Ca2(N03)} 
Chloride of Calcium (CaCla+SHgO) 



Temp, of 
cryogen 

(CO 



10-5" 
10-2* 

7-2' 

2-6'' 

6" 

5-3" 

5' 

3° 

2-2" 

2" 

IT 

V 
•9" 



•7 
•7 



'4r 
•2° 

•7° 

1-7* 
16° 



Temp, of Water- 
soliditication : wortli of 
of cryohydrate , cryo- 
(G) hydrate. 



11-4'' 
12° 

8° 

2-6° 

6° 

5° 

7° 

2-6° 

2° 

2° 

2-2° 

1-2° 

1" 
•8° 

.70 
•5° 

•2° 

•2° 

6-5° 



-37^ 



16-61 

18-8 

37-8 

33-5 

23-8 

20 

44-6 

92-75 

43-7 

41-41 

114-2 

292 

259 

165-6 
222 

261-4 
450 
10-09 
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Svo. iSj. 
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Fasciculi I. II. III. complete £2, is, 

Breviarinm Romannm a Francisco Cardinali Quignonio editum 
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Johanne Wickham Legg. Demy Svo. 12s, 
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The Pointed Prayer Book, being the Book of Common Prayer 

with the Psalter or Psahns of David, pointed as they arc to be sung or 
said in Churches. Royal a4mo, cloth, i^. 6</. 

The same in square 32mo. doth, td. 

The Cambridge Psalter, for the use of Choirs and Organists. Spe- 
cially adapted for Congregations in which the "Cambridge Pointed Prayer 
Book" is used. Demy 8vo. cloth, is, 6d. Cloth limp cut flush, as, 6d. 

The Paragraph Psalter, arranged for the use of Choirs by the 

Right Rev. B. F. Westcott, D.D., Lord Bp. of Durham. Fcp. 4to. 5J. 
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The New Testament in the Original Greek, according to the 
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adopted in the Revised Version. Edited by F. H. A. SCRIVENER, M.A^ 
D.C.L., LL.D. SmaU Crown 8vo. 6s. 

The Parallel New Testament Greek and English. The New 

Testament, being the Authorised Version set forth in 161 1 Arranged in 
ParaUel Columns with the Revised Version of 1881, and with the original 
Greek, as edited by F. H. A. Scrivener, M.A., D.C.L., LL.D. Crown 
8vo. 1 2 J. 6d, ( The Revised Version is the Joint Property of the Universities 
of Cambridge and Oxford,) 

Greek and English Testament, in parallel columns on the same 

page. Edited by J. Scholefield, M.A. New Edition^ with the marginal 
references as arranged and revised by Dr Scrivener. 7^. 6d, 

Greek and English Testament. The Student's Edition of the 

above on large writing paper, 4to. nj. 

The Four Gospels in Anglo-Saxon and Northumbrian Versions. 

By Rev. Prof. Skeat, Litt.D. One Volume. Demy Quarto. 30J. 
Each Gospel separately. lor. 

A short Commentary on the Hebrew and Aramaic Text of the Book 

of Daniel, by A. A. Bevan, M. A., Fellow of Trinity College. Demy 8vo. 

[Nearly ready. 

The Missing Fragment of the Latin Translation of the Fourth 

Book of Ezra, discovered and edited with Introduction, Notes, and 
facsimile of the MS., by Prof. Bensly, M.A. Demy 4to. los. 

The Harklean Version of the Epistle to the Hebrews, Chap. 

XI. 28 — XIII. 25. Now edited for the first time with Introduction ( 
and Notes on this version of the Epistle. By Robert L. Bensly. 
Demy 8vo. 5^. 
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Codex S. Geaddae Latinas. Evangelia SSS. Matthaei, Marci, 

Lucae ad cap. III. 9 complectens, circa septimum vel octavuin saeculum 
scriptvs, in Ecclesia Cathedrali Lichfieldiensi servatus. Cum codice ver- 
sionis Vulgatae Amiatino contulit, prolegomena conscripsit, F. H. A. 
Scrivener, A.M., LL.D. Imp. 4to. £1, is. 

The Origin of the Leicester Codex of the New Testament. By 

J. R. Harris, M.A. With 3 plates. Demy 4to. icxr. dd, 
Notitia Codicis Quattuor Evangeliornm Graeci membranacei viris 

doctis hucusque incogniti quem in museo suo asservat Eduardus Reuss 
Argentoratensis. w. 
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Theodore of Mopsnestia's Commentary on the Minor Epistles of 
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MSS. with Notes and an Introduction, by Professor H. B. Swete, D.D. 
Vol. I., containing the Introduction, and the Commentary upon Galatians — 
Colossians. Demy Octavo, \^s, 
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Chagigah from the Babylonian Talmud. A Translation of the 

Treatise with Notes, etc. by A. W. Streane, B.D. Demy 8vo. 10s, 

The Greek Liturgies. Chiefly from original Authorities. By C. A. 

SwAiNSON, D.D., late Master of Christ's College. Cr. 4to. 15J. 

Sayings of the Jewish Fathers, comprising Pirqe Aboth and 

Pereq R. Meir in Hebrew and English, with Critical Notes. By C. 
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Sancti IrensBi Episcopi Lugdunensis libros quinque adversus 

Haereses, edidit W. WiGAN Harvey, S.T.B. Collegii Regalis olim 
Socius. a Vols. Demy Octavo. \%s. 

The Palestinian Mishna. By W. H. Lowe, M.A. Royal 8 vo. 21s, 
M. Minucii Felicis Octavius. The text newly revised from the 

original MS. with an English Commentary, Analysis, Introduction, and 
Copious Indices. By H. A. Holden, LL.D. Cr. 8vo. 7X. dd, 

Theophili Episcopi Antiochensis Libri Tres ad Autolycum. Edidit 

Prolegomenis Versione Notulis Indicibus instruxit Gulielmus Gilson 
Humphry, S.T.B. Post Octavo. %s, 

Theophylacti in Evangelium S. Matthsei Commentarius. Edited 

by W. G. Humphry, B.D. Demy Octavo. 7x. dd, 

Tertullianus de Corona Militis. de Spectaculis. de Idololatria 

with Analysis and English Notes, by G. Currey, D.D. Crown 8vo. 5J. 

A Collation of the Athos Codex of the Shepherd of Hermas. 

Together with an Introduction by Spyr. P. Lambros, Ph.D., translated 
and edited with a Preface and Appendices by J. Armitage Robinson, 
B.D. Demy 8vo. 3J. (id. 
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The Philocalia of Origen. The Greek Text edited from the 

Manuscripts, with Critical Apparatus and Indexes, and an Introduction 
on the Sources of the Text. By J. Armitage Robinson, B.D. 

\In the Press, 

Fragments of Philo and Josephns. Newly edited by J. Rendel 

Harris, M. A. With two Facsimiles. Demy 4to. \is. 6d, 

The Teaching of the Apostles. Newly edited, with Facsimile Text 

and Commentary, by J. R. Harris, M.A. Demy 4to. au. 

The Rest of the Words of Bamch : A Christian Apocalypse of 

the year 136 a.d. The Text revised with an Introduction by J. Rendel 
Harris, M.A. Royal 8vo. 5J. 

The Acts of the Martyrdom of Ferpetna and Felicitas ; the ori- 
ginal Greek Text now first edited from a MS. in the Library of the 
Convent of the Holy Sepulchre at Jerusalem, by J. Rendel Harris and 
Seth K. Gifford. Royal 8vo. 5J. 

Biblical Fragments from Monnt Sinai, edited by J. Rendel 

Harris, M. A. Demy4to. ios*6d. 

The Diatessaron of Tatian. By J. Rendel Harris, M. A. Royal 

8vo. 5J. 

TEXTS AND STXTDIES: CONTRIBUTIONS TO BIBLICAL 

AND PATRISTIC LITERATX7RR 

Edited by J. Armitage Robinson, E.D., Fellow and Assistant Tutor 

of Christ's College. 

Vol. I. No. 1. The Apology of Aristides on hehalf of the Christians. 

Edited from a Syriac MS., with an Introduction and Translation by 
J. Rendel Harris, M.A., and an Appendix containing the chief part 
of the Original Greek, by J. Armitage Robinson, B.D. Demy 8vo. 

5J. Net. 

No. 2. The Passion of S. Perpetua: the Latin Text freshly edited 

from the Manuscripts with an Introduction and Appendix containing the 
Original Latin Form of the Scillitan Martyrdom; by J. Armitage 
Robinson, B.D. 4^. Net. 

No. 3. The Lord's Prayer in the Early Church : with Special Notes 

on the Controverted Clauses ; by F. H. Chase, B.D., Christ's College. 

5^. Net. 

No. 4. The Fragments of Heracleon : the Greek Text with an 

Introduction by A. E. Brooke, M.A., Fellow of King's College. 4J. Net. 

Vol. II. No. 1. A Study of Codex Bezae : by J. Rendel Harris, 
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No. 2. The Testament of Ahraham. By M. R. James, M.A., 

with an Appendix containing Translations from the Arabic of the 
Testaments of Abraham, Isaac and Jacob, by W. E. Barnes, M.A. 
Demy 8vo. [Nearly ready. 
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TH£OLOaY-<ENaLISH). 
Works of IsaAC Barrow, compared with the original MSS. A 

new Edition, by A. Napier, M.A. 9 Vols. Demy 8vo. £s» 3^» 

Treatise of the Pope's Supremacy, and a Discourse concerning 

the Unity of the Church, by I. Barrow. Demy 8yo. 7J. 6d, 

Pearson's Exposition of the Greed, edited by Temple Cheval- 

LiBR, B.D. 3rd Edition revised by R. Sinker, D.D. Demy Svo. 12s, 

An Analysis of the Exposition of the Greed, written by the Right 

Rev. Father in God, John Pearson, D.D. Compiled by W. H. Mill, 
D.D. Demy Octavo. 5x. 

Wheatly on the Gommon Prayer, edited by G. E. Corrie, D.D. 

late Master of Jesus College. Demy Octavo, p. 6d* 
The Homilies, with Various Readings, and the Quotations from 

the Fathers given at length in the Original Lan^ages. Edited by 
G. E. Corrie, D.D. late Master of Jesus CoUege. Demy Svo. yj. 6d. 

Two Forms of Prayer of the time of Queen Elizabeth. Now First 

Reprinted. Demy Octavo. 6d, 

Select Discourses, by John Smith, late Fellow of Queens' Col- 
lege, Cambridge. Edited by H. G. Williams, B.D. late Professor of 
Arabic. Roysd Octavo. 7x. 6^« 

De Obligatione Gonscientia PrsBlectiones decern Oxonii in Schola 

Theologica habitse a Roberto Sanderson, SS. Theologize ibidem 
Professore Regio. With English Notes, including an abridged Transla- 
tion, by W. Whewell, D.D. Demy Svo. 7x. 6d, 

CsBsar Morgan's Investigation of the Trinity of Plato, and of Philo 

Judaeus. 2nd Ed., revised by H. A. Holden, LL.D. Cr. 8vo. 41. 

Wilson's Illustration of the Method of explaining the New Test- 
ament, by the early opinions of Jews and Christians concerning Christ. 
Edited by T. Turton, D.D. Demy Svo. 5^. 

Lectures on Divinity delivered in the University of Cambridge. 

By John Hey, D.D. Third Edition, by T. Turton, D.D. late Lord 
Bishop of Ely. 2 vols. Demy Octavo. 151. 

S. Austin and his place in the History of Ghristian Thought. 

Being the Hulsean Lectures for 1885. % W. Cunningham, D.D. 
Demy Svo. Buckram, \2s. 6d, 

Christ the Life of Men. Being the Hulsean Lectures for 1888. 
By Rev. H. M. Stephenson, M.A. Crown Svo. 2j. 6d, 

The Gospel History of our Lord Jesus Ghrist in the Language 

of the Revised Version, arranged in a Connected Narrative, especially 
for the use of Teachers and Preachers. By Rev. C. C. James, M.A. 
Crown Svo. 3J. 6d, 

A Harmony of the Gospels in the words of the Revised Version 
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Parti. Oedipus Tyrannus. Demy 8vo. Second Edit, 12s, 6d, 

Part II. Oedipus Coloneus. Demy 8vo. Second Edit, 12s. 6d, 

Part III. Antigone. Demy 8vo. Second Edit, 12s. 6d. 
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Select Private Orations of Demosthenes with Introductions and 

English Notes, by F. A. Paley, M. A., & J. E. Sandys, Litt.D. 

Part I. Contra Phormionem, Lacritum, Pantaenetum, Boeotum de No- 
mine, de Dote, Dionysodorum. Cr. 8vo. New Edition, 6s. 

Part II. Pro Phormione, Contra Stephanum I. II. , Nicostratum, Cono- 
nem, Calliclem. Crown 8vo. JVinv Edition, is, 6d, 

Demosthenes, Speech of, against the Law of Leptines. With 

Introduction and Critical and Explanatory Notes, by J. E. Sandys, 
Litt.D. Demy 8vo. 9^. 

Demosthenes against Androtion and against Timocrates, with 

Introductions and English Commentary by William Wayte, M.A. 
Crown 8vo. yx. 6d, 

Euripides. Bacchae, with Introduction, Critical Notes, and Archae- 
ological Illustrations, by J. E. Sandys, Litt.D. New Edition, with 
additional Illustrations. Crown 8vo. 12s, 6d, 

Euripides. Ion. The Greek Text with a Translation into English 

Verse, Introduction and Notes by A. W. Verrall, Litt.D. Demy 8vo. 
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Homer's Odyssey. The text edited in accordance with modern 

criticism by Arthur Platt, M.A., late Fellow of Trinity College, 
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An Introduction to Greek Epigraphy. Part I. The Archaic In- 
scriptions and the Greek Alphabet. By E. S. Roberts, M.A., FeUow 
and Tutor of Gonville and Caius College. Demy Svo. iSj, 

Aeschyh Fabulae — iketiaes xoh^opoi in libro Mediceo men- 
dose scriptae ex w. dd. coniecturis emendatius editae cum Scholiis Graecis 
et brevi adnotatione critica, c^rante F. A. Paley, M.A., LL.D. Demy 
Svo. 7 J. 6d, 

The Agamemnon of Aeschylus. With a translation in English 

Rhythm, and Notes Critical and Explanatory. New Edition. Re- 
vised. By the late B. H. Kennedy, D.D. Crown 8vo. 6s, 

The ThesBtetus of Plato, with a Translation and Notes by the 

same Editor. Crown Svo. 7^. 6d, 
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P. Vergili MaroniS Opera, cum Prolegomenis et Commentario 
Critico pro Syndids Preli Academid edidit Benjamin Hall Kenned v, 
S.T.P. Extra fcp. 8vo. ^s, 6d. 

Essays on the Art of Pheidias. By C. Waldstein, LittD., PhilD. 

Royal 8vo. With Illustrations. Buckram, 30^. 

M. Tulli Ciceronis ad M. Brutum Orator. A Revised Text. 

Edited with Introductory Essays and Critical and Explanatory Notes, 
by J. E. Sandys, LittD. Demy 8vo. i6j. 

M. Tulli Ciceronis pro C. Rabirio [Perduellionis Reo] Oratio ad 

Quirites. With Notes, Introduction and Appendices. By W. E. Heit- 
LAND, M.A. Demy 8vo. >js, 6d. 

M. T. Ciceronis de Natnra Deomm Libri Tres, with Introduction 

and Commentary by Joseph B. Mayor, M.A. Demy 8vo. Vol. I. ioj. 6d. 
Vol. II. lis, 6d, Vol. III. loj. 

M. T. Ciceronis de Officiis Libri Tres with Marginal Analysis, an 

English Commentary, and Indices. New Edition, revised, by H, A. 
HoLDEN, LL.D., Crown 8vo. 9^. 

M. T. Ciceronis de Oflftciis Libri Tertins, with Introduction, 

Analysis and Commentary by H. A. Holden, LL.D. Cr. 8vo. 2s. 

M. T. Ciceronis de Finibus Bonorum libri Quinque. The Text 

revised and explained by J. S. Reid, Litt.D. [In the Press. 

Vol. HI., containing the Translation. Demy 8vo. 8j. 

Plato's Phndo, literally translated, by the late E. M. Cope, Fellow 

of Trinity College, Cambridge. Demy Octavo. 51. 

Aristotle. The Rhetoric. With a Commentary by the late 

E. M. Cope, Fellow of Trinity College, Cambridge, revised and 
edited by J. E. Sandys, Litt.D. 3 Vols. Demy 8vo. 21j. 

Aristotle.— HEPI ^^XHS. Aristotle's Psychology, in Greek and 
English, with Introduction and Notes,by E.Wallace, M.A. Demy8vo. i&r. 

Pindar. Olympian and Pythian Odes. With Notes Explanatory 

and Critical, Introductions and Introductory Essays. Edited by C. A. M. 
Fennell, Litt. D. Crown 8vo. 9J. 

— The Isthmian and Nemean Odes by the same Editor. 9 j. 
The Types of Greek Coins. By Percy Gardner, LittD., F.S.A. 

With 16 plates. Impl. 4to. Cloth ;^i. lis, 6d, Roxburgh (Morocco 
back) ;f 2. 2s, 

Pronunciation of Ancient Greek translated from the Third German 

edition of Dr Blass by W. J. Purton, B.A. Demy 8vo. 6s. 

Fragments of Zeno and Cleanthes, an Essay which obtained the 

Hare Prize in the year 1889. By A. C. Pearson, B. A., Christ's College, 
Cambridge. Crown 8vo. lor. 
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Lectures on the Comparative Grammar of the Semitic Languages 

from the Papers of the late William Wright, LL.D. Demy 8vo. 14J. 
The Divyftvad&na, a Collection of Early Buddhist Legends, now 

first edited from the Nepalese Sanskrit MSS. in Cambridge and Paris. 
By E. B. CowELL, M.A. and R. A. Neil, M.A. Demy Svo. iSj. 

Nalopakhyanam, or, The Tale of Nala; containing the Sanskrit 

Text in Roman Characters^ with Vocabulaiy. By the late Rev. T. 
Jarrett, M.A. Demy Svo. lox. 

Notes on the Tale of Nala, for the use of Classical Students, by 

J. Peile, Litt.D., Master of Christ's College. Demy Svo. lis. 

The History of Alexander the Great, being the Syriac version of 

the Pseudo-Callisthenes. Edited from Five Manuscripts, with an English 
Translation and Notes, by E. A. W. Budge, Litt.D. Demy Svo. 25J. 

The Poems of Beha ed din Zoheir of Egypt. With a Metrical 

Translation, Notes and Introduction, by the late £. H. Palmer, M.A. 
« vols. Crown Quarto. 

Vol. I. The Arabic Text. Paper covers, ioj. 6d. 

Vol. II. English Translation. Paper covers, los. 6d, 

The Chronicle of Joshua the Stylite edited in Syriac, with an 

English translation and notes, by W. Wright, LL.D. Demy Svo. los. 6d. 

EalHah and Dimnah, or, the Fables of Bidpai; with an English 

Translation of the later Syriac version, with Notes, by the late 
I. G. N. Keith-Falconer, M.A. Demy Svo. yj. 6d, 

MakdJa-i-Shakhsi Sayydl^ ki dar l^aziyya-i-B^b Navishta-Ast (a 

Traveller's Narrative written to illustrate the Episode of the Bab). Per- 
sian text, edited, translated and annotated, in two volumes, by E. G. 
Browne, M.A., M.B. {Nearly ready* 
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Mathematical and Physical Papers. By Sir G. G. Stokes, ScD., 

LL.D. Reprinted from the Original Journals and Transactions, with 
additional Notes by the Author. Vol.1. Demy Svo. 155. Vol. TI. 15J. 

[Vol. III. In the Press. 

Mathematical and Physical Papers. By Sir W. Thomson, LL.D., 

F.R.S. Collected from different Scientific Periodicals from May, 1841, 
to the present time. Vol.1. Demy Svo. i8j. Vol. II. 15J. Vol.111. i8j. 

The Collected Mathematical Papers of Arthur Cayley, ScD., 

F.R.S. Demy 410. 10 vols. 
Vols. I., II. and III. 25J. each. [Vol. IV. Nearly ready. 
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A History of the Study of Mathematics at Cambridge. By W. W. 

Rouse Ball, M.A. Crown 8vo. 6s. 

A History of the Theory of Elasticity and of the Strength of 

Materials, from Galilei to the present time. Vol. I. Galilei to Saint- 
Venant, 1639-1850. By the late I. Todhunter, Sc.D., edited and 
completed by Prof. Karl Pearson, M.A. Demy 8vo. 25^. 
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The Elastical Researches of Barre de Saint- Venant (extract from 

Vol. II. of Todhunter's History of the Theory of Elasticity), edited by 
Professor Karl Pearson, M.A. Demy Svo. gj. 

Theory of Differential Equations. Part I. Exact Equations and 

PfafF's Problem. By A. R. Forsyth, Sc.D., F.R.S. Demy Svo. 12s. 

A Treatise on the General Principles of Chemistry, by M. M. 
Pattison Muir, M.A. Second Edition. Demy 8vo. 15^. 

Elementary Chemistry. By M. M. Pattison Muir, M.A., and 
Charles Slater, M.A., M.B. Crown Svo. 4J. 6d. 

Practical Chemistry. A Conrse of Laboratory Work. By M. M. 

Pattison Muir, M. A., and D. J. Carnegie, M.A. Cr. Svo. y. 

A Treatise on Geometrical Optics. By R. S. Heath, M.A. 

Demy Svo. 12s. 6d. 

An Elementary Treatise on Geometrical Optics. By R. S. Heath, 

M.A. Crown Svo. 5^. 

A Treatise on Dynamics. By S. L. Loney, M.A. New and En- 
larged Edition. Crown Svo. 7^. 6d. 

Solntions of the Examples in a Treatise on Elementary Dynamics. 

By the same Author. [Preparing. 

A Treatise on Analytical Statics. By E. J. Routh, ScD., F.R.S. 

Vol. I. Demy Svo. 14J. 

A Treatise on Plane Trigonometry. By E. W. Hobson, M.A. 

Demy Svo. i2s. 

A Treatise on Thermodynamics, by J. Parker, M.A., Fellow of 

St John's College, Cambridge. [Nearly ready. 

Lectures on the Physiology of Plants, by S. H. Vines, ScD., 

Professor of Botany in the University of Oxford. Demy Svo. 215. 

A Short History of Greek Mathematics. By J. Gow, Litt. D., 

Fellow of Trinity College. Demy Svo. lox. (id. 

Notes on Qualitative Analysis. Concise and Explanatory. By 

H. J. H. Fenton, M.A., F.C.S. New Edit. Crown 4to. 6s. 

Diophantos of Alexandria; a Study in the History of Greek 

Algebra. By T. L. Heath, M.A. Demy Svo. yj. 6d. 

A Catalogue of the Portsmouth Collection of Books and Papers 

written by or belonging to SiR Isaac Newton. Demy Svo. 5^. 
London: Cambridge Warehouse^ Ave Maria Lant. 
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A Treatif 6 on Hatnrai Philosophy. By Pro£ Sir W. Thomson, 

LL.D., and P. G. Tait, M.A. Parti. DemySTO. i6j. Part II. i8j. 

Elements of Hatnral Philosophy. By Professors Sir W. Thomson, 

and P. G. Tait. Second EdUum, Demy 8to. 9/. 

hiL Elementary Treatise on Quaternions. By P. G. Tait, >f.A. 

Second Edition, Demy 8to. 14/. 

A Treatise on the Theory of Determinants and their ApplicationB 

in Analysis and Geometry. By R. F. Scott, M.A. Demy Svo. 11s. 
Counterpoint. A practical course of study. By the late Prof. 

Sir G. A Macfarren, Mas. D. 5th Edition, revised. Cr. 4to. 7/. 6</. 

The Analytical Theory of Heat By Joseph Fourisr. Translated 

with Notes, by A. Frkeman, M.A. Demy 8vo. 12/. 

The Eleotrical Researches of the Honourable Henry Cavendish, 

F.R.S. Written between 1771 and 1781. Edited by J. Clerk BIax- 
WELL, F.R.S. Demy Svo. i8j. 

The Scientific Papers of the late Prof. J. Clerk MazwelL Edited 

by W. D. NiVEN, M. A. 2 vols. Royal 4to. ;f 3. y. (net.) 

Practical Work at the Cavendish Laboratory. Heat. Edited by 

W. N. Shaw, M.A. Demy Svo. y. 

Hydrodynamics, a Treatise on the Mathematical Theory of Fluid 
Motion, by Horace Lamb, M.A. Demy Svo. is/. 

The Mathematical Works of Isaac Barrow, D.D. Edited by 

W. Whkwell, D.D, Demy Octavo. 7x. 6<f. 

ninstrations of Comparative Anatomy, Vertebrate and Inverte- 
brate. Second Edition. Demy Svo. sj. td, 

A Catalogue of Australian Fossils. By R. Etheridge, Jan., F.G.S. 

Demy Svo. loj. 6</. 

The Fossils and Palseontological Affinities of the Neocomian Deposits 

of Upware and Brickhill, being the Sedgwick Prize Essay for 1879. ^7 
W. Keeping, M.A. Demy Svo. ioj. 6^. 

The Bala Volcanic Series of Gaemarvonshire and Associated Rocks, 

being the Sedgwick Prize Essay for 18S8, by A. Harker, M.A., F.R.S. 
Demy Svo. is, 6d, 

A Catalogue of Books and Papers on Protozoa, Goelenterates, 

Worms, etc. published during the years 1S61-1SS3, by D'Arcy W. 
Thompson, M.A. Demy Svo. 125. 6d, 

A Revised Account of the Experiments made with the Bashforth 

Chronograph, to find the resistance of the air to the motion of projectiles. 
By Francis Bashforth, B.D. Demy Svo. 12s. 

The Origin of Metallic Currency and Weight Standards. By W. 

Rii)(;kway, M.A., Professor of Greek, Queen's College, Cork, and late 
Fellow of Gonville and Caius College. [In the Press, 
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An attempt to test the Theories of Capillary Action, by F. 

Bashforth, B.D., and J. C. Adams, M.A. Demy 4ta £i. is. 

Catalogue of Type Fossils in the Woodwardian Museum, Cambridge. 

By H. Woods, B.A., F.G.S., with Preface by Professor T. M<=Kenny 
Hughes. Demy 8vo. [In the Press, 

A Catalogue of the Collection of Cambrian and Silnrian Fossils 

contained in the Geological Museum of the University of Cambridge, 
by J. W. Salter, F.G.S. Royal Quarto. 7^. 6d» 

Catalogue of Osteological Specimens contained in the Anatomical 

Museum of the University of Cambridge. Demy Svo. 21*. 6d. 

Astronomical Observations made at the Observatory of Cambridge 

from 1846 to i860, by the late Rev. J. Challis, M.A. 

Astronomical Observations from 1861 to 1865. Vol. XXI Royal 

4to., 15J. From 1866 to 1869. Vol. XXII. 15J. 

[Vol. XXIII. In the Press. 



LAW. 

Elements of the Law of Torts. A Text-book for Students. By 

Melville M. Bigelow, Ph.D. Crown 8vo. ioj. 6d, 

A Selection of Gases on the English Law of Contract. By 

Gerard Brown Finch, M.A. Royal Svo. 28J. 

Bracton's Note Book. A Collection of Cases decided in the King's 

Courts during the Reign of Henry the Third, annotated by a Lawyer of 
that time, seemingly by Henry of Bratton. Edited by F. W. Maitland. 
3 vols. Demy 8vo. £^. 3J. (net.) 

Tables shewing the Differences between English and Indian Law. 

By Sir Roland Knyvet Wilson, Bart., M.A., LL.M. Demy 4to. is. 

Land in Fetters. Being the Yorke Prize Essay for 1885. By 
T. E. Scrutton, M.A. Demy 8vo. 7^. 6d. 

Commons and Common Fields, or the History tmd Policy of the 

Laws of Commons and Enclosures in England. Being the Yorke Prize 
Essay for 1886. By T. E. Scrutton, M.A. Demy Svo. los. 6d. 

History of the Law of Tithes in England. Being the Yorke Prize 

Essay for 1887. By W. Easterby, B.A., LL.B. Demy Svo. 7^. 6d. 

History of Land Tenure in Ireland. Being the Yorke Prize Essay 

for 1888. By W. E. Montgomery, M.A., LL.M. Demy Svo. ioj. 6d. 

History of Equity as administered in the Court of Chancery. Being 

the Yorke Prize Essay for 1880. By D. M'Kenzie Kerly, M .A. , St John's 
College. Demy Svo. 12s. od. 

The History of the Law of Prescription in England. Being the 

Yorke Prize Essay for 1890. By T. A. Herbert, B A., LL.B. Demy 
Svo. loj. 
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An Introdaction to the Study of Jastinian's Digest. By Henry 

John Roby, Demy 8vo. gj. 

Jastinian's Digest. Lib. VII., Tit. I. De Usufructu, with a Legal 

and Philological Commentary by H. J. Roby. Demy 8vo. 95. 
The Two Parts complete in One Volume. Demy 8vo. i8x. 

A Selection of the State Trials. By J. W. Willis-Bund, M.A., 

LL.B. Crown 8vo. Vols. I. and II. In 3 parts. 80^. 

The Institates of Jnstinian, translated with Notes by J. T. Abdy, 
LL.D., and Bryan Walker^ M.A., LL.D. Cr. Svo. i6f. 

Practical Jorisprudence. A comment on Austin. By E. C. 

Clark, LL.D., Regius Professor of Civil Law. Crown 8yo. 91. 

An Analysis of Criminal Liability. By the same. Cr. Svo. yx. 6^. 

The Fragments of the Ferpetnal Edict of Salvias Jolianns Ar- 
ranged, and Annotated by the late Bryan Walker, LL.D. Cr. Svo. 6j. 

The Commentaries of Gains and Rnles of Ulpian. Translated 

and Annotated, by J. T. Abdy, LL.D., and Bryan Walker, M.A., 
LL.D. New Edition by Bryan Walker. Crown Svo. i6j. 

The Science of International Law. By T. A Walker, M.A., 

LL.M. of the Middle Temple. Demy Svo. [Nearly ready, 

Grotins de Jnre Belli et Pads, with the Notes of Barbeyrac and 

others; an abridged Translation of the Text, by W. Whewell^ D.D. 
Demy Svo. isj. The translation separate, 6j. 

Selected Titles firom the Digest, by Bryan Walker, M. A, LL.D. 

Part I. Mandati vel Contra. Digest xvii. i. Cr. Svo. is. 

Part II. De Adqnirendo remm dominio, and De Adqnirenda vel 

amittenda Possessione, Digest XLi. i and 3. Crown Svo. 6j. 

Part III. De Condictionibus, Digest xii. i and 4 — 7 and Digest 

XIII. I — 3. Crown Svo. 6f. 
Digest XIX. 2. Locati Conducti. Translated with Notes by 

C. H. Monro, M. A., Fellow of Gonville and Caius College. Crown Svo. 

[Nearly ready. 

mSTOBIOAL WORKS. 

The Life and Letters of the Reverend Adam Sedgwick, LL.D., 

F.RS. (Dedicated, by special peraiission, to Her Majesty the Queen.) By 
John Willis Clark, M.A., F.S.A., and Thomas M^Kenny Hughes, 
M.A. 2 vols. Demy Svo. 36J. 

The Growth of English Industry and Commerce during the Early 

and Middle Ages. By W. Cunningham, D.D. Demy Svo. i6j. 

The Growth of English Industry and Commerce in Modem Times. 

By the same Author. [/« the Press, 
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The Architectural History of the University of Cambridge and 

of the Colleges of Cambridge and Eton, by the late Professor Willis, 
M.A., F.R.S. Edited with large Additions and a Continuation to the 
present time by T» W. Clark, M.A. 4 Vols. Super Royal 8vo. £6, ds. 
Also a limited Edition of the same, consisting of 1 20 numbered Copies 
only, large paper Quarto; the woodcuts and steel engravings mounted 
on India paper ; of which 100 copies are now offered for sale, at Twenty- 
five Guineas net each set. 

The University of Cambridge from the Earliest Times to the 

Royal Injunctions of 1535. By J. B. MuLLiNGSR, M.A. Demy 8vo. laj. 

Part II. From the Royal Injunctions of 1535 to the Accession of Charles 

the First. Demy 8vo. iSj. 

History of the College of St John the Evangelist, by Thomas 

Baker, B.D., Ejected Fellow. Edited by John £. B. Mayor, M.A., 
Fellow of St John's. Two Vols. DemySvo. 14^. 

Scholae Academicae : some Account of the Studies at the English 

Universities in the Eighteenth Century. By Christophkb Words- 
worth, M.A. Demy 8vo. 10 j. 6fl?. 

Life and Times of Stein, or Germany and Prussia in the Napoleonic 

Age, by J. R. Seeley, M.A. Portraits and Maps. 3 vols. Demy Svo. SOj. 

The Growth of British Policy, by J. R. Seeley, M.A. 

[/« the Press, 

A History of Epidemics in Britain. Vol I. From a.d. 664 to the 

extinction of the Plague in 1666. By Charles Creighton, M.D., M.A., 
formerly Demonstrator of Anatomy in the University of Cambridge. 
Demy Svo. \_In the Press, 

The Constitution of Canada. By J. E. C. Munro, LL.M. 

Demy Svo. 10s, 

Studies in the Literary Relations of England with Germany in 

the Sixteenth Century. By C. H. Herford, M.A. Crown Svo. gs. 

Chronological Tahles of Greek History. By Carl Peter. Trans- 
lated from the German by G. Chawner, M.A. Demy 4to. lor. 

Travels in Arabia Deserta in 1876 and 1877. By Charles 

M. Doughty. With Illustrations. Demy Svo. 2 vols. £^, y. 

History of Nepal, edited with an introductory sketch of the Country 
and People by Dr D. Wright. Super-royal Svo. IOj. ^, 

A Journey of Literary and Archseological Research in Nepal and 

Northern India, 1884 — 5- By C. Bendall, M.A. Demy Svo. los. 



Pohtical Parties in Athens during the Peloponnesian War, by 

L. Whibley, M.A. (Prince Consort Dissertation, 1888.) Second Edi- 
tion. Crown Svo. is, 6d, 

Pope Gregory the Great and his relations with Gaul, by F. W. 

Kellett, M.A. (Prince Consort Dissertation, 1888.) Crown Svo. 2s.6d, 
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The Gonstitntional Experiments of the Commonwealth, being the 

Thirlwall Prize Essay for 1889, by E. Jenks, M.A., LL.B. Crown 8va 

On Election by Lot at Athens, by J. W. Headlam, M.A. (Prince 

Consort Dissertation, 1890.) Crown 8vo. 2s. 6d, 

The Destruction of the Somerset Religious Houses and its Effects. 

By W. A. J. Archbold, B.A., LL.B. (Prince Consort Dissertation, 
1890.) Crown 8 vo. [Marfy ready. 

The Early History of Frisia, with special relation to its Conversion. 

By W. E. Collins, B. A. (Prince Consort Dissertation, 1890.) Cr. 8vo. 

[Preparing, 

The Influence and Development of English Gilds. (Thirlwall Prize 

Essay, 1891.) By F. AlDAN HiBBERT, B.A. [Nearly ready. 



MISOELLANEOUS. 

The Engraved Gems of Classical Times with a Catalogue of the 

Gems in the Fitzwilliam Museum by J. H. Middleton, M.A. Royal 8vo. 
12s. 6d. 

Erasmus. The Rede Lecture, delivered in the Senate-House, Cam- 
bridge, June II, 1890, by R. C. Jebb, Litt.D. Cloth, 2s. Paper Covers, is. 

Natural Religion in India. The Rede Lecture, delivered in the 

Senate- House, Cambridge, on June 17, 1891, by Sir Alfred Lyall, 
K.C.B., K.C.I.E. Cloth, 2s. Paper Covers, is. 

The Literary remains of Albrecht Diirer, by W. M. Conway. With 

Transcripts from the British Museum Manuscripts, and Notes upon them 
by LiNA Eckenstein. Royal 8vo. 21s. 

The Collected Papers of Henry Bradshaw, including his Memoranda 

and Communications read before the Cambridge Antiquarian Society. 
IVM i^ facsimiles. Edited by F.J. H.Jenkinson, M.A. DemySvo. i6s. 

Memorials of the Life of George Elwes Corrie, D.D. formerly Master 

of Jesus College. By M. Holroyd. Demy 8vo. 12s. 

The Latin Heptateuch. Published piecemeal by the French printer 
William Morel (1560) and the French Benedictines E. MARTfeNE (1733) 
and J. B. Pitra (1852 — 88). Critically reviewed by John E. B. Mayor, 
M.A. Demy 8vo. 10s. 6d. 

Liher Niger : The Black Book, with other Customs and Statutes 

of the Church of Lincoln arranged by Henry Bradshaw, M.A. Edited 
from the papers of the Author, by C. Wordsworth, M.A. Demy 8vo. 

[In the Press. 

Kinship and Marriage in early Arahia, by W. Robertson Smith, 

M.A., LL.D. Crown 8vo. yj. 6d. 

Chapters on English Metre. By Rev. Joseph B. Mayor, M.A. 

Demy 8vo. 7J. dd. 

k Catalogue of Ancient Marbles in Great Britain, by Prof. Adolf 

MiCHAELis. Translated by C. A. M. Fennell, Litt.D. Royal 8vo. 
Roxburgh (Morocco back). £2. 2S, 
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From Shakespeare to Pope. An Inquiry into the causes and 

phenomena of the Rise of Classical Poetry in England. By E. GossE, 
M.A. Crown 8vo. 6j. 

The Literatare of the French Renaissance. An Introductory 

Essay. By A. A. Tilley, M.A. Crown 8vo. 6j. 

A Latin-English Dictionary. Printed from the (Incomplete) MS. 

of the late T. H. Key, M.A., F.R.S. Demy 4to. £\, lu. 6df. 

Ecclesiae Londino-Batavae archivom. Tomvs Primvs. Abra- 
ham i Ortelii et virorum eruditorum ad eundem et ad Jacobvm 
CoLiVM Ortelianvm Epistulae,(i524 — 1628). Tomvs Secvndvs. 
EPISTVLAE et TRACTATVS cum Reformationis turn Ecclesiae 
Londino-Batavae Historiam lUustrantes 1544 — 1622. Ex autographis 
mandante Ecclesia Londino-Batava edidit Joannes Henricvs Hessels. 
Demy 4to. Each vol., separately, £'^, \os. Taken together ;f 5. 5^. Net, 

An Eighth Century Latin-Anglo-Saxon Glossary preserved in the 

Library of Corpus Christi College, Cambridge,, edited by J. H. Hessels. 
Demy 8vo. lor. 

Gontrihutions to the Textual Griticism of the Divina Gommedia. 

Including the complete collation throughout the Inferno of all the MSS. 
at Oxford and Cambridge. Bythe Rev. E. Moore, D.D. DemySvo. iis. 

The Despatches of Earl Gower, English Ambassador at the court 

of Versailles, June 1790 to August 1792, and the Despatches of Mr Lindsay 
and Mr Monro. By O. Browning, M.A. Demy 8vo. 15J. 

Rhodes in Ancient Times. By Cecil Torr, M.A. With six 

plates. I or. 6^. 

Rhodes in Modem Times. By the same Author. With three 

plates. Demy 8vo. 8j. 

The Woodcutters of the Netherlands during the last quarter of 

the Fifteenth Century. By W. M. Conway. Demy 8vo. lor. 6^. 

Lectures on the Growth and Training of the Mental Faculty, 

delivered in the University of Cambridge. By Francis Warner, M.D., 
F.R.C.P. Crown 8vo. 4^. dd. 

Lectures on Teaching, delivered in the University of Cambridge. 
ByJ. G. Fitch, M.A., LL.D. Cr. 8vo. 5^. 

Lectures on Language and Linguistic Method in the School. By 

S. S. Laurie, M.A., LL.D. Crown 8vo. 4^. 

Occasional Addresses on Educational Subjects. By S. S. Laurie, 

M.A., F.R.S.E. Crown Svo. 5^. 

A Manual of Cursive Shorthand, by H. L. Callendar, M.A. 

Extra Fcap. Svo. 2J. 

A System of Phonetic Spelling, adapted to English by H. L. Callen- 
dar, M.A. Extra Fcap. Svo. dd, 

A Primer of Cursive Shorthand. By H. L. Callendar, M.A. dd, 

A Manual of Orthographic Cursive Shorthand. By H. L. Cal- 
lendar, M.A. ij. 
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Reading Practice in Cursive Shorthand. Easy extracts for Begin- 

ners. St Mark, Pt. I. Vicar of Wakefield, Chaps. I. — IV. Alice in 
Wonderland, Chap. VII. Price 3df. each. 

Essays from the Spectator in Cursive Shorthand, by H. L. 

Callendar, M.A. 6</. 
Gray and his Friends. Letters and Relics in great part hitherto 

unpublished. Edited by the Rev. D. C. Tovey, M.A. Crown 8vo. 6j. 

k Grammar of the Irish Language. By Prof. Windisch. Trans- 
lated by Dr Norman Moore. Crown 8vo. 7^. 6^. 

Admissions to Gonville and Gains College in the University of 

Cambridge March 1558—9 to Jan. 1678—9. Edited by J. Venn, Sc.D., 
and S. C. Venn. Demy 8vo. lar. 

A Catalogue of the Collection of Birds formed by the late Hugh 

Edwin Strickland, now in the possession of the University of Cam- 
bridge. By O. Salvin, M.A., F.R.S. j£"i. if. 

A Catalogue of the Hebrew Manuscripts preserved in the Uni- 
versity Library, Cambridge. By the late Dr Schiller-Szinessy. 9^. 

Catalogue of the Buddhist Sanskrit Manuscripts in the University 

Library, Cambridge. Edited by C. Bendall, M.A. lis. 

A Catalogue of the Manuscripts preserved in the Library of the 

University of Cambridge. Demy 8vo. 5 Vols. lor. each. 

Index to the Catalogue. Demy Svo. lox. 
A Catalogue of Adversaria and printed books containing MS. 

notes, in the Library of the University of Cambridge. 3^. 6</. 

The Illuminated Manuscripts in the Library of the Fitzwilliam 

Museum, Cambridge, by W. G. Searle, M.A. 7/. ^d, 

A Chronological List of the Graces, etc. in the University Registry 

which concern the University Library, ij. 6^. 

Catalogus Bibliothecs Burckhardtians. Demy Quarto. 5^. 
Graduati Cantabrigienses : sive catalogus exhibens nomina eorum 

quos gradu quocunque omavit Academia Cantabrigiensis (1800 — 1884). 
Cura H. R. Luard, S.T. P. Demy Svo. i w. 6^. 

Statutes for the University of Cambridge and for the Colleges 

therein, made, published and approved (1878 — 1882) under the Uni- 
versities of Oxford and Cambridge Act, 1877. Demy Svo. i6j. 

Statutes of the University of Cambridge. 3^. dd. 

Ordinances of the University of Cambridge. 7^. 6//. Supplement 

to ditto. IS. Bound in one volume. 8j. 6^. 

Trusts, Statutes and Directions affecting (i) The Professorships 

of the University, (2) The Scholarships and Prizes. (3) Othei Gifts and 
Endowments. Demy Svo. 5^. 

A Compendium of University Regulations. Demy Svo. dd, 
London: Cambridge Warehomey Ave Maria Lane. 
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C&e Camftrftiffe iSftle for Sbtftoolfif anti CoIIeffesf^ 

General Editor: J. J. S. PEROWNE, CuD., Bishop of Worcester. 
**It is difficult to commend too highly this excellent series." — Guardian. 

Now Ready. Cloth, Extra Fcap. 8vo. With Maps. 

Book of Joshua. By Rev. G* F. Maclear, D.D. 2s, 6d, 
Book of Judges. By Rev. J. J. Lias, M.A. 35. 6d. 
First Book of SamueL By Rev. Prof. Kirkpatrick, B.D. y. 6d. 
Second Book of Samuel. By Rev. Prof. Kirkpatrick, B.D. 35. 6d. 
First Book of Kings. By Rev. Prof. Lumby, D.D. 3J. 6d. 
Second Book of Kings. By Rev. Prof. Lumby, D.D. 31. 6d. 
Book of Job. By Rev. A. B. Davidson, D.D. 55. 
Book of Psalms. Book I. By Rev. Prof. Kirkpatrick, B.D. 3^. 6d. 
Book of Ecclesiastes. By Very Rev. E. H. Plumptre, D.D. 5^. 
Book of Jeremiah. By Rev. A. W. Streane, B.D. 4?. 6d. 
Book of Hosea. By Rev. T. K. Cheyne, M.A., D.D. 31. 
Books of Obadiah and Jonah. By Arch. Perowne. 2s, 6d. 
Book of Micah. By Rev. T. K. Cheyne, M.A., D.D. is, Sd. 
Books of Haggai, Zechariah & Malachi. By Arch. Perowne. 35. 6d. 
Book of Malachi. By Archdeacon Perowne. is. 
Gk)spel according to St Matthew. By Rev. A. Carr, M.A. 25. 6d. 
Qospel according to St Mark. By Rev. G.F.Maclear, D.D. 2s. 6d. 
Gospel according to St Luke. By Archdeacon Farrar. 4^. 6d. 
Gospel according to St John. By Rev. A. Plummer, D.D. 4.^. 6d, 
Acts of the Apostles. By Prof. Lumby, D.D. 45. 6d. 
Epistle to the Romans. Rev. H. C. G. Moule, M.A. 35. 6d. 
First Corinthians. By Rev. J. J. Lias, M.A. 2s. 
Second Corinthians. By Rev. J. J. Lias, M.A. 2s. 
Epistle to the Galatians. By Rev. E. H. Perowne, D.D. is, 6^. 
Epistle to the Ephesians. Rev. H. C. G. Moule, M.A. 2s. 6d. 
Epistle to the Hebrews. By Archdeacon Farrar, D.D. 35. 6d. 
Epistle to the Philippians. By Rev. H. C. G. Moule, M.A. 2s, 6d. 
Epistles to the Thessalonians. By Rev. G. G. Findlay, B.A. 2s. 
General Epistle of St James. By Very Rev. E. H. Plumptre. i s, 6d. 
Epistles of St Peter and St Jude. By the same Editor. 2^. 6d, 
Epistles of St John. By Rev. A. Plummer, M.A., D.D. 3^. 6d. 
Book of Revelation. By Rev. W. H. Simcox, M.A. 3^. 
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Preparing. 
Book of (Genesis. By the Bishop of Worcester. 
Books of Exodus, Nombers and Deuteronomy. By Rev. C. D. 

GiNSBURG, LL.D. 

Books of Ezra and Nehemiah. By Rev. Prof. Ryle, M.A. 

Book of Isaiah. By Prof. W. Robertson Smith, M.A. 

Book of Ezekiel. By Rev. A. B. Davidson, D.D. 

Epistles to Oolossians & Philemon. By Rev. H. C. G. Moule, M.A. 

Epistles to Timothy and Titus. By Rev. A. E. Humphreys, M.A. 



C&e Smaller aDambrftrge iSible for ^tftoolsf^ 

"The notes elucidate every possible difficulty with scholarly brevity and clearness.'* — 
Saturday Review. 

"We can cordially recommend this series of text-books, not only to those for whom it is 
primarily intended, but also to the clergy and other workers for use in Bible-classes." — Church 
Review. 

"Accurate scholarship is obviously a characteristic of their productions, and the work of 
simplification and condensation appears to have been judiciously and skilfully performed."— 
Guardian, 

Now ready. Price is. each. 
Book of Joshua. By J. S. Black, M.A. 

First and Second Books of SamueL By Prof. Kirkpatrick, B.D. 
First and Second Books of Kings. By Rev. Prof. Lumby, D.D. 
Gospel according to St Matthew. By Rev. A. Carr, M. A. 
Gospel according to St Mark. By Rev. G. F. Maclear, D.D. 
Gospel according to St Luke. By Archdeacon Farrar, D.D. 
Gospel according to St John. By Rev. A. Plummer, D.D. 
Acts of the Apostles. By Professor Lumby, D.D. 

THE CAMBRIDGE GREEK TESTAMENT 

FOR SCHOOLS AND COLLEGES 

with a Revised Text, based on the most recent critical authorities, and 
English Notes, prepared under the direction of the General Editor, 

J. J. S. PEROWNE, D.D., Bishop of Worcester. 

Gospel according to St Matthew. By Rev. A. Carr, M.A. 4^. dd. 
Gospel according to St Mark. By Rev. G. F. Maclear, D. D. 45.6^. 
Gospel according to St Luke. By Archdeacon Farrar. ds. 
Gospel according to St John. By Rev. A. Plummer, D.D. 6j. 
Acts of the Apostles. By Prof. Lumby, D.D. 4 Maps. 6j. 
Pirst Epistle to the Corinthians. By Rev. J. J. Lias, M.A. 3J. 
Second Epistle to the Corinthians. By Rev. J. J. Lias, M.A. 
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Epistle to the Hehrews. By Archdeacon Farrar, D.D. 3^. 6^. 
Lj^istle^ of St John, By Rev. A. Plummer, M.A., D.D. 4^. 
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Aristophanes. Aves— Plutus— Ranae. By W. C. Green, M.A., 

late Assistant Master at Rugby School. 35. dd, each. 

Euripides. Heracleida. By E. A. Beck, M.A. 35. 6^. 

Euripides. Hercules Furens. By A. Gray, M.A., and J. T. 
Hutchinson, M.A. w. 

Euripides. Hippolytus. By W. S. Hadley, M.A. 2s, 

Euripides. Iphigeneia in Aulis. By C. E. S. Headlam, M.A. 2s, 6d. 

I Herodotus. Book V. By E. S. Shuckburgh, M.A. 3^. 

Herodotus. Book VI. By the same Editor. 4^. 

Herodotus. Books VIII., IX. By the same Editor. 45. each. 
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Herodotus. Book VIII., Ch. 1—90. Book IX., Ch. 1—89. By the 
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Homer. Odyssey, Book IX. Book X. By G. M. Edwards, M.A. 

2s. 6d, each. 

Homer. Odyssey, Book XXL By the same Editor. 2s, 

Homer. Iliad. Book XXII. By the same Editor. 2s, 

Homer. Iliad. Book XXIII. By the same Editor. 2s, 

Luciani Somnium Charon Piscator et De Luctu. By W. E. 

Heitland, M. a., Fellow of St John's College, Cambridge. 3J. 6d. 

Lucian. Menippus and Timon. By E. C. Mackie, M.A, 
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Platonis Apologia Socratis. By J. Adam, M.A. 3^. dd, 

Onto. By the same Editor. 2s, 6d, 

Euthyphro. By the same Editor. 2s, 6d. 

Plutarch's Lives of the Gracchi.— Sulla— Timoleon. By H. A. 

HoLDEN, M.A., LL.D. 6s, each. 

Plutarch's Life of Nicias. By the same Editor. 55. 
Sophocles.— Oedipus Tyrannus. School Edition. By R. C. Tebb, 

Litt.D., LL.D. ^.6d, 

Thucydides. Book VII. By Rev. H. A. Holden, M.A., LL.D. 5^. 
Xenophon-Agesilaus. By H. Hailstone, M.A. 2s, 6d. 
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Caesar. De Bello Gallico Comment. I. By A. G. Peskett, M.A. 

IS. 6d, Com. 11. III. IS. 
Comment. I. II. III. s-f- Com. IV. V. u. 6d. Com. VI. and 
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De Bello Civili. Comment. I. By the same Editor. 3^. 
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M. T. Ciceronis Oratio pro Archia Foeta. By the same. 2s. 

M. T. Ciceronis pro Balbo Oratio. By the same, is, 6d. 
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By W. E. Heitland, M.A. , and H. Cowie, M.A. 3/. 

M. T. Ciceronis Oratio pro Tito Annio Milone. By John Smyth 

PURTON, B.D. 2S. 6d, 

M. T. Ciceronis Oratio pro L. Morena. By W. E. Heitland, M.A. 35. 
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Second Edition. 4J. 6d, 
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Books XXI., XXII. By M. S. Dimsdale, M.A. 2s, 6d, each. 
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M.A., and C. £. Haskins, M.A. is, 6d. 
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Lucretius, Book V. By J. D. Duff, M.A., Fellow of Trinity 

College. Price is, 

P.OvidiiNasonisFastorumLiberVI. ByA.SiDGwiCK,M.A. is.6d. 

QnintuB GurtiuB. A Portion of the History (Alexander in India). 
By W. E. Heitland, M.A. and T. E. Raven, B.A. is, 6d. 
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IS, 6d» each. 
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IS. Libri III. IV. By the same Editor, is. 

Vergil. The Complete Works. By the same Editor. Two Vols. 
Vol. I. Introduction and Text. 3^. 6d. Vol, II. Notes. 4J. 6d. 

in. FRENCH. 

Bataille de Dames. By Scribe and Legouv^. By Rev. H. A. 
Bull, M.A. is. 

Diz Annies d'Exil. Livre II. Chapitres 1—8. Par Madame la 

Baronne de Stael-Holstein. By the late G. Masson, B.A. and 
G. W. Prothero, M.A. New Edition, enlarged, is. 

Histoire da Sidcle de Lonis XIV. par Voltaire. Chaps. I.— XIII. 

By Gust AVE Masson, B.A. and G. W. Prothero, M.A. w, 6d, 
Chaps. XIV.— XXIV. is, 6d. Chap. XXV. to end. 2s. 6d. 

Predegonde et Bmnehant. A Tragedy in Five Acts, by N. Le- 
MSRCisR. By GusTAVB Masson, B.A. is. 

Jeanne D'Arc. By A. de Lamartine. By Rev. A. C. Clapin, 

M.A. Revised Edition by A. R. Ropes, M.A. is, 6d. 

La Canne de Jonc. ByA. DeVigny. By Rev. H. A. Bull, M. A. 2s. 

La Jenne Sib§rienne. Le Leprenx de la Cite D'Aoste. Tales by 
Count Xavier de Maistre. By Gustave Masson, B.A. is, 6d, 

La Picciola. By X. B. Saintine. By Rev. A. C. Clapin, M.A. 2s. 

La Gnerre. By MM. Erckmann-Chatrian. By the same 

Editor. 3J. 

La MStromanie. A Comedy, by Piron. By G. Masson, B. A. 2s. 
Lascaris on Les Grecs da XV^ Siecle, Nonvelle Historique, par 

A. F. Villemain. By the same, is. 

La Suite da Menteur. A Comedy by P. Corneille. By the 

same, is, 

Lazare Hoche — Par Emile de BonnechoSe. With Four Maps. 

By C. Colbeck, M.A. is, 

Le Bourgeois Gentilhomme, Com^die-Ballet en Cinq Actes. Par 

J.-B. Poquelin de Moli^re (1670). By Rev. A. C. Clapin, M.A, is. 6d. 



' London: Cambnage Warehouse^ Ave Matxa Lane* 



22 PUBLICATIONS OF 

Le Directoire. (Considerations sur la Revolution Fran^aise. 

Troisi^me et quatri^me parties.) Revised and enlarged. By G. Masson, 
B.A. and G. W. Prothero, M.A. 2J. 

Les Plaideurs. Racine. ByE. G.W.Braunholtz, M.A., Ph.D. 2j. 

(Abridged Edition.) \s, 

Les Pr6cieuses Ridicules. Moli^ire. By E. G. W. Braunholtz, 

M.A., Ph.D. 2J. 

(Abridged Edition.) is, 

L'£cole des Femmes. MoLiiiRE. By George Saintsbury, M.A. 

IS. 6d. 

Le Philosophe sans le savoir. Sedaine. By Rev. H. A. Bull, 

late Master at Wellington College, is, 

Lettres sur rhistoire de Prance (XIII— XXIV). Par Augustin 
Thierry. By G. Masson, B.A. and G. W. Prothero. 2j. 6d. 

Le Verre D'Eau. A Comedy, by Scribe. Edited by C Col- 
beck, M.A. IS. 

Le Vieux Gelibataire. A Comedy, by Collin D'Harleville. 

With Notes, by G. Masson, B.A. «j. 

M. Daru, par M. C. A. Sainte-Beuvb (Causeries du Lundi, 

Vol. IX.). By G. Masson, B.A. Univ. Gallic, is, 

Recits des Temps Merovingiens I— III. Thierry. By the late 

G. Masson, B.A. and A. R. Ropes, M.A. Map. 31. 
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A Book of Ballads on German History. By Wilhelm Wagner, 

Ph.D. 2s. 

A Book of German Dactylic Poetry. By Wilhelm Wagner, 

Ph.D. 3J. 

Benedix. Doctor Wespe. Lustspiel in fiinf Aufziigen. By Karl 
Hermann Breul, M.A., Ph.D. 3J. 

Culturgeschichtliche Novellen, von W. H. Riehl. By H. J. 

WOLSTEN HOLME, B.A. (Lond.). 3J. 6d, 

Das Jahr 18 13 (The Year 181 3), by F. Kohlrausch. By 

Wilhelm Wagner, Ph.D. 2s, 

Der erste Kreuzzug (1095— 1099) nach Friedrich von Raumer, 
The First Crusade. By W. Wagner, Ph. D. w. 

Der Oberhof. A Tale of Westphalian Life, by Karl Immer- 
MANN. By Wilhelm Wagner, Ph.D. • 3^. 

Der Staat Priedrichs des Grossen. By G. Freytag. By Wilhelm 
Wagner, Ph. D. is. 

Die Karavane, von Wilhelm Hauff. By A. Schlottmann, Ph.D. 
3J. 6d, 
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Goethe's Hennaim and Dorothea. By W. Wagner, Ph. D. Re- 
vised edition by J. W. Cartmell. is. 6d, 

Goethe's Enabenjahre. (1749— 17^1) Goethe's Boyhood. By W. 

Wagner, Ph.D. Revised edition by J. W. Cartmell, M. A. is. 

Hauff, Das Bild des Kaisers. By Karl Hermann Breul, M.A., 

Ph.D. 3^. 

Hauff, Das Wirthshans hn Spessart. By A. Schlottmann, Ph.D., 
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Schiller. Wilhelm Tell. By Karl Hermann Breul, M.A., Ph.D. 
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(Abridged Edition.) is, 6d, 

Selected Fables. Lessing and Gellert. By Karl Hermann 

Breul, M.A., Ph.D. 3J. 

Uhland. Ernst, Herzog von Schwaben. By H. J. Wolsten- 

HOLME, B.A. (Lond.). 3^. 6d, 

Zopf und Schwert. Lustspiel in fiinf Aufziigen von Karl Gutz- 

KOW. By H. J. WoLSTENHOLME, B.A. (Lond.). 3J. 6d. 

V. ENGLISH. 

An Applogie for Poetrie by Sir Philip Sidney. By E. S. Shuck- 
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Milton's Tractate on Edacation. A facsimile reprint from the 
Edition of 1673. Edited by O. Browning, M.A. is, 
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On Stimulus. A Lecture delivered for the Teachers' Training 
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Wallace, M.A., LL.D. Third Edition, Enlarged. 4^. dd. 
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Rouse Ball, M.A. 4J. 6d, 

Euclid's Elements of Geometry, Books I. and II. By H. M. 
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